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ABSTRACT. In this paper, we consider the problem of how to establish
algebraic structures on nearness approximation spaces. Essentially, our
approach is to define the nearness ring, nearness ideal and nearness ring of
all weak cosets by considering new operations on the set of all weak cosets.
Afterwards, our aim is to study homomorphism on nearness approximation
spaces, and to investigate some properties of nearness rings and ideals.
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1. INTRODUCTION

Nearness approximation spaces and near sets were introduced in 2007 as a gen-
eralization of rough set theory [13, 15, 20]. More recent work consider generalized
approach theory in the study of the nearness of non-empty sets that resemble each
other [16] and a topological framework for the study of nearness and apartness of
sets [10]. An algebraic approach of rough sets has been given by Iwinski [5]. After-
wards, rough subgroups were introduced by Biswas and Nanda [2]. In 2004 Davvaz
investigated the concept of roughness of rings [1] (and other algebraic approaches of
rough sets in [1, 9, 12, 19, 21]).

Near set theory begins with the selection of probe functions that provide a basis for
describing and discerning affinities between objects in distinct perceptual granules.
A probe function is a real-valued function representing a feature of physical objects
such as images or collections of artificial organisms, e.g. robot societies.

In the concept of ordinary algebraic structures, such a structure that consists
of a nonempty set of abstract points with one or more binary operations, which
are required to satisfy certain axioms. For example, a groupoid is an algebraic
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structure (A, o) consisting of a nonempty set A and a binary operation “o” defined
on A [3]. In a groupoid, the binary operation “o” must be only closed in A, i.e.,
for all a,b in A, the result of the operation a o b is also in A. As for the nearness
approximation space, the sets are composed of perceptual objects (non-abstract
points) instead of abstract points. Perceptual objects are points that have features.
And these points describable with feature vectors in nearness approximation spaces
[13]. Upper approximation of a nonempty set is obtained by using the set of objects
composed by the nearness approximation space together with matching objects. In
the algebraic structures constructed on nearness approximation spaces, the basic
tool is consideration of upper approximations of the subsets of perceptual objects.
In a groupoid A on nearness approximation space, the binary operation “o” may
be closed in upper approximation of A, i.e., for all a,b in A, a o b is in upper
approximation of A.

There are two important differences between ordinary algebraic structures and
nearness algebraic structures. The first one is working with non-abstract points while
the second one is considering of upper approximations of the subsets of perceptual
objects for the closeness of binary operations.

In 2012, E. Inan and M. A. Oztiirk [6, 7] investigated the concept of groups
on nearness approximation spaces. Moreover, in 2013, M. A. Oztiirk at all [11]
introduced group of weak cosets on nearness approximation spaces. Also in 2015,
E. Inan and M. A. Oztiirk [8] investigated the nearness semigroups. In this paper,
we consider the problem of how to establish and improve algebraic structures of
nearness approximation spaces. Essentially, our aim is to obtain algebraic structures
such as nearness rings using sets and operations that ordinary are not being algebraic
structures. Moreover, we define the nearness ring of all weak cosets by considering
operations on the set of all weak cosets. To define this quotient structure we don’t
need to consider ideals.

2. PRELIMINARIES

2.1. Nearness approximation spaces [13]. Perceptual objects are points that
describable with feature vectors. Let O be a set of perceptual objects. An object
description is defined by means of a tuple of function values ® (z) associated with
an object x € X C O. The important thing to notice is the choice of functions
@; € B used to describe any object of interest. Assume that B C F is a given set
of functions representing features of sample objects X C O. Let ¢; € B, where
w; + O — R. In combination, the functions representing object features provide
a basis for an object description ® : @ — R’ a vector containing measurements
(returned values) associated with each functional value ¢; (), where the description
length is |®| = L.

Object Description: ® (z) = (1 (z), 92 (), 03 (), ...y i (), ...y oL (T)).

Sample objects X C O are near to each other if and only if the objects have
similar descriptions. Recall that each ¢ defines a description of an object. Then let
Ay, denote Ay, = [p; (') — ¢; ()|, where ,2’ € O. The difference A, leads to a
definition of the indiscernibility relation “~pg”.

Let z,2' € O, BC F.
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~p={(z,2") e Ox O |Vp; € B, A,, =0}

is called the indiscernibility relation on O, where description length i < |®|.

Symbol Interpretation
B B CF,
r (“f‘), i.e. , |B| probe functions ¢; € B taken r at a time,

B, r < |B| probe functions in B,

~pB. Indiscernibility relation defined using B,.,

[z] 5, [z]g, = {2’ € O |z ~p, 2"}, equivalence (nearness) class,

O/ ~p, 0/ ~p,={[z]z |z € O}, quotient set,
£0,B, Partition {p B, = O,/ ~p, ,
N, (B) N, (B) ={¢0,B, | Br C B}, set of partitions,

UN, vn, : 9 (0) x p(0O) — [0,1], overlap function,
N,.(B),X |N.(B),X= UMB cx [7]p, » lower approximation,
N.(B)*X |N,(B)"X = U[I]B:m#g [z] 5, , upper approximation,

Bndy, gy (X) | Ny (B)" X\\N, (B), X = {33 €N, (B)*X |z ¢ N, (B), X} .

Table 1 : Nearness Approximation Space Symbols

A nearness approximation space is a tuple (O, F,~pg ,N.(B),vy,) where the
approximation space is defined with a set of perceived objects O, set of probe func-
tions F representing object features, indiscernibility relation ~p_ defined relative
to B, C B C F, collection of partitions (families of neighbourhoods) N, (B), and
overlap function vy,. The subscript r denotes the cardinality of the restricted sub-
set B,, where we consider (“fl), i.e., |B| functions ¢; € F taken r at a time to
define the relation ~pg, . This relation defines a partition of O into non-empty, pair-
wise disjoint subsets that are equivalence classes denoted by [z]g , where []p =
{2/ € O |z ~pg, x'}. These classes form a new set called the quotient set O,/ ~p_,
where O/ ~p = {[z]; |z € O}. In effect, each choice of probe functions B, de-
fines a partition o, p, on a set of objects O, namely, £o g, = O, ~p,. Every choice
of the set B, leads to a new partition of O. Let F denote a set of features for objects
in a set X, where each ¢; € F that maps X to some value set Vj, (range of ¢;). The
value of ¢; (x) is a measurement associated with a feature of an object € X. The
overlap function vy, is defined by vy, : p (O) x © (0O) — [0, 1], where p (O) is the
powerset of . The overlap function vy, maps a pair of sets to a number in [0, 1]
representing the degree of overlap between sets of objects with their features defined
by probe functions B, C B [18]. For each subset B, C B of probe functions, define
the binary relation ~p = {(z,2') € O x O | V¢; € B, ¢; (z) = ¢; («')}. Since each
~p, is, in fact, the usual indiscernibility relation, for B, C B and z € O, let [z]g
denote the equivalence class containing z. If (x,2’) €~p,_ , then x and 2’ are said
to be B-indiscernible with respect to all feature probe functions in B,.. Then define
a collection of partitions N, (B), where N, (B) = {{o.5, | B C B}.
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2.2. Descriptively near sets. We need the notion of nearness between sets, and
so we consider the concept of the descriptively near sets. In 2007, descriptively near
sets were introduced as a means of solving classification and pattern recognition
problems arising from disjoint sets that resemble each other [13, 15].

A set of objects A C O is characterized by the unique description of each object
in the set.

Set Description: [10] Let O be a set of perceptual objects, ® an object description
and A C O. Then the set description of A is defined as

Q(A) ={®(a) | a € A}.
Descriptive Set Intersection: [10, 17] Let O be a set of perceptual objects, A and

B any two subsets of O. Then the descriptive (set) intersection of A and B is defined
as

AQB:{JCEAUB\@(:U)EQ(A) and ® () € Q(B)}.

If Q(A)NQ(B) # @, then A is called descriptively near B and denoted by Ads B
[14].

Descriptive Nearness Collections: [14] £€¢ (A) = {B € P(O) | AdsB}.

Let ® be an object description, A any subset of O and &g (A) a descriptive
nearness collections. Then A € &g (A) [14].

2.3. Some algebraic structures on nearness approximation spaces. A binary
operation on a set G is a mapping of G x G into G, where G x G is the set of all
ordered pairs of elements of G. A groupoid is a system G (-) consisting of a nonempty
set G together with a binary operation “” on G [3].

Let (O,F,~p,,N, (B),vn,) be a nearness approximation space and let “” a
binary operation defined on O. A subset G of the set of perceptual objects O is
called a group on nearness approximation spaces or shortly nearness group, if the
following properties are satisfied:

(NGy) Forallz,y € G, z-y € N, (B)" G,
(NGs) For all z,y,z € G, (x-y) -2 =x - (y- 2) property holds in N,.(B)" G,
(NG3) There exists e € N, (B)" G such that z-e =e-2 =z for all x € G (e is
called the near identity element of G),
(NG4) There exists y € G such that -y =y -z = e for all x € G (y is called the
near inverse of z in G and denoted as x~1) [6].
If in addition, for all z,y € G, z -y = y - « property holds in N, (B)* G, then G
is said to be an abelian nearrness group.
Also, a nonempty subset S C O is called a nearrness semigroup, if z-y € N, (B)* S
for all z,y € S and (x-y)-2z = x-(y-2), for all z,y,z € S property holds in
N, (B)" (3).

Theorem 2.1 ([6]). Let G be a nearrness group.
(1) There ezists a unique near identity element e € N, (B)* G such that x - e =
x=e-x, forallz € G.
(2) For all x € G, there exists a unique y € G such that x -y =e =y - x.
118
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Theorem 2.2 ([6]). Let G be a nearrness group.
(1) (1771)71 =u, forallx € G.
(2) Ifx -y € G, then (x - y)_1 =y~ t.a7t foralz,y€q.
(3) If eitherz-z=y-zorz-x=2z-y, thenx =y, for all z,y,z € G.

H is called a subnearness group of nearness group G if H is a nearness group
relative to the operation in GG. There is only one guaranteed trivial subnearness
group of nearness group G, i.e., G itself. Moreover, {e} is a trivial subnearness
group of nearness group G if and only if e € G.

Theorem 2.3 ([7]). Let G be a nearness group, H be a nonempty subset of G and
N, (B)* H be a groupoid. H C G is a subnearness group of G if and only if v=! € H,
forallz e H.

Let Hy and Hy be two nearness subgroups of the nearness group G and N,. (B)" Hy,
N, (B)" Hy groupoids. If (N, (B)" Hy) N (N, (B)" Hz) = N, (B)" (Hy N Hs), then
H; N Hy is a nearness subgroup of nearness group G [7].

Let G C O be a nearness group and H be a subnearness group of G. The left
weak equivalence relation (compatible relation) “~p” defined as

a~pbisat-be HU{e}.

“

A weak class defined by relation “~;” is called left weak coset. The left weak
coset that contains the element a is denoted by ar, i.e.

ar={a-h|h€eH acG, a-he G}U{a} =aH.

Let (01, F1,~B,,, Ny, (B),vn,, ) and (O, Fa,~p,_ , Ny, (B),vn,,) be two near-
ness approximation spaces and “-”, “o” binary operations over O; and Os, respec-
tively.

Let G1 C 01, G2 C Oy be two nearness groups and o a mapping from N,., (B)* Gy
onto N, (B)*Ga. If o(z-y) = o(x) oo (y) for all z,y € Gy, then o is called a
nearness homomorphism and also, (1 is called nearness homomorphic to Gs.

Let G1 C O1, G3 C O3 be nearness homomorphic groups, H; a nearness subgroup
and N,, (B)" Hy a groupoid. If o (N,, (B)" H1) = Ny, (B)" o (Hy), then o (H;) is a
nearness subgroup of Ga [7]

The kernel of o is defined to be the set Kero = {z € G | o () = €'}, where €’ is
the nearness identity element of Gs.

Theorem 2.4 ([7]). Let G1 C O1,G2 C Oy be nearness groups that are nearness
homomorphic, Kerc = N be nearness homomorphism kernel and N, (B)" N be a
groupoid. Then N is a nearness normal subgroup of Gy.

Definition 2.5 ([11]). Let O be a set of perceptual objects, G C O a nearness
group and H a subnearness group of G. Let G/, be a set of all left weak cosets of
G by H, £ (A) a descriptive nearness collections and A € P (O). Then

Ny (B) (G/~y) = U £a (4)

€0(4) 0 G/ny#0

is called upper approximation of G/, .
119
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Theorem 2.6 ([11]). Let G be a nearness group, H a subnearness group of G and
G/~ a set of all left weak cosets of G by H. If (N, (B)" G) /~, € N, (B)" (G/~.),
then G/~., is a nearness group under the operation given by aH © bH = (a-b) H
for all a,b € G.

Let G be a nearness group and H a subnearness group of G. The nearness group
G/, is called a nearness group of all left weak cosets of G by H and denoted by
G/wH [11].

3. NEARNESS RINGS

Definition 3.1. Let (O, F,~p,, N, (B),vn,) be a nearness approximation space
and “4+” and “-” binary operations defined on @. A subset R of the set of perceptual
objects O is called a ring on nearness approximation spaces or shortly nearness ring
if the following properties are satisfied:

(NR;) R is an abelian nearness group with binary operation “+7,
(NR3) R is a nearness semigroup with binary operation “.”
(NR3) For all z,y,z € R,
z-(y+2) = (z-9)+ (0 2) and
(r+vy)- 2= (x-2)+ (y-2z) properties hold in N, (B)* R.
If in addition:
(NRy) z-y=y-x,foral z,y € R,
then R is said to be a commutative nearness ring.

(NRs) If N, (B)* R contains an element 1x such that 1z -2 = x - 1z = z, for all
T € R,

then R is said to be a nearness ring with identity.

These properties have to hold in N, (B)* R. Sometimes they may be hold in
O/ N, (B)" R, then R is not a nearness ring. Multiplying or sum of finite number
of elements in R may not always belongs to N,. (B)* R. Therefore always we can
not say that 2™ € N, (B)" R or nz € N, (B)* R, for all x € R and some positive
integer n. If (Nr (B)" R, —|—) and (NT (B)" R, ) are groupoids, then we can say that
" € N, (B)" R for all positive integer n or nz € N, (B)" R all integer n, for all
r € R.

An element z in nearness ring R with identity is said to be left (resp. right)
invertible, if there exists y € N,. (B)" R (resp. z € N, (B)" R) such that y -z = 1p
(resp. -z = 1g). The element y (resp. z) is called a left (resp. right) inverse of x.
If x € R is both left and right invertible, then x is said to be nearness invertible or
nearness unit. The set of nearness units in a nearness ring R with identity forms is
a nearness group on with multiplication.

A nearness ring R is a nearness division ring iff (R\ {0},-) is a nearness group,
i.e., every nonzero elements in R is a nearness unit. Similarly, a nearness ring R is
a nearness field iff (R\ {0}, ) is a commutative nearness group.

Some elementary properties of elements in nearness rings are not always provided
as in ordinary rings. If we consider N, (B)" R as a ordinary ring, then elementary
properties of elements in nearness ring are provided.
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Lemma 3.2. All ordinary rings on nearness approximation space are nearness rings.

Example 3.3. Let O = {o,p,r,s,t,v,w,x} be a set of perceptual objects and
B = {1, 92, p3} C F a set of probe functions. Values of the probe functions

01:0 — Vi ={a1,00,a3,04},
®2 - O — V= {Blaﬂ%ﬂfﬁ}a
are given in Table 2.
‘ o p r s t voow T

Y1 |4 Q2 1 Q2 Q1 Q3 Qg Q3

w2 | B1 Bz P2 B3 B2 Bz Bi PBs

Table 2.
Let “+” and “” be binary operations of perceptual objects on O as in Tables 3
and 4.
+lo p r s t v w =z o p r s t v w x
olo p r s t v w z olo o o o 0o o o0 o0
plp r s t v w x o plo p r s t v w x
rir s t v w x o0 P rio r t w o r t w
s|ls t v w x o p T slo s w p t o r w
t|t v w x o p r s tlo t o t o t o t
viv w x p p r s t v|io v r xx t p w S
w|lw xx o p r s t w wlo w t r o w t r
x|z o p r s t v w rlo x w v t s r p
Table 3. Table 4.

Since r+ (s + s) # (r + s) + s, (O, +) is not a group, i.e., (O, +,-) is not a ring. Let
R = {r,t,w} be a subset of perceptual objects. Let “+” and “” be operations of
perceptual objects on R C O as in Tables 5 and 6.

r
t

w
o

Table 5. Table 6.

[o],, = {2" € O] ¢1(2) = ¢1(0) = cu} = {o,w},

[p),, = {2" € O] 1 (2) = ¢1(p) = a2}
={p, s}
= [S]Lpl )
121
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[, ={' €O lpi () =1 (r) =}
= {Tvt}

= [t}ﬂol ’

[v],, ={z" € O] p1(2') = p1 (v) = a3}
= {v,x}

= [al,, -
Then we have that §,, = {[0]@1 ], s vl ,[w]%}.

0], ={2" € O | p2(2') = w2 (0) = b1}
= {O’w}

= [w]LP2 ’

[pl,, = {2' € O] @2 (z') = w2 (p) = Bs}
={p,s,v,z}

= [8]602 = [1}}@2 = [x]tpz’

[r],, ={2" € O | p2(2') = w2 (1) = B2}
:{rvt}

= [t]%% .

Thus we obtain that £,, = {[O]W2 [Pl s [r]w}. So, for r =1, a set of partitions of

O is Nl (B) = {&pu&pz}'
In this case, we can write

«p_ U=l
Ni(B) R = [2],, N R#2

= {r,t} U{o,w} U{o,w} U {rt}
= {o,r,t,w} # O.

From Definition 3.1, since

(NR;) R is an abelian nearness group with binary operation “+7,
(NR3) R is a nearness semigroup with binary operation “” and
(NRs3) For all z,y,z € R,

z-(y+2)=(r-y)+(x-2)and

(x+vy)- 2= (x-2)+ (y-z) properties hold in N, (B)* R.

conditions hold, R is a nearness ring.

Proposition 3.4. Let R be a nearness ring and 0 € R. If 0-x,x -0 € R, then for
all x,y € R
(1)z-0=0-2=0,
(2) z-(-y) =(-2) - y=—(z-y),
B) (=z) (—y)==z-y.
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Definition 3.5. Let R be a nearness ring and S a nonempty subset of R. S is called
subnearness ring of R, if S is a nearness ring with binary operations “+” and “” on
nearness ring R.

Definition 3.6. Let we consider nearness field R and a nonempty subset S of R.
S is called subnearness field of R if S is a nearness field.

Theorem 3.7. Let R be a nearness ring and (N, (B)" S, +), (N, (B)* S, -) groupoids.
S is a subnearness ring of R iff —x € S, for allx € S.

Proof. Suppose that S is a subnearness ring of R. Then S is a nearness ring and
—x e S, forallxz e S.

Conversely, suppose —x € S, for all z € S. Since (N, (B)"S,+) is a groupoid,
from Theorem 2.3 (S, +) is a commutative nearness group. By the hypothesis, since
(N, (B)"S,-) is a groupoid and S C R, associative property holds in N, (B)*S.
Then (S,-) is a nearness semigroup. For all z,4,2 € SC R, y+z € N, (B)* S and
z-(y+2) € N.(B)'S. Alsox-y+az-2€ N,.(B)"S. Since R is a nearness ring,
z-(y+2) = (z-y)+(z - z) property holds in N,. (B)" S. Similarly, we can show that
(x+y) 2= (z-2)+ (y-2) property holds in N, (B)*S. Thus S is a subnearness
ring of nearness ring R. O

Example 3.8. From Example 3.3, let we consider the nearness ring R = {r, ¢, w}.
Let S = {r,w} be a subset of nearness ring R. Then, “+” and “” are binary
operations of perceptual objects on S C R as in Tables 7 and 8.

+|r w row
r|it o rlt t
wlo t w |t t

Table 7. Table 8.

We know from Example 3.3, for » = 1, a classification of O is Ny (B) = {g(%), €(p2) }
Then, we can obtain Ny (B)* S = {o,7,t,w}. Thus we can observe that (N,. (B)" S, +),
(N, (B)* S,-) are groupoids and —r = w,—w = r € N, (B)"S. So from Theorem
3.7, S is a subnearness ring of nearness ring R.

Theorem 3.9. Let R be a nearness ring, S1 and Ss two subnearness rings of R and
N, (B)" Si, N, (B)* Sy groupoids with the binary operations “+” and “”. If

(N- (B)" S1) N (N, (B)"S2) = N, (B)" (51N S2),
then S1 N Sy is a subnearness ring of R.

Corollary 3.10. Let R be a nearness ring, {S; : i € A} a nonempty family of sub-
nearness rings of R and N, (B)"S; groupoids for alli € A. If

N ) s) =N 0 (5)

ieA i€A
then ([ S; is a subnearness ring of R.
1EA
123



Oztiirk and Inan /Ann. Fuzzy Math. Inform. 17 (2019), No. 2, 115-132

4. NEARNESS IDEALS

Definition 4.1. Let R be a nearness ring and I be a nonempty subset of R. T
is a left (right) nearness ideal of R provided for all z,y € I and for all r € R,
r—y€EN.(B)I,r-x€N,(B)I (x—y€N,.(B)"I,z-r€ N, (B)"I).

A nonempty set I of a nearness ring R is called a nearness ideal of R, if I is both
a left and a right nearness ideal of R.

There is only one guaranteed trivial nearness ideal of nearness ring R, i.e., R
itself. Furthermore, {0} is a trivial nearness ideal of nearness ring R iff 0 € R.

Lemma 4.2. FEvery nearness ideal is a subnearness ring of nearness ring R.

Example 4.3. From Example 3.3 and 3.8, let we consider the nearness ring R =
{r,t,w} and subnearness ring S = {r,w} of R. We can observe that x — y €
N.(B)"S,r-z€N,.(B)*Sand x-r € N,.(B)"S, for all z,y € S and for all r € R.
Then, from Definition 4.1, S is a nearness ideal of R.

Theorem 4.4. Let R be a nearness ring, I1 and Iy two nearness ideals of R and
N, (B)" I, N, (B)" Iy groupoids with the binary operations “+” and “”. If

(N,. (B)* Il) N (N,. (B)" 12) =N, (B (IL1N),
then Iy N I3 is a nearness ideal of R.

Proof. Suppose I1 and I, are two nearness ideals of the nearness ring R. It is obvious
that I; NIy C R. Consider z,y € I1NI5. Since I; and I are nearness ideals, we have
z—y,r-x €N, (B)'Iyandz—y,r-z €N, (B) I,ie.,x—y,r-z € (N, (B)"I;)N
(N. (B)" L) ,forall z,y € I, I and r € R. Assuming (N, (B)" I;)N(N, (B)" I3) =
N, (B)" (I1 N I5), we have x —y,r-2 € N, (B)* (I N I). From Definition 4.1, I; N 15
is a nearness ideal of R. O

Corollary 4.5. Let R be a nearness ring, {I; : i € A} a nonempty family of nearness
ideals of R and N, (B)" I; groupoids with the binary operations “+” and “7. If

N () 1) =N.8) (N 5.
i€A i€A
then () I; is a nearness ideal of R.

1EA

5. NEARNESS RINGS OF WEAK COSETS

Let R be a nearness ring and S a subnearness ring of R. The left weak equivalence
relation (compatible relation) “~;” defined as
z~pye—r+yeSU{el.
A weak class defined by relation “~” is called left weak coset. The left weak
coset, that contains the element z € R is denoted by zr, i.e.,

fr={x+s|seS, zeR, x+seRU{z}.
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Similarly, we can define the right weak coset that contains the element z € R is
denoted by Zpg, i.e.,

Ip={s+z|seS, z€R, s+xzecRU{z}.

We can easily show that , = z + S and Zg = S + z. Since (R,+) is a abelian
nearness group, £y = T and so we use only notation . Then

R/.={z+ S|z € R}

is a set of all weak cosets of R by S. In this case, if we consider N, (B)" R instead
of nearness ring R

(N (B)'R) [~ ={x+ S|z €N, (B)" R}.

Definition 5.1 ([11]). Let R be a nearness ring and S be a subnearness ring of
R. For z,y € R, let x + S and y + S be two weak cosets that determined the
elements x and y, respectively. Then sum of two weak cosets that determined by
x+y € N, (B)" R can be defined as

(z+y)+S={(z+y)+s|seS, z+ye N (B)'R, (x+y)+s€ R}U{z+y}

and denoted by
(z+S)e+5)=(@+y +5.
Definition 5.2. Let R be a nearness ring and S be a subnearness ring of R. For
x,y € R, let z4+.S and y+S be two weak cosets that determined the elements z and y,

respectively. Then product of two weak cosets that determined by z-y € N,. (B)" R
can be defined as

(@-y)+S={(x-y+s|s€S 2-yeN.(B)'R, (z-y)+s€RU{z y}
and denoted by
z+S8)oW+S) == y)+5.
Definition 5.3. Let R/~ be a set of all weak cosets of R by S, £¢ (A) a descriptive
nearness collections and A € P (O). Then

N (B)" (R/~) = U $a (A)

Co(A) O R/#0
is called upper approximation of R/...

Theorem 5.4. Let R be a nearness ring, S a subnearness ring of R and R/~ be a
set of all weak cosets of R by S. If (N, (B)"R) /~ C N, (B)" (R/~), then R/~ is
a nearness ring under the operations giwven by (x+ S) @ (y+S) = (x+y) + S and
(z+S)o@W+S)=(x-y)+S forallxz,y € R.

Proof. (NR1) Let (N, (B)*R) /~ C N, (B)" (R/~). Since R is a nearness ring from
Theorem 2.6, (R/~,®) is a abelian nearness group of all weak cosets of R by S.
(N R2) Since (R,-) is a nearness semigroup;
(NS1) We have that -y € N, (B)"Rand (z+ S)® (y+S5) = (z-y) + S

€ (N.(B)"R) /~, forall (x+5),(y+S) € R/~. From the hypothesis,
(z+S)oW+9S)=(x-y)+SeN,.(B)(R/.),

forall (x+95),(y+S5) € R/~.
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(NS2) For all x,y,z € R/~, associative property hols in N, (B)* R. Then
for all (z+S5),(y+5),(z+5S) € R/~,
(z+5)oW+9)o(+S5) =z y) +
=((z-y)-2)
= (
= (
=(z

S)® (z+59)
+ S
o (y-2)+ 5
2 +9) 0 ((y-2) +5)
+8) 0 ((y+8) o (2 +S))
holds in (N, (B)" R) /~. From the hypothesis, for all (z +5), (y+S), (z+95) €
R/, associative property holds in N, (B)" (R/~). Thus (R/~,®) is a nearness
semigroup of all left weak cosets of R by S.
(NR3) Since R is a nearness ring, left distributive law holds in N, (B)" R. For
all (z+S5),(y+S),(z+95) € R/,
(z+S)o(y+S)®(z+95)) =(z+
(y

X -

S)o((y+2)+59)
+2)+S
(x-y)+(x-2)+S
(@-y)+ 9oz 2)+5)
(z+S)®(y+S))@((a:+S)®(z+S)).
So left distributive law holds in (N, (B)" R) /~.

Similarly, we can show that right distributive law holds in (Nr (B)" R) /o

((z+S)dWw+9)oE+S)=(z+950Ez+S)ad(z+95 e (z+9)),

forall (x+95),(y+95),(z+S5) € R/~.
From the hypothesis, distributive laws hold in N,. (B)* (R/.). Consequently, R/,
is a nearness ring. O

T -y)

=
= (
= (
= (

Definition 5.5. Let R be a nearness ring and S be a subnearness ring of R. The
nearness ring R/ is called a nearness ring of all weak cosets of R by S and denoted

by R/.,S.

Example 5.6. Let S = {r,w} be a subset of R = {r,t,w}. From Example 3.8, S
is a subnearness ring of nearness ring R.

Now, we can compute the all weak cosets of R by S. Then by using the definition
of weak coset,

r+S={r}u{rt={r},t+5={w,rtu{t} ={w,rt},
w+ S ={t} Uu{w}={t,w}.
Thus we have that R/,,S = {r + S,t + S,w + S}. Since Ny (B)* R = {o,r,t,w}, we
can write the all weak cosets of N1 (B)" R by S. In this case,
o+ S ={r,w}U{o} ={rw,o}.
So (N1 (B)"R) /o~ ={o+S,r+S,t+ S,w+ S} CP(O).
Let “@” and “© ” be operations on R/,,S, by using the Definition 5.1 and 5.2
as in Tables 9 and 10.

® |r+S t+S w+S ® |r+S t+S w+S
r+S|t+S w+S o+S r+S|t+S o+S t+S8
t+S |w+S o+S r+S t+S |o+S o+S o+S
w+S|o+S r+S t+S8 w+S|t+S o+S t+S
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Table 9. Table 10.

It is enough to show that every element of (N; (B)* R) /~ is also an element of
N1 (B)" (R/S) in order to ensure (N, (B)" R) /~ C N, (B)" (R/S).

Q(R/wS) ={®(A) | A€ R/wS}
={o(r+295),2(t+5),2(w+95)}
={{2 (M)} {2 (w),®(r), )}, {®(), D (w)}}
= {{(on,B2)} {(aa, B1) , (@2, B1) , (1, B2) } {(1, B2) , (ua, B1) }
For r+ S € R/,,S, we get that

Q(r+5) ={®(r)} ={(,52)},
Q(O+ S) = {(I) (r),CIJ(w) 7q)(0)} = (a1a62) ) (a47ﬂl) ) (054361)} .

Since Q(r+S)NQ(o+S) = {(a1,02)} # &, it follows that o + S € & (r + 5).
Then &g (r + 5) A R/wS # @ and r+ 5,0+ S € Ny (B)" (R/S) by Definition 5.3.

Fort+S € R/,S, w+ S we get that

Q(t+5) = {2 (w),®(r), 2 )}} = {(as, B1) , (@2, 81) , (a1, B2)}
Qw+S) = {2 ), ®(w)}} = {(a1,82), (a4, 51)} -

Since Q(t+S) N Q(t+S) = {(a4,B1), (a2, 81),(1,62)} # @ and Q(w+S) N
Q(w+S) = {(a1,82), (s, 1)} # @, it follows that t + 5 € €o (t+ 5),w+ S €
o (w+S). Thus e (t—l—S)QR/wS #+ 3, & (w—l—S)QR/wS #@and t+S,w+S5 €

N1 (B)" (R/.,S) by Definition 5.3.

Consequently, (N, (B)*R) /~, € N, (B)" (R/wS). So, from the Theorem 5.4,
R/.,S is a nearness ring of all weak cosets of R by S with the operations given by
Tables 9 and 10.

6. NEARNESS RING HOMOMORPHISMS

Definition 6.1. Let Ry, R; C O be two nearness rings and 1 a mapping from
N, (B)" Ry onto N, (B)" Ry. If ny(z +y) = n(x) +n(y) and n(z-y) =n(z) 1 (y)
for all x,y € Ry, then 7 is called a nearness ring homomorphism and also, R; is
called nearness homomorphic to Rs, denoted by Ry ~, Rs.

A nearness ring homomorphism 1 of N, (B)* R; into N, (B)" Ry is called

(i) a nearness momomorphism, if 7 is one-one,

(ii) a nearness epimorphism, if 1 is onto N, (B)* Ry and

(iii) a nearness isomorphism, if 7 is one-one and maps N, (B)" Ry onto N,. (B)* Rs.

Theorem 6.2. Let Ry, Ry be two nearness rings and n a nearness homomorphism
of N, (B)* Ry into N, (B)" Ry. Then the following properties hold.
(1) n(Og,) = Ogr,, where Og, € N, (B)" Ry is the nearness zero of Rs.
(2) n(—x) = —n () for all x € Ry.
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Proof. (1) Since 7 is a nearness homomorphism,

n(0R1) +77(0R1) = 77(0R1 +0R1) = U(ORl) = 77(0R1) +0R2'

Then we have that 1 (0gr,) = Og, by the Theorem 2.2 (3).

(2) Let © € Ry. Then n(z) +n(—z) =n(x —x) =n(0r,) = Or,. Similarly, we
can obtain that n (—z) 4+ n (x) = Og,, for all z € Ry. From Theorem 2.1 (2), since
7 (x) has a unique inverse, n (—z) = —n(x), for all z € R;. O

Theorem 6.3. Let Ry, Ry be two nearness rings and 1 a nearness homomorphism of
N, (B)" Ry into N, (B)* Ry and N, (B)* S a groupoid. Then the following properties
hold.

(1) If S is a subnearness ring of nearness ring Ry andn (N, (B)"S) = N, (B)" 1 (S),
then n(S) = {n(x) : x € S} is a subnearness ring of Rs.

(2) If S is a commutative subnearness ring Ry and n (N, (B)*S) = N, (B)" n(S),
then 1 (S) is a commutative nearness ring of Rs.

Proof. (1) Let S be a subnearness ring of nearness ring R;. Then Og € N, (B)*S
and by Theorem 6.2 (1), n(0s) = Og,, where O, € N, (B)" Rz. Thus

Or, =1 (0s) € (N (B)"S) =N, (B) n(5).

This means that 1 (S) # @. Let n(z) € n(S), where z € S. Since S is a subnearness
ring of Ry, —z € N, (B)* S, for all z € S. So for all n (z) € n(S),

—n(x) =n(-z) €n (N, (B)"S) =N, (B) n(S).

Hence by Theorem 3.7, 1 (S) is subnearness ring of Rs.
(2) Let S be a commutative subnearness ring and n(x),n (y) € n(S). We have
that 7 (S) is a subnearness ring of Ry by (1), i.e., n(S) is a nearness ring. Then

n(@)-ny) =n@-y) =ny-z)=ny) - n), forall n(x),n(y) € n(Ri). Thus
7 (S) is commutative subnearness ring of Ra. O

Definition 6.4. Let R;, Ry be two nearness rings and 7 be a nearness homomor-
phism of N, (B)* R; into N, (B)" Ry. The kernel of 7, denoted by Kern, is defined
to be the set

Kern={x € Ry :n(x) =0g,}.

Theorem 6.5. Let Ry, Ry be two nearness rings, n a nearness homomorphism of
N, (B)" Ry into N, (B)" Ry and N, (B)* Kern a groupoid with binary operations
“+7 and “”. Then @ # Kern is a nearness ideal of R;.

Proof. Let z,y € Kern. Then f(z—y) = f(z) — f(y) = Og, — Og, = Og, €
N, (B)" Ry and Thus x —y € N, (B)" (Kern). Let r € Ry. Then f(r-z) =
f(r)-f(x) = f(r)-0r, = Ogp, € N, (B)" Ry and thus r - = € N, (B)" (Kern).
Similarly, z - r € N, (B)" (Kern). So, from Definition 4.1, Kern is a nearness ideal
of Rl- O

Theorem 6.6. Let R be a nearness ring and S a subnearness ring of R. Then the
mapping 11 : N, (B)* R — N, (B)* (R/.,S) defined by Il (z) =z + S, for allx € R
is a mearness homomorphism.
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Proof. From the definition of IT, IT is a mapping from N,. (B)" Rinto N,. (B)* (R/4S).
By using the Definition 5.2,

Dz+y)=(+y)+S=@+Sdy+95 =) all(y)),
Dz-y)=(-y)+S=+50Wy+S5)=0I)oU(y),

for all x,y € R. Thus II is a nearness homomorphism from Definition 6.1. O

Definition 6.7. The near homomorphism II is called a nearness natural homomor-
phism from N, (B)" R into N, (B)* (R/.,S).

Example 6.8. From Example 5.6, we consider the nearness ring of all weak cosets
R/.,S. Define
II:N,(B)R — N,.(B)"(R/,S)
x — I(z)=2+S5,
for all x € R. By using the Definitions 5.1 and 5.2, we have that

Dz+y)=(+y)+S=+9dy+95=U(x)el(y)),

Mz -y)=(z-y)+S=(x+5oy+5) =1 olly),
for all z,y € R. Hence, II is a nearness natural homomorphism from N, (B)" R into
Ny (B)" (R/wS).

Definition 6.9. Let Ry, Ry be two nearness rings and .S be a non-empty subset of
R1. Let

X :N.(B)"Ri — N, (B)" Ry
be a mapping and

Xs = X|S S—>NT(B)*R2
a restricted mapping. If x (x +vy) = x5 (@ +y) = x5 () + xs (¥) = x (@) + x (v)
and x (z-y) = x5 (2-y) = X5 (2) - xs () = x (x) - x () for all z,y € S, then x is
called a restricted nearness homomorphism and also, R; is called restricted nearness
homomorphic to Rs, denoted by Ry ~,.,, Rs.

Theorem 6.10. Let R1, Ry be two nearness rings and x be a nearness homomor-
phism from N, (B)" Ry into N, (B)" Ry . Let (N, (B)" Kerx,+) and (N, (B)" Kery,)
be groupoids and (NT (B)" Rl) /~ be a set of all weak cosets of N, (B)" Ry by Kery.
If (Ny (B)' Ry) [~ € Ny (B)* (Ra/wKerx) and Ny (B)* x (R1) = x (Ny (B)" Ry),
then

Rl/wKeTX =rn X (Rl) :

Proof. Since (N, (B)" Kery,+) and (N, (B)" Kery,-) are groupoids, from Theo-
rem 6.5 Kery is a subnearness ring of R;. Since Kery is a subnearness ring of
Ry and (NT (B)*Rl) /~ € N,.(B)" (Ri/wKerx), then Ry/,Kerx is a nearness
ring of all weak cosets of R; by Kery from Theorem 5.4. Since N, (B)*x (R1) =
X (N (B)" R1), x (Ry) is a subnearness ring of Ry. Define

n: Ny (B)" (Ri/wKerx) — Ny (B)"x(Ri)

_ 771?,1 wKerx (A) vA € (NT (B)* Rl)/N
4 "(A)‘{ gxaél) Ag¢ (N, (B) Ri) /-
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where

nR]/chTX : n’Rl/wKerX — NT (B)*X(Rl)
T Kerx — Ny (@4 Kerx) = x(2),

for all x + Kery € Ry/,Kerx.
Since

z+Kerx={z+k|keKerxy,z+keR}U{x},
y+ Kerx={y+Fk |k € Kerx,y+ k' € Ri}U{y},

and the mapping x is a nearness homomorphism,

x4+ Kerxy =y + Kery

rey+ Kery
ze{y+k |k € Kerx,y+k' € R1} or z € {y}
r=y+k,keKerx,y+k e Riorz=y
—y+ta=(-y+y) +k, K € Keryorx(z)=x(y)
—y+ax=FK, k' € Kery

—y+ax € Kery

X(_y""m) = €x(R1)

X (=) + x () = ex(ry)

=X () + x (2) = ex(ry)

X (z) = x(y)

MRy Jw Kerx ((E + KGTX) = MR, jwKerx (y + KCTX)

S O e

Then 1, .., is well defined.

For A,B € N, (B)" (Ry/wKery), we suppose that A = B. Since the mapping
is well defined,

an /w Kerx

e (A) A (N(B) RY) /-

) = { extin Ag (N (B Ry) /-
_ { MRy jwKerx (B) B € (NT (B)* Rl) /N

exttn B¢ (N, (B R)) /-

=n(B).

Consequently, 7 is well defined.
For all z + Kery,y + Kerx € Ri/wKerx C N, (B)" (R1/wKery),

n((z + Kerx) ® (y + Kerx))
= Ny urens (& + Kerx) @ (y + Kery))
Ny jwrcery (T FY) + Kerx)
X (z +vy)
X (7) +x (v)
Ny i &+ Kerx) +n, 0, (y+ Kery)
n(z+ Kerx) +n(y+ Kery).
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and

n((z+ Kerx) © (y + Kerx))
= Npyuren (& + Kerx) © (y + Kerx))
= XRy/wKerx ((‘T ! y) + KETX>
X (z-y)
x () x(y)
an/wKe'rX (.’L‘ + KG’I‘X) : an/wKerX (y + KeTX)
= n(x+ Kerx) n(y+ Kery).

Thus 7 is a restricted nearness homomorphism by Definition 6.9. So Ry /,Kerx ~,
X (B1). O
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