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ABSTRACT. In this paper, we introduce the concept of a-fuzzy ideals
of a distributive lattice. We prove that the set of all a-fuzzy ideals of a
lattice forms a complete distributive lattice. A set of equivalent conditions
are derived for a fuzzy ideal of a lattice to become an a-fuzzy ideal. We also
topologize the set of all prime a-fuzzy ideals of a distributive lattice. Prop-
erties of the space also studied. Moreover, a set of equivalent conditions
are given the space of all prime a-fuzzy ideals of L to become Hausdorff
and regular.
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1. INTRODUCTION

The concept of annulets and a-ideals in a distributive lattice with least element
0 is introduced by Cornish [3]. In 1986, Jayaram [5] studied prime a-ideals (in the
sense of Cornish) in a 0-distributive lattice and he introduced a topology on the set
of all prime a-ideals of a O-distributive lattice.

On the other hand, many papers on fuzzy algebras have been published since
Rosenfeld [12] introduced the concept of fuzzy group in 1971. In particular, W. J.
Liu [11] initiated the study of fuzzy subrings, and fuzzy ideals of a ring; B. Yuan and
Wu [14] introduced the notion of fuzzy ideals and fuzzy congruences of distributive
lattices; Swamy and Raju [13] studied properties of fuzzy ideals and congruences
of lattices. In [8], Rajesh Kumar topologized the set of all fuzzy prime ideals of a
commutative ring with unity and studied some properties of the space. In 1994,
Kumbhojkar [9], studied about the space of prime fuzzy ideals of a ring in different
way. In [1], Hadji-Abadi and Zahedi extended the result of R. Kumar.
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The aim of this paper is to introduce the concept of a-fuzzy ideals of a distributive
lattice. We prove that the set of all a-fuzzy ideals of a distributive lattice forms a
complete distributive lattice. Moreover, a set of equivalent conditions are derived
for a fuzzy ideal of a distributive lattice to become an a-fuzzy ideal. We also study
the space of all prime a-fuzzy ideals of a distributive lattice L. The set of prime
a-fuzzy ideals of a lattice L is denoted by X,. For an a-fuzzy ideal € of L, open
subset of X, is of the form X(0) = {u € Xo : 0 € p} and V(0) = {u € X, : 6 C
u} is a closed set. Also we have shown that the set of all open sets of the form
X(zg)={p€Xo: 23 p, €L, Be(0,1]} forms a base for the open sets of X,,.
The set of all a-fuzzy ideals of L is isomorphic with the set of all open sets in X,.
Finally, we give necessary and sufficient condition for the space X, to be Hausdorff
and regular.

2. PRELIMINARIES

We refer to G. Birkhoff [2] for the elementary properties of lattices.

In [3], W. H. Cornish observed that, for any a € L, theideal (a]* = {x € L : zAa =
0} is called an annulate. The set of all annulates denoted by Ag(L). Each annulate
is an annihilator ideal and hence for two annulets (z]* and (y]* their supremum and
infimum in Ag(L) are

(@]"V(y]" = (z Ay]" and (2] O (y]" = (z vV yl*
respectively.

In a distributive lattice L with 0 the set of all annulates Ag(L) of L is a lattice
(Ao(L),N,V) and a sublattice of the Boolean algebra of annihilator ideals of L.

For an ideal I in L

al)={(z]* :z €1}
is a filter in Ag(L) and the set
Q(F)={zelL: (2] € F}
is an ideal of L when F is any filter in Ag(L). An ideal I of L is called an a-ideal if
wa(l)=1.

Remember that, for any set A a function p : A — ([0,1], A, V) is called a fuzzy
subset of A, where [0,1] is a unit interval, a A 8 = min{«, 8} and aV § = maz{a, 5}
for all o, 8 € [0,1].

Definition 2.1 ([10]). Let z € L, 0 < 8 < 1. A fuzzy point zg of L is a fuzzy

subset of L defined as:
B,if a==x
zg(a) = {

0, otherwise .

Definition 2.2 ([12]). Let p and 0 be fuzzy subsets of a set A. Define the fuzzy
subsets p U6 and p N6 of A as follows: for each x € A,

(U0 (@) = p() V 6(x) and (11N 0)(x) = u(x) A O(x).
Then p U@ and p N6 are called the union and intersection of p and 6, respectively.

For any collection, {y; : i € I} of fuzzy subsets of X, where I is a nonempty index
set, the least upper bound | J;c; p; and the greatest lower bound (1, p; of the p;’s
are given by for each x € X
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(Uier 1) (@) = Vigr pi(z) and (Ner pa) (@) = Njer pi(),
respectively.
We define the binary operations ”4” and ”-” on the set of all fuzzy subsets of L
as:
(n+0)(x) = Sup{u(y) N0(z) :y,z € L, yVz=x} and
(- 0)(w) = Supl{u(y) AOz) : g,z € L, y Az = a}.
If 1 and 0 are fuzzy ideals of L, then p-0 = pAf=pnfand p+60=pVveoisa
fuzzy ideal generated by p U 6.
If 11 and 6 are fuzzy filters of L, then p+ 6 = p A 6 (the pointwise infimum of
and 6) and p -0 = p Vv 0 (the supremum of p and 6).
For each t € [0,1] the set

= {zeA:p(z) >t}
is called the level subset of u at ¢ [15].

Regarding fuzzy ideals and fuzzy filters of lattices, we refer [13].

Definition 2.3 ([13]). A proper fuzzy ideal p of L is called prime fuzzy ideal of L,
if for any two fuzzy ideals 8,n of L, 0Nn Cu=0 C pornC pu.

Remark 2.4 ([13]). w is a prime fuzzy ideal of L if and only if Im p = {1,8}, 8 €
[0,1) and py = {z € L: p(x) = 1} is a prime ideal of L.

Let p be a fuzzy subset of a lattice L. The smallest fuzzy ideal of L containing p
is called a fuzzy ideal of L induced by p and denoted by (u) and
(W) = ({0 € FI(L): i C 0)
This definition can be stated as follows.

Theorem 2.5 ([0]). Let u be a fuzzy subset of L. The fuzzy subset (i) of L define
by (u)(z) = Sup{t € [0,1] : & € {(u)} for all x € L is the fuzzy ideal induced by p.

Note that a fuzzy subset p of L is nonempty if there exists x € L such that
p(x) # 0.

Definition 2.6 ([1]). Let u be a nonempty fuzzy subset of L and 6 be a fuzzy ideal
of L. The fuzzy annihilator (i, ) of u relative to 6 is defined:

(1,0) = Sup{n:n € [0,1]", n-pC 0}
Remark 2.7. In [1], Alaba and Norahun observed that for any nonempty fuzzy
subset p of L and fuzzy ideal 6 of L,

(. 0) = Sup{n:ne FIL), n-pC 0}
is a fuzzy ideal of L.

If 0 = X0y, then we denote (i, x{0y) by p* and p* is a fuzzy annihilator of y.

Lemma 2.8 ([1]). Let u and 0 be nonempty fuzzy subsets of L. Then

(2) p-p* < Xq0ys
(3) g~ p* = xq0y, whenever u(0) =1,
(4) " N p** = xq0ys
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(5) pCO=0"Cyp,

(6) 0-pC xgoy & 0Cp*,

(7) 0-p=xg0y &0 C p*, whenever u(0) =1 =60(0),
(8) puCp,

) 1t =y

Definition 2.9 ([1]). A fuzzy ideal p of L is called a fuzzy annihilator ideal, if
p = 0%, for some nonempty fuzzy subset 6 of L, or equivalently, if u = p**.

The set of all fuzzy ideals and fuzzy filters of L are denoted by FI(L) and FF(L)
respectively.

3. a-FUZZY IDEALS

In this section, we introduce the concept of a-fuzzy ideals of a lattice. We study
some basic properties of the class of a-fuzzy ideals. Throughout the rest of this
paper a lattice L is distributive with least element 0 unless otherwise specified.

Theorem 3.1. Let u be a fuzzy ideal of L. Then the fuzzy subset a(u) of Ao(L)
defined by:

a(p)((@]") = Sup{u(y) : (4" = (2", y € L}
is a fuzzy filter of a lattice Ag(L).

Proof. Let p be a fuzzy ideal of L. Then clearly, a(u)((0]*) = 1. Let (z]*, (y]* €
Ao(L). Then

a(p)((@]*) A a(p)((y]*)
= Sup{u(a) : (a]" = (2", a € L} A Sup{u(b) : (b]" = (y]", b€ L}
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(@) : (
< Sup{plany): (a]" V(" = («]"V(y]"}
< Sup{p(c) : (" = (z Ay}
= a(p)((@]"v(y]")

Similarly, a(u)((y]") < a(p)((2]"V(y]"). So
a(p)((=]"V(y]") = a(w)(«]") V a(p)((y])-
Hence a(u) is a fuzzy filter of Ag(L). O

Lemma 3.2. Let 0 be a fuzzy filter of Ag(L). Then the fuzzy subset & (0) of L
defined by o (0)(z) = 0((x]*) is a fuzzy ideal of a lattice L.
150
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Proof. Let 6 be a fuzzy filter of Ag(L). Since (0]* is the largest element of Ag(L),
we get @ (0)(0) = 1. Again,

@) xvy) = 0((=]" A"
= 0((«]") AO((y]")
= @(O)(2) A T(0)(y)
Thus & (6) is a fuzzy ideal of L. 0

It can be easily observed that the set F'FF(Ag(L)) of all fuzzy filters of Ag(L)
also forms a complete distributive lattice with the inclusion ordering of fuzzy sets,
in which the infimum of the set of fuzzy filters p; is A;c; s = ;e M4, and the
supremum is \/,; ;.

The following lemma can be verified easily.

Lemma 3.3. If u and 0 are fuzzy ideals of L, then p C 6 implies a(p) C a(6).

Proposition 3.4. If u, 0 are fuzzy filters of Ao(L), then u C 6 implies <a(u) -
%
o (6).

Theorem 3.5. The mapping « is a homomorphism of FI(L) into FF(Ao(L)).

Proof. Let u, 0 be two fuzzy ideals of L. It is enough to prove that a(pN6) = a(u)N
a(f) and a(pV0) = a(p)Va(f). By Lemma 3.3, we have that a(un6) C a(u)Na(d).
For any (z]* € Ao(L),

a(p)((z]") A(O}t@)(((f]*)

= Sup{p(a) : (a]* = (z]*} A Sup{6(b) : (b]" = (z]"}

< Sup{u(a Ab): (a AND]* = (x]*} A Sup{f(a Ab) : (a ANV]* = (2]*}

= Sup{p(a Ab) AB(a AD): (a ANb]* = (z]*}

= Sup{(pNO)(anb):(anb]* = (2]}

< Sup{(pN0)(c) : (" = (z]"}

= a(pno)((=]").

Thus a(x) Na(f) € a(pné). So au) Na(f) = a(unb).
Again clearly, a(u)Va(0) C a(p VvV 6). On the other hand,
alp Vv o)((z]*)
= Sup{(pV 0)(a) : (a]* = (z]"}
= Sup{Sup{p(y) N0(2) ra=yVz}: (yVz|" = (z]"}
< Sup{Sup{p(b1) A 0(b2) : (b1]" = (y]*, (b2]" = (2]"} : (y v 2]" = (2]}
= Sup{Sup{p(b1) : (11]* = (y]*} A Sup{e(bz) (bo]" = (2]}, (yV2]" = (2]}
= Sup{a(p)(y]* N a(0)(2]" ‘(y\/Z] = (z]"}
Aa(@)(2]" = (y]" A (2] = (2]}

= (a(p)va(0))((2]").

g
= Sup{a(p)(y )]
Then a(pV ) C afp)

Va(f). Thus a(pV0) = a(p)Va(d). So a is a homomorphism.
O

Corollary 3.6. For any two fuzzy ideals p and 0, we have
Dalpnd) =Ta(p) N o).

Proof. For any z € L, @ a(unb)(z) = a(un0)((z]*). Since a(pn) = a(p)Na(h), we
have & a(und)(z) = @a(p)(z) AT a(0)(z). Thus @a(pnd) = da(p)Nnaa@). O
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The proof of the following lemma is quite routine and will be omitted.

Lemma 3.7. For any fuzzy ideals u, 0 of L, we have the following:

(1) pC a(p),
(2) @a(@a(p) = @a(w),
(3) nCO=aa(p) Caa),
4) wa(p) vaa®) C aa(pVo).
Lemma 3.8. For any fuzzy filter 0 of Ag(L), 0/5(0) =0.

Proof. Since 0 is a fuzzy filter of Ag(L), by Lemma 3.2, @& (0) is a fuzzy ideal of L
and o () is a fuzzy filter of Ag(L). Now, o'y (0)((2]*) = Sup{(0)(a) : (a]* =
(z]"} = Sup{0((a]”) : (a]" = (2]} = 6((]"). O
Definition 3.9. A fuzzy ideal p of L is called an a-fuzzy ideal, if Wwa(p) = p.

Example 3.10. Consider the distributive lattice L = {0, a,b,¢,1} whose Hasse
diagram is given below.

Define a fuzzy subset p of L as follows: p(0) =1, p(a) = 0.5 and p(b) = pu(c) =
(1) = 0.4 . Then it can be easily verified that u is an a-fuzzy ideal of L.

Example 3.11. If we define a fuzzy subset 6 of L in the above example as: 6(0) =
1, 6(a) = 0.5, 0(b) = 0(c) = 0.4 and (1) = 0.3 . Then it can be easily verified that
0 is a fuzzy ideal, but not an a-fuzzy ideal of L.

Now we define a multiplicatively closed fuzzy subset of L as follows.
Definition 3.12. A fuzzy subset p of L is said to be multiplicatively closed, if
w@ Ay) > p(x) Ap(y), for allz, y e L.

Example 3.13. Let 0 be a multiplicatively closed fuzzy subset of L with Sup{6(x) :
x € L} = 1. Then a fuzzy subset u of L defined as:

p(x) = Sup{f(a) :aNz =0, a € L}
is an a-fuzzy ideal of L.

Proof. First we have to show that p is a fuzzy ideal of L. Clearly, u(0) = 1. For any
z,y €L,

@) Aply) = Sup{b(a):anz=0}ASup{(d):bAy =0}
Sup{0(a) NO(D) :a Nz =0, bAy =0}
Sup{0(a Ab): (aANb)A(xVy)=0}

wz Vv y).

IN
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Then pu(xz Vy) > u(x) A pu(y). And
p(x) = Sup{f(a) :a ANz =0} < Sup{f(a) : a A (z Ay) =0} = p(x Ay).
Similarly, u(y) < p(x Ay). Thus p(z Ay) > pu(z) V u(y). So w is a fuzzy ideal of L.
Now for each a,x € L, if (a]* = (z]*, then
p(x) = Sup{f(b) : bAx =0} = Sup{0() : bAa =0} = pu(a).

We proceed to show p is an a-fuzzy ideal.

Fa(u)(@) = Suplu(a) : (a = (2]} = u(a).
Thus p is an a-fuzzy ideal of L. g

*

Lemma 3.14. For any fuzzy ideal u of L, <Eoz(u*) = p*, where p* is a fuzzy
annihilator of .

Proof. Clearly, u* C <Eoz(,u*) and x{oy is an a-fuzzy ideal. To prove our claim,
it is enough to show that ‘&wa(u*) N p C X{oy- Since p* N pu C xqo3, we have
Ca(pt) N w@alp) X{o0}- Then Ca(p)npC X{o}- Thus @a(u*) C p*. So p*is
an a-fuzzy ideal. 0

Corollary 3.15. FEvery fuzzy annihilator ideal is an a-fuzzy ideal.

Proof. For any fuzzy annihilator ideal p of L, we have u = p**. By the above lemma,
we get @a(u) = p. Then a fuzzy annihilator ideal is an a-fuzzy ideal. O

Theorem 3.16. For a fuzzy ideal p of L. p is an a-fuzzy ideal if and only if for
each v,y € L, (x]* = (y]* imply p(x) = p(y).

Proof. Suppose p is an a-fuzzy ideal of L and let z,y € L such that (z]* = (y]*.
Then

p(x) = Sup{p(a) : (o] = (", a € L} = Sup{p(a) : (a]" = (y]", a € L} = p(y).

Conversely, suppose that for each z,y € L, (z]* = (y|* imply u(zx) = u(y). For
any = € L, we have @a(p)(x) = Sup{u(a) : (a]* = (2]*, a € L} = p(z). Thus u is
an a-fuzzy ideal of L. O

Recall that a lattice L is disjunctive if for any a,b € L, a < b implies there is an
element 0 # ¢ € L such that a A ¢ =0 and 0 < ¢ < b. However it is easy to see that
a lattice L is disjunctive if and only if (a]* = (b]* implies a = b, for any a,b € L [3].
We thus have the following Lemma.

Lemma 3.17. If L is disjunctive, then every fuzzy ideal of L is an a-fuzzy ideal.

Proof. Since L is disjunctive, (a]* = (b]* implies @ = b for any a,b € L. Then we
always have ‘& a(p)(z) = p(z). Thus every fuzzy ideal is an a-fuzzy ideal. O

Theorem 3.18. For a nonempty fuzzy subset u of L, u is an a-fuzzy ideal if and
only if each level subset of i is an a-ideal of L.
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Proof. Suppose p is an a-fuzzy ideal of L. Then p; = (Ha(,u))t. To prove each
level subset of 1 is an a-ideal of L, it is enough to show @a(u) = (Wa(p))s, for
all t € [0,1]. Clearly, (Wa(p)): € @a(ue). Let 2 € @a(u). Then (z]* € a(u) and
there is y € u such that (z]* = (y]*. Thus Sup{p(a) : (a]* = (z]*} > t. This shows
that € (Wa(p)):. So pe = @a(u). Hence each level subset of y is an a-ideal of
L.

Conversely, suppose each level subset of u is an a-ideal. Then p is a fuzzy ideal
and 1 C wa(p). Let t = Walp)(x) = Sup{u(y) : (y]* = (x]*}. Then for each e > 0,
there is a € L such that (a]* = (z]* and p(a) >t —e. Thus a € pi—e, (a]* = (z]*
and z € Wa(p—e) = pi—e. Sox € Neso Mt—e = pt. Hence wa(u) C p. Therefore p
is an a-fuzzy ideal of L. O

Corollary 3.19. For a nonempty subset I of L, I is an a-ideal if and only if x5 is
an a-fuzzy ideal of L.

Proof. Suppose I is an a-idea of L. Then Wa(l) = {z € L : (z]* € a(l)} = I.
Let # € L. If z € I, then @a(xs)(z) = 1 = x7(x). Let = ¢ I and assume that
Wa(xr)(z) = 1. Then there is y € I such that (y]* * € a(I). Since I is an
a-ideal, x € I. This is a contradiction. Thus Ha(x;) x) = 0. So xs is an a-fuzzy
ideal.

Conversely, suppose x; is an a-fuzzy ideal of L. Then clearly, I C Ha([ ). Let
x € wa(I). Since x; is an a-fuzzy ideal, Wa(xs)(x) =1 = x7(x). Thus z € I. So
I is an a-ideal of L. 0

Theorem 3.20. Let p be a fuzzy ideal of L. The fuzzy subset

’

w(z) = Sup{u(a) : x € (a]**,x € L}
is a fuzzy ideal of L.

Proof. Let u be a fuzzy ideal of L. Then clearly, p' (0) =1. For any =,y € L,

’

w(@)Ap'(y) = Supfu(a): o € (]} A Sup{u(b) : y € (¢]*"}
= Sup{p(a) A p(b) s x € (a]™, y € (0]}
(
(

Sup{pu(aVbd):zVyec (aVb™}
Sup{p(c) :x vy e (7}
p(xVy)

INIA

and

M@ﬁ=SWﬂM®:¢€(ﬂ“}<SwﬁM) zAy € (a]™} = uTwAw
. Similarly, pi' (y) < g (z Ay). Thus g (xAy) > i’ (2) Vi (y). So ' is a fuzzy ideal
of L. O

Corollary 3.21. u/ is the smallest a-fuzzy ideal containing .
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Proof. Clearly, p C /f. We proceed to show ul is an a-fuzzy ideal of L. For each
z,y € L, (z]* = (y]*, we need to show p (z) =y (y). Now

’

p(z) = Sup{u(a):x € (a]™,a€ L}
— Sup{u(a) : (] € (" a € L)
= Sup{u(a):y € (a]*",a € L}
= 1.

*

This shows that u (x) = u'(y), for each x,y € L whenever (z]* = (y]*. Thus by
Theorem 3.16, ,u/ is an a-fuzzy ideal of L.

To show ,u/ is the smallest fuzzy ideal containing pu, let § be any a-fuzzy ideal
containing p and g (x) = t. Then for each € > 0, there is b € L such that = € (b]**
and p(b) >t —e. Thus b € 6,_.. Since 6;_. is an a-ideal, (b]** C 0,_. and x € 0;_..
So for each € > 0, x € 6;_.. This shows that x € (.., 0;—c = 0; and 6(z) > t. Thus
u/(a:) < f(x), for all z € L. Hence u/ is the smallest a-fuzzy ideal containing y. O

Let us denote the set of all a-fuzzy ideals of L by FI,(L).

Theorem 3.22. The set FI,(L) forms a compete distributive lattice with respect to
inclusion ordering of fuzzy sets.

Proof. Clearly, (F1,(L),C) is a partially ordered set. For u,0 € FI,(L), define

u/\@z,uﬂ@and,u!@zﬁa(,u\/&).

Then clearly, uNé, uvo € FI,(L). We need to show pVé is the least upper bound

of {u, 8}. Since pVO C pVo, it yields pV is an upper bound of {p, 6}. Let ) be any

upper bound for p1, 6 in FI,(L). Then V6 C 5. Thus @a(uVe) C wa(n) =1n. So

V0 is the supremum of both p and 6 in FI,(L). Hence (FI,(L),N,V) is a lattice.
We now prove the distributivity. Let u, 6, n € FI,(L). Then

(6N Qa((uvo)n (uvn)
Qa(uve)nwa(uVn)
= (uv0) N (pvn)
Thus FI,(L) is a distributive lattice.
Next we prove the completeness. Since {0} and L are a-ideals, x o} and xr are
least and greatest elements of FI,(L), respectively. Let {u; : ¢ € I} C FI,(L).
Then (., pi is a fuzzy ideal of L and [);c; s € <Eoz(ﬂiel fhi)-

ﬂmgm, Viel = Ea(ﬂuﬁ@uh Viel

iel iel
= o[ p) [\
iel iel
Thus Ha(ﬂiel i) = (Nier ti- So (F1n(L),N,V) is a complete distributive lattice.

0

Theorem 3.23. The set F1,(L) is isomorphic to the lattice of fuzzy filters of Ao(L).
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Proof. Define f : FI,(L) — FF(Ao(L)), f(n) = a(u), Vu
FI,(L) and f(u) = f(0). Then a(p) = «(6). Thus @a(u)
Hence f is one to one.

Let n € FF(Ao(L)). Then by Lemma 3.2 & (n) is a fuzzy ideal of L. We show
that @ (n) is an a-fuzzy ideal of L. Let € L. Then @a(® (n))(z) = o' (n)((2]*).
Thus by Lemma 3.8, we get that ot (n)((z]*) = n((z]* ) @ (n)(z). So a(n) =
wa('a (n)). Hence for each n € FF(Ao(L)), f(&(n)) = n. Therefore f is onto.

Now for any u,0 € FI,(L), f(uVv0) = f( ga(u\/e)) (aa(u\/@)) =a(uVve) =
a(p)Va(d) = f(u)V.f(0). Similarly, f(uNé) = f(u)Nf(0). Then f is an isomorphism
of FI, (L) onto the lattice of fuzzy filters of Ag(L). O

FI,(L). Let u,0 €
wa(d). Sop=0.

Im

Theorem 3.24. In L the following are equivalent:

(1) Each fuzzy ideal is an a-fuzzy ideal,
(2) Each prime fuzzy ideal is an a-fuzzy ideal,
(3) L is disjunctive.

Proof. The proof of (1) = (2) and (3) = (1) is straightforward. To show (2) = (3),
suppose that every prime fuzzy ideal of L is an a-fuzzy ideal. Let x,y € L such
that (z]* = (y]*. Assume that z # y. Without loss of generality, we can assume
that (z] N [y) = ¢. We know that x(,) and x|, are fuzzy ideal and fuzzy filter of L
respectively such that x(, N x[y) = xg(the constant fuzzy subset attaining, value 0),
by Corollary 1.5 in [13] there exists a prime fuzzy ideal 6 of L such that

X(z] € 0 and 0 N xpy) = Xo-

Since x (5] € 0, we get 0(x) = 1. Again, 6(y) A xjy)(y) = 0. Since every element in
[0,1] is a meet irreducible element, we get 6(y) = 0. Which is a contradiction. Thus
L is disjunctive. 0

Theorem 3.25. Let u be an a-fuzzy ideal of L and X\ be a fuzzy filter of L such that
pNA< B, BE0,1). Then there exists a prime a-fuzzy ideal § of L such that p C 0
and 0N A< S.

Proof. Put P = {n € FI,(L) : p € n and nN X < B}. Since p € P, P is
nonempty and it forms a poset together with the inclusion ordering of fuzzy sets.
Let A = {ui}ier be any chain in P. We need to prove J;c;pi € A. Clearly,

(Uier #i)(0) = 1. For any z,y € L,

(Uwd@ A (Jw)w) = Supfpi(z):ie I} ASup{u;(y):j €T}

i€l icl

Sup{pi(z) A pj(y) :i,5 € I}

Sup{(pi U pj) (@) A (i U pg)(y) 24,5 € I}
156
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Since A is a chain, either p; C p; or p; C py;. Without loss of generality, we can
assume that p; C p;. Then p; U py = pj. Thus

(U@ A (Ju)w) < Sup{u(@) Api(y) 5 €I}
i€l i€l

= Sup{p;(xVy):jel}
(Jw) (@ vy).
iel

Again, (U, e i) (x) = Supipi(z) - i € I} < Supipi(ziy) i € I} = (User i) (2/y)-
Similarly, (U;e; 1a)(y) < (Ujerme)(x Ay). Then U;c; pi is a fuzzy ideal of L. It
remains to show (J;c; ps is an a-fuzzy ideal.

Ta((Juw)@) = Sup{(|Jw)(a): (" = (2]}
iel i€l
= Sup{Sup{ui(a):ie€l}: (a]* = (z]"}
= Sup{Sup{u(a): (a]" = (z]*}:i eI}
= Sup{pi(x):iel}

= (Jui)@).

icl

Thus ;¢ ps is an a-fuzzy ideal. Since p; N7 < 3, for each i € I,

(Ju)nm)@) = (Ju)@) An()
i€l i€l
= Sup{u;(x) An(x):iel}
= Sup{(p:Nn)(x) i €I} <B.

So (Uijermi) N < B. Hence J;c; s € A. By applying Zorn’s lemma, we get a
maximal element, let say 6 € P, that is, 0 is an a-fuzzy ideal of L such that u C 6
and 6 Nn < 6.

Now we proceed to show € is a prime fuzzy ideal. Assume that 6 is not prime
fuzzy ideal. Let 3 N2 C 0 such that v1 € 0 and v» € 6, 71, 72 € FI(L). If we put
0 = (Ja(vl V) and 03 = Ha(vg V 6), then both 6; and 6 are a-fuzzy ideals of L
properly containing . Since 6 is maximal in P, we get 61 ¢ P and 6y ¢ P. Thus
61 Nn £ B and 6Ny £ B. This implies there exist z,y € L such that (6, Nn)(z) > B
and (6211)(y) > B. So ((01N62)Nn) (zAy) > B = (T a(BV (11 AY))(zAy)An(zAy) >
B. This shows that (§ N n)(x Ay) > . This is a contradiction. Hence 6 is prime
a-fuzzy ideal of L. O

Corollary 3.26. Let pu be an a-fuzzy ideal of L, a € L and f € [0,1). If u(a) < 3,
then there exists a prime a-fuzzy ideal 0 of L such that p C 0 and 6(a) < 3.

Corollary 3.27. Every a-fuzzy ideal of L is the intersection of all prime a-fuzzy
ideals containing it.

Proof. Let p be a-fuzzy ideal of L. Consider the following.

to = ({n : n is a prime a-fuzzy ideal and p C n}.
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Then clearly, i C pg. Now we proceed to show that pg C p. Suppose not. Then
there is a € L such that ug(a) > p(a). Let p(a) = 8. Consider the set P = {n €
FI,(L): p Cnandn(a) < B}. By the above Corollary, we can find a prime a-fuzzy
ideal @ of L such that u C 6 and 6(a) < 8. Then pg C 6. Thus pg(a) < 5. This is a
contradiction. So pg C pu. Hence po = p. 0

4. THE SPACE OF PRIME Q-FUZZY IDEALS

In this section, we study the space of prime a-fuzzy ideals of a distributive lattice.
Some properties of the space also studied. The set of equivalent conditions are given
for the space of all prime a-fuzzy ideals of L to become regular.

Now we recall some topological concepts in [7].

A topology on a set X is a family of T of sets which satisfies the following
conditions: the intersection of any finite members of 7 is a member of 7, the union
of the members of each subfamily of 7 is a member of 7 and ¢, X € T. If X is a
topological space with topology T, we say that a subset U of X is an open set of X
if U € T. A subfamily B of a topology T is a base for T if and only if each member
of T is the union of members of B.

A topological space is a Ty-space if, for any distinct points z and y of X there
exists an open set containing one but not the other. A topological space is a T}-space
if and only if each set which consists of a single point is closed. A topological space
X is a regular space if, given any nonempty closed set F' and any point z that does
not belong to F, there exists a neighborhood U of x and a neighborhood V of F
that are disjoint.

Let X,, be the set of all prime a-fuzzy ideals of a distributive lattice. Let V' (6) =
{p e Xy : 0 C p} where 0 is a fuzzy ideal of L and X(0) = {p € X, : 0 € p} =
Xo — V(). Welet py = py, ie. pe ={x € L: p(x) =1}

Lemma 4.1. For any fuzzy ideals p and 6 of L, we have
(1) 1 C0=X(u)C X(0),
(2) X(uV0) = X(n) UX(0),
(3) X(un6) = X(u) N X ().

Proof. (1) Let 4 C 0 and n € X(u). Then € n and 0 ¢ n. Thus n € X(6).
(2) By (1), we have X (u)UX (0) C X (uV0). Againifn € X (uV0), then uvo & n.
Thus either 4 € nor @ € n. Son € X(u) U X (#). Hence X(nV 0) = X(u) U X(0).
(3) Clearly X(pN6) C X(p) N X(0). Again if n € X () N X(), then p &
nand @ ¢ n. Since 7 is a prime fuzzy ideal, we have pN @ ¢ . Thus n € X (N 0).
So X(nn)=X(u)NX(H). O

Lemma 4.2. Let 0 be a fuzzy subset of L. Then X(0) = X ((0)).

Proof. Clearly, X(6) C X((0)). Let p € X({6)). Then (8) ¢ u. We now to show
0 ¢ p. Suppose 0 C p. Then () C (u) = p. Which is impossible. Thus § ¢ p. So
X(0) = X((9)). O

Theorem 4.3. Let x,y € L and 5 € (0,1]. Then

(1) X((xAy)g) = X(xs) N X (ys),
(2) X((zVy)g) = X(vs) U X(ys), s
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(3) UxeL, Be€(0,1] X(‘Tﬂ) = Xa.

Proof. (1) If p € X(z3) N X (yp), then 23 € p and yg ¢ p. This implies 8 > p(z)
and 8 > p(y). Thus x,y ¢ p.. Since p is prime fuzzy ideal, card Im g = 2 and
e = {x € L: p(x) =1} is prime. So z Ay ¢ p.. Which implies 8 > p(z A y).
Hence (z Ay)s € p. Therefore X (z5) N X (yg) C X ((z Ay)a).

Again, let p € X((z Ay)g). Then (z Ay)g € p. Which implies 8 > p(z A
y) > w(x) V pu(y). Thus B > p(x) and B > u(y). This shows that 23 € p and
yg € p. So p € X(xg) N X(yz). Hence X((z Ay)g) € X(z3) N X(yp). Therefore
X((x A y)s) = X(ap) 1 X (y5)

(2) If p € X(z) U X(yg), then either g & p or yg € p. Which implies either
B > u(z)or B > p(y). Thisshows that 8 > p(x)Ap(y) = p(zVvy). Thus (zVy)s € p.
So p € X((xVy)s).

Again, let p € X((xVy)s). Then B > p(zVy) = p(x) Ap(y). Thus either 25 € p
oryg ¢ p. So p e X(xg)UX(yg).

(3) Clearly, U, ez, peo1) X (28) € Xa. Let p € Xo. Then Imp = {1,7}, v €
[0,1). This implies there is x € L such that p(x) = +. Let us take some 8 €
(0,1] such that 3 > v. Then z5 € p. Thus p € U,ep, peo) X (@), So Xa C

User, peo,1) X (@s). Hence Xo = U, e, ge(o,1) X (25)- U
Lemma 4.4. Let 1, B2 € (0,1]; 8 = min{f1, B2} and x, y € L. Then
X(zp,) N X(yp,) = X((x Ay)s).

Proof. If p € X(zs,) N X(ys,), then zg, ¢ p and xg, ¢ p. This implies that
B1 > p(x) and Sy > p(y). Since . is prime ideal and x,y ¢ p., we have x Ay & pi.
and p(z) = pu(y) = p(z Ay). This shows that 8 > p(z Ay). Thus (z Ay)s € p. So
neX((zAy)p)

Again, let 1 € X((z Ay)g). Then 8 > pu(z Ay) > p(x) VvV p(y). This implies

B1 > p(x) and B2 > p(y). Thus x5, € pand yg, € p. So p € X(xp,) N X(yp,).
Hence X (s,) 1 X (ys,) = X((z Ag)s). .

Theorem 4.5. The collection T = {X(0) : 0 is a fuzzy ideal of L} is a topology on
Xo-

Proof. Consider the fuzzy subsets 1,72 of L defined as: n;(x) = 0 and n2(z) = 1,
for all z € L. Clearly, < 1 > and 19 are fuzzy ideals of L. Again, < n; >C pu, for
all p € X,. Then V(< 1 >) = X, and thus X(7;) = ¢. Since each p € X, is
non-constant, 7o ¢ p, for all p € X,. So X (n2) = X,. Hence ¢, X, € T.

Next, let X (601), X(02) € T. Since 0y and 60, are fuzzy ideals of L, by Lemma 4.1,
we get that X (01) N X (62) = X (61 N63). Then T is closed under finite intersection.

Finally, let {0; : i € I'} be any family of fuzzy ideals of L. It can be easily verified
that

(V@) = v o).

i€l i€l
Then U;c; X(0:) = X((U;er0:)). Thus by Lemma 4.2, we have X(|J;c;0:) =
X({U;cr0:)). So T is closed under arbitrary unions. Consequently, 7 is a topology

on X,. The space (X, T) will be called the space of prime a-fuzzy ideals in L. O
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Theorem 4.6. The subfamily B = {X(xg) : x € L, 8 € (0,1]} of T is a base for
T.

Proof. Let X (0) be any open set in X, and p € X (0). Then 6 ¢ p and there is
x € L such that 6(x) > u(z). Put 8(x) = 8. Then x5 C 6 and p € X(zg). To
show X (z5) C X(0), let n € X(z). Then x5 ¢ n and 6(x) > n(xz). Which implies
n € X(0). Thus p € X(x5) € X(¢). So for any open set X (6) in X, we can find
X(zg) in B such that X (zg) C X(#). Hence B is a base for T. O

Theorem 4.7. The space X, is a Ty-space.

Proof. Let p, 6 € X, such that y # 6. Then either u ¢ 6 or ¢ . Without loss of
generality, we can assume that © ¢ . Then 6 € X (u) and p ¢ X (u). Thus X, is a
To-space. O

Theorem 4.8. For any fuzzy ideal i of L, X (1) = X (Wa(p)).

Proof. Let p be any fuzzy ideal of L. Then by Lemma 3.7, we have that p C <Ea(u).
Thus X (1) C X(@a(p)).

Conversely, let § € X (@ a(u)). Then Wa(u)) ¢ 6. Suppose 6 ¢ X(u). Then
p C 0. Thus @wa(u) C 6. This is impossible. So 6 € X(u). Hence X(u) =
X(@a(pn). O

Theorem 4.9. For any fuzzy ideal 1n of L, X(p) = X(zp).

z3CH

Proof. Let € X(p). Then p € 6. Thus there is © € L such that p(z) > 6(x).
Put p(z) = . Then 23 C pand zg € 6. Thus 0 € Uspcp X () and X(u) C
UxﬁgHX(‘Tﬂ)

Again, let 0 € UmﬁgMX(xB)- Then 6 € X(zg), for some xg C p. Thus g > 0(x)
and pu(x) > 6(z). So # € X(u) and Umﬁgu X(zg) € X(u). Hence Uw;aguX(xﬁ) =
X (). O

Theorem 4.10. The lattice F1,(L) is isomorphic with the lattice of all open sets
in Xg.

Proof. The lattice of all open sets in X, is (7,N,U). Define the mapping
f:FIL(L) — T by f(u) = X(u), for all p € X,,.

Since X (1) = X(a(p)) and &a(u) is an a-fuzzy ideal, every open subset of X,
is of the form X (6), for some § € FI,(L). Then the mapping is onto.

Let f(p) = f(0). If p # 6, then there is € L such that either pu(z) < 6(x)
or O(x) < u(x). Without loss of generality, we can assume that p(z) < 8(z). Put
w(xz) = B. Then by Corollary 3.26, we can find a prime a-fuzzy ideal n such that
pCnandn(z) < B. Thusn ¢ X(p) and € 1. Son ¢ X(u) and n € X (6). This is
a contradiction. Hence p = 6.

Now we prove f is homomorphism. Let u, 8 € FI,(L). Then f(uvé) =
X(@a(uv o) = X(uv o) = X(u) UX(O) = f(p) U f(0). Similarly, f(un ) =
f(p) N f(#). Thus f is a homomorphism. So f is an isomorphism. O

).

Theorem 4.11. For any family F C X, closure of F is given by F = V(ﬂue}‘/‘
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Proof. We know that closure of F is the smallest closed set containing F. To prove
our claim, it is enough to show that V() LeF 1) is the smallest closed set containing
F. Since the set of all a-fuzzy ideal is a complete distributive lattice, ﬂue £ jis an
a-fuzzy ideal and V((,cz ) is a closed set in X,. If n € F, then () ,cxp C 7.
Thus n € V(N,cxp)- This implies that F C V(,c» p). Let V(0) be any closed
set in X, containing F. Then § C pu, for each p € F. Thus 6 C (,cxp and
V(Nuer k) € V(0). So V(N,cxn) is the smallest closed set containing F. Hence

F=V(Nper ). O

Theorem 4.12. X, is a T1- space if and only if every prime a-fuzzy ideal of L is
mazimal.

Proof. Suppose that the space X, is a T} space. Let u € X, and p is not maximal.
Then there exists a maximal fuzzy ideal 6 of L such that p C 6. Since X, is T}
space, {u} and {0} are closed. Thus 6§ € X, — {u} and u € X, — {6} are open sets.
So there exist two basic open sets § € X (ag) and p € X (by) such that p ¢ X (ag)
and 6 ¢ X (by). Since 1 C 6 and ag C i, we get that ag C 6. Which is impossible.
Hence g is maximal. Therefore every prime a-fuzzy ideal is maximal. Conversely,
suppose that every prime a-fuzzy ideal is maximal. To show each singleton subset
of X, is closed, let 8 € X, —{u}. Then pu # 6 and by assumption, u is not properly
contained in # and 6 is not properly contained in g. This implies that there is a € L
such that p(a) > 0(a). Put pu(a) = B. Then ag C p and ag € 6. Thus X (ag) is an
open set containing 6 but not p. So X, — {u} is open. Hence X,, is a Ty space. O

Theorem 4.13. If X, is a Hausdorff space containing more than one element, then
there exist a, b € L such that Xo = X(ag) U X (by) UV (1) where p is a fuzzy ideal
generated by ag U b,.

Proof. Suppose that X, is a Hausdorff space containing more than one element. Let
1 and @ be any two elements of X, such that p # 0. Then there exist two open
sets u € X(ag) and 6 € X(by) such that X(ag) N X(by) = ¢. Let n be the ideal
generated by agUb,. But we can not find any o € X, such that ag ¢ o and b, Z 0.
Let us consider the following cases. If either ag ¢ o or by € o but not both, then
o€ X(ag)UX(by)UV(n).

And again, if ag C 0 and b, C o, then agUb, C o and 0 € X (ag)UX(by)UV (7).
Thus X, € X(ag) U X (by) UV (7). So Xo = X(ag) U X(by) UV (n). O

Theorem 4.14. The following are equivalent in L.
(1) X, is a Hausdorff space
(2) For any two elements p and 0 of X, there exist ag € u, bo ¢ 6 and there
does not exist any element n of X, such that ag ¢ n and by € n.

Proof. (1) = (2): Suppose that the space X, is Hausedorff. Then for any two
distinct elements p and 6 of X, there exist two open sets i € X (ag) and 6 € X (b,)
such that X(ag) N X(by) = ¢. Thus ag € p and by, ¢ 6. To show our claim,
assume that there is an element 1 in X, such that ag ¢ n and b, € n. Then
X(ag)NX(by) # ¢. This is a contradiction. Thus there is no € X, which satisfies

ag ¢ nand by € 1.
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(2) = (1): Suppose (2) holds. Let p and 6 be two distinct elements of X,. Then
by assumption, there exist ag and b, such that ag ¢ p and b, € 6. Thus p € X (ag)
and 0 € X (by).

Again by assumption, we can’t find any 7 in X, such that ag € n and b, € n.
So X(ag) N X (by) = ¢. Hence X, is a Hausdorff space. O

As a characterization of a regular space X, we have.

Theorem 4.15. X, is a reqular space if and only if for any p € X, and ag € p,
there exist a fuzzy ideal 0 of L and b, such that p € X (by) C V(0) C X(ap).

Proof. Let X, be a regular space. Let pn € X, and ag € p, for some a € L. Then
u € X(ag). Since X, is a regular space, there exists a nbd X(n) of p such that
pe€ X(n) C X(n) € X(ag). Since X(n) is closed in X, there exists some fuzzy
ideal 6 of L such that X (n) = V(#). Thus p € X(n) C V(0) C X(ag). Since
n € X(n) and X(n) is open in X,, there exists a basic element X (b,) such that
e X(by) CX(n). Sope X(by) CV(0) C X(ag).

Conversely, suppose that for any u € X, and ag € p, there exist a fuzzy ideal 6
of L and b, such that p € X (b,) C V(6) C X(ag). To show that the space X, is
regular. Let p € X, and V(n) be any closed set of X, such that u ¢ V(n). This
gives n € p and there is a € L such that n(a) > p(a). Put n(a) = . Then ag C g
and ag ¢ p. Thus u € X(ag). Since ag € p, by assumption, there exists a fuzzy
ideal 6 of L and b, such that p € X (b,) C V(0) C X(ag). So X(b,) N X(0) = ¢.

Now we prove V(n) C X (). Since ag C n, we have V() C V(ag). Then
V(n) € Xo — X(ag) € Xo — V(). Thus there exist two disjoint open sets X (ag)
and X () such that u € X (ag) and V(n) C X (6) (or in other words, for any p € X,
and a closed set V(1) not containing p, we can find a nbd X (b,) of u and open
X () 2 V(n) such that X(b,) N X () = ¢ ). Thus X, is a regular space. O
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