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1. INTRODUCTION

Luterval- valued Intuitionistic Fuzzy Sets (IVIFSs; see [3, 4, 10]) are the most
detailed described extension of the Intuitionistic Fuzzy Sets (IFSs; see [1, 2, 4, 5]) .
They appeared in 1988, when Georgi Gargov (7.4.1947 — 9.11.1996) and the author
read M. Gorzalczany’s paper [12] on Interval-Valued Fuzzy Set (IVFS).

Let us have a fixed universe E and its subset A. Formally, the set

A= {(x’MA(x)vNA(x» | RS E}v
where M4 (x) C [0,1] and Na(z) C [0,1] are intervals and for all x € E:
(1.1) sup Ma(z) +sup Na(z) <1
is called IVIFS and functions My : E — P([0,1]) and N4 : E — P([0,1]) represent
the set of degrees of membership (validity, etc.) and the set of degrees of non-
membership (non-validity, etc.) of element z € F to a fixed set A C E, where

P(Z) = {Y|Y C Z} for an arbitrary set Z. Here, both intervals have the forms:
My (z) = [inf Ma(z),sup Ma(x)] and Na(z) = [inf Na(z),sup Na(z)]. Hence, when
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inf Ma(z) =sup Ma(x) = pa(z)and inf Ng(x) = sup Na(z) = va(x), the IVIFS A
is transformed to an IFS,; that is defined by

A= {{z,pa(z),va(z)) | = € B},

where
0 <pa(z)+rvalz) <1,

and functions p4 : E — [0,1] and v4 : E — [0, 1] represent the degree of membership
(validity, etc.) and non-membership (non-validity, etc.) of element x € E to a fixed
set AC E.

Obviously, each IVFS A can be represented by an IVIFS as:

A ={(z,Ma(x), Na(2)) | z € E}
= {{z,Ma(x),[1 —supMa(z),1 —inf My(x)]) | x € E}.

IVIFSs have geometrical interpretations similar to, but more complex than these
of the IFSs. For example, the analogue of the standard (second) geometrical inter-
pretation of the IFS is shown on Fig. 1

(0,1)

sup Ny ¢---------
inf Ny ¢--------- LU boeme o)
0,0 1,0
(0,0) infMy4 supMy 1—supNgy {1,0)
1—inf Ny

FIGURE 1. Geometrical interpretation of IVIFS

The geometrical interpretation of the IVFS A is shown on Fig. 2.

In the present paper, we describe the different modal type of intuitionistic fuzzy
operators. Four of them are introduced here for the first time. The two most
extended modal operators defined over interval valued intuitionistic fuzzy sets are
given and a Theorem for the equivalence of these two most extended modal operators
is proved.

2. INTUITIONISTIC FUZZY MODAL OPERATORS OF THE FIRST TYPE

In a series of papers of the author (see, e.g. [4, 7, 8, 9]), different modal type of
operators are defined over IVIFSs. These operators are of the two basic modal types
2
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(0,1)

SupMAzl—infMA

inf Ny =1—supMy

(0,0) inf My sup My (1,0

FIGURE 2. Geometrical interpretation of IVFS

of IVIFS-operators. The simplest operators of the first type are direct analogous of
the standard modal operators O (necessity) and { (possibility) from modal logic
(see, e.g., [L1]).

OA= {{z,Ms(x),[inf Na(z),1 —sup Ma(z)]) | x € E},
QA= {(z,[inf Ma(x),1 —sup Na(x)], Na(x)) | x € E}.
These two operators are extended by the operator
D, (A) = {{x, [inf Ms(x),sup Ma(z) + a.(1 —sup M4 (x) — sup N4(x))],
[inf Na(x),sup Na(z) + (1 — «).(1 — sup Ma(z) —sup Na(z))])
|z € E},

Dy(A) = {(z,[inf My(x),sup Ma(z) + a.(1 —sup Ma(z) — sup Na(x))],
[inf Na(x),sup Na(x) + (1 — «).(1 — sup Ma(z) —sup Na(z))])
|z € E},

where « € [0, 1], because O A = Dy(A) and $A = D1(A).
It is extended also to the form
Fop(A) = {(z,[inf Ma(x),sup M4(x)+ o.(1 —sup M4(x) —sup Na(z))],
[inf Na(x),sup Na(x) + B.(1 —sup Ma(x) — sup Na(x))])
| z € E},

where a, 8 € [0,1] and a4+ 8 < 1.
Obviously, for each « € [0, 1]:

Dy(A) = Fyi1-a(A).

Seven other operators have been introduced. In some sense, they are on the level
of operator F, 3. The first five of them are described in [4], while the last two
3
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operators are introduced here for the first time:

Gap(A) = {(z,[o.inf M4(x), . sup Ma(z)], [5.inf Na(z), B.sup Na(z)])
| z € E},

H,p(A) = {(z,]o.inf M(z), . sup M4(z)], [inf Na(z),sup Na(z)
+6.(1 —sup Ma(x) —sup Na(zx))]) | z € E},

H;”B(A) = {{z, [a.inf M4 (z), a.sup M4 (x)], [inf Na(x),sup N4(z)
18.(1 - a.sup Ma(z) — sup Na(@))]) | € B},

Ja,s(A) = {(z,[inf Ma(x),sup Ma(x)+ o.(1 —sup Ma(x)
—sup Ny (x))], [B.inf Na(x),B.sup Na(z)]) | € E},

J5 5(A) = {(z,[inf Ma(z),sup Ma(z) + a.(1 — sup Ma(x)

—B.sup Ny ()], [B.inf Na(x),B.sup Na(z)]) | € E},

{{z, [a.inf M (x), . sup M a(z)], [inf Na(z) + 8 — Binf N4 (),

sup Na(z) + B8 — Bsup Na(z))]) | z € E},

JjB(A) = {{z,[inf My(x) + a — ainf My(x),sup M4 + o — asup M 4],
[B.inf Na(z), B.sup Na(x)]) | € E},

ngf 5(A)

where «, 8 € [0, 1].

The larger form of these operators (operators O, < and D, do not have two
forms — only the above one) is (see [1]):

F( o >(A): {{z, [inf M4(x) + @.(1 — sup M a(x) — sup Na(x)),
B s

sup Ma(z) + B.(1 — sup Ma(z) — sup Na(z))],

finf Na () +7.(1 — sup Ma(x) — sup Na()),

sup Na(z) 4 0.(1 — sup My(x) — sup Na(2))]) | # € E}
where 8+ < 1;

é( - >(A) = {{z,[a.inf My(x), B.sup M (z)],

[v.inf Ng(x),6.sup Na(x)]) | z € E};
F( - >(A) = {{z,|ca.inf Ms(z), B.sup M4 ()],

[inf Na(x) +~.(1 — sup M a(z) —sup Na(z)),

sup Na(z) 4 6.(1 — sup Ma(z) —sup Na(z))]) | = € E};
H( 2 )(A) = {(x,|ca.inf Ma(z), B.sup Ma(x)],

[inf Na(x) +~v.(1 — B.sup M a(z) —sup Na(z)),

sup Ng(x) + .(1 — B.sup My (x) —sup Na(x))]) | © € E};

4
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j< - > = {{x, [inf Ma(x) + a.(1 — sup Ma(z) — sup Na(z)),

sup Ma(z) + B.(1 —sup M4(x) — sup N4 (x))],
[v.inf Na(x),d.sup Na(x)]) | x € E};

( oy )(A) = {(z,[inf My(x) + a.(1 —v.sup M4 (z) — sup Na(z)),

sup Ma(z) + B.(1 — sup Ma(z) — 6.sup Na(x))],
[v.inf Ng(x),0.sup Na(z)]) | v € E},

F< o o >(A) = {(z,|c.inf M(x), 5.sup M a(x)], [inf Na(z) + v
s
—vinf Na(z),sup Na(z) + 0 — dsup Na(x))]) | € E},
J? o o >(A) = {{z,[inf Ma(z) + o — ainf M4 (z),sup M4 +
s

—Bsup M), [yinf Na(z),dsup Na(z)]) | z € E},

where a, 8,7,0 € [0, 1] such that a < 8 and v < 4.
We must mention that the last two operators, that obviously are extension of the
operators Hf 3 and Jf 8 respectively, are introduced here for the first time.

In [7], a new operator was introduced, that includes as partial cases all the above
intuitionistic fuzzy operators. It has the form:

X( a1 by c1 di ey f1>(A)

o I
= {(z, [a1inf M4 (x) + b1 (1 —inf Ma(z) — c1inf Na(z)),
agsup Ma(x) + ba(1 — sup M4 (z) — casup Na(z))],
[d1inf Na(z) +e1(1 — f1inf Ma(z) — inf N4 (x)),

dasup Ny(x) + e2(1 — fasup Ma(z) —sup Na(z))])|x € E},

where aq,by,c1,dy,e1, f1,a2,b2,ca,da, ea, fo € [0,1], the following three conditions
are valid for i =1, 2:

(2.1) ait+e —efi <1,

(2.2) bi +d;i — bi.c; <1,

(2.3) bi +e; <1,

and

(2.4) a1 < ag, by <by,ep <cp,dy <dayep e, fi < fo.

5
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3. INTUITIONISTIC FUZZY MODAL OPERATORS OF THE SECOND TYPE

In [8], ten intuitionistic fuzzy modal operators of the second type were introduced.
They have the forms:

A — {<$7 {infMA(a:) supMA(x)} 7 {ianA(x) +1 sup Na(z)+ 1}>

2 ’ 2 2 ’ 2
v B},
A - {<x [infMA(a:)—i—l supMA(x)—i—l} [ianA(m) supNA(x)}>
’ 2 ’ 2 ’ 2 ’ 2
|z € E},

[HoA = {(z, [ainf Ma(x),asup Ma(z)],
[ainf Nao(z) + 1 — a,asup Na(z) + 1 — a])|z € E},
XoA = {(z, [ainf Ma(z) +1 — a,asup My(z) +1 -],
[ainf Ny (x), asup Na(x)])|x € E},
Ha A = {{z, [ainf Ma(z), asup Ma(x)],
[ainf Na(z) + B8,asup Na(z) + B])|z € E},
X, sA = {(z, [ainf Ma(x) + B, asup Ma(z) + 5],
[ainf N4(z),asup Na(z)])|z € E},
where «, 8, + 8 € [0, 1].
HoprA = {(z [ainf Ms(x), asup Ma(z)],
[Binf Na(z) + 7, Bsup Na(z) +9])|z € E},
Mo prA = {(x,[ainf Ms(x) + v, asup Ma(z) +1],
[Binf Na(z), Bsup Na(x)])|z € E},
where a, 8,7 € [0, 1] and max(a, 8) +v < 1.
A natural extension of the last two operators ((H, s, and X, 5 ) is the operator
[®] 5064 = {{z, [ainf Ma(z) + 7, asup M4 (x) + 7],

[Binf Na(x) + 9§, Bsup Na(x) + 0])|x € E},
where «, 8,7,d € [0,1] and max(c, ) + v+ < 1.
The extended form of all above operators is the operator

las7.6ecA
={{(z, [ainf M4 (x) — einf Na(z) + v, asup My (x) — einf Na(z) + 7],
[Binf Ng(x) — Cinf Ma(x) + 6, Bsup Na(x) — Cinf M4 (x) + 8))|z € E},
where «, 8,7, 9,¢,¢ € [0,1], and
max(a—(,B—¢e)+y+6 <1,

min(a — ¢, —¢)+v+5 > 0.
6
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All these operators, excluding the first two of them, are extended in [9] in the
following forms:
( o >A = {(z,]orinf Ma(z), azsup Ma(z)],
as
[arinf Na(z) + 1 — aj,azsup Na(z) + 1 — as])|z € E},
( o >A = {(z,Jorinf Ma(z) + 1 — ai,azsup My(x) + 1 — as],
az
[aq inf N4 (z), agsup N4 (x)])|x € E},
( N >A = {(z,]orinf Ma(z), agsup Ma(z)],
az B2
[aq inf Na(z) + 81, agsup Na(z) + B2))|z € E},
( o B >A = {(z,[orinf Ma(z) + B1, agsup My (x) + Bo] ,
az B2

[aq inf Ng(z), agsup Ny (x)])|x € E},
where aq, ag, 81, f2,az + B2 € [0,1] and a1 < aw, 51 < Sa.

<a1 JE )A

az B2 2
= {{(z, [aq inf M4(x), agsup M4(z)],
[B1inf Na(x) + 71, Basup Na(z) + v2]) |z € E},
or 5w \A
(a5 %)
= {{(x, [og inf M4 (z) 4+ 71, a2 sup M4 (x) + 2],
[B1inf Na(x), Basup Na(z)])|z € E},

where a1, az, 81, B2, 71,72 € [0,1], max(ay, B;) 4+ < 1fori=1,2and oy < g, B <

P2, < Ve
As above, a natural extension of the last two operators is the operator

E]<a1 81 41 61 )A

az B2 y1 O2
= {{x, [aq inf M (2) + 11, ag sup M4 (x) + 2],
[B1inf Na(x) + 01, Basup Na(z) + d2])|x € E},

where O[l,OéQ,ﬁl,ﬁQ,’Y],'}/Q,(S],(SQ € [Oa 1]7 maX(ai,ﬁi) + 7+ 67, <1fori= 1,2 and

a; < ag, f1 < P2,71 < 72,01 < o
The extended form of all above operators is the operator

@(al B m &1 a1 G )A

azg P2 m1 2 a1 G
= {{z, [ag Inf M4(x) — ey inf Na(x) + v1, ag sup Ma(x) — egsup Na(z) + 2] ,

[B1inf Na(x) — ¢ inf My(x) + 61, B2sup Na(x) — Casup Ma(z) + 82])|x € EY,
7
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where o, £1,71,01,¢€1, (1, 2, B2, 72,02, €2, (2 € [0, 1], and

(3.1) o Saz, fr<Po, <2 0102, €162, (=
and for i = 1,2:

(3:2) max(a; — G, fi — &i) +vi +; <1,

(3.3) min(o; — G, B —€i) + v +6; > 0,

(3.4) vi +6; > 0.

We must note that the last inequality is added to the definition of the present
operator for the first time. It was not necessary in the previous research, but from
the present research it is clear that it must exist.

4. THEOREM FOR EQUIVALENCE OF THE TWO MOST EXTENDED MODAL
OPERATORS

In this section, for a first time we introduce and prove the following

Theorem 4.1. The two most extended modal operators X/, . 4 o 5
<a2 by co  da ez f2>

a1 B o1 41 e G
ag B2 v1 b2 e1 G

and @< ) defined over IVIFSs are equivalent.
Proof. Let ay,b1,c1,d1,e1, f1,a2,ba,ca,da, ea, fo € [0,1] and satisfy (2.1)-(2.4). Let
fori=1,2:
a;=a; — by, Bi=di—e;, vi="0bi 0;=-e; & =bic;, G=eif;
Also, let
X1 =apinf Ma(z) — ey inf Ny(x) + 71,
Yy = By inf Na(x) — (inf M (z) + 61,
Xo = agsup Ma(z) — easup Na(z) + 72,
Y2 = Basup Na(z) — (asup Ma(x) + 02.
Then
X1 = (a1 —b1)inf My(x) — bicyinf Na(z) + by,
Yi = (di —e1)inf Na(z) — ex fiinf Ma(z) + e,
Xo = (ag — by) sup Ma(x) — baca sup Na(x) + ba,
Y2 = (d2 — e2)sup Na(x) — ez fasup Ma(x) + ea.
Thus, for the case i = 1, we obtain sequentially:
X1 > (a1 =01).0 =brer. 1+ by =bi(1—c1) >0,
X, < (a1 — bl).l —b1c;.0+by=a; <1,
Y, > (dl — 61).0 — €1f1.1 + e = 61(1 — fl) >0,
Y: < (dl — 61).1 —e1f1i0+e1=d; <1
and
Xi+Y7
= (a1—b1) inf M4 (x)—bycyinf Ny(x)+b1+(di—ey)inf Ny(x)—eq fiinf Ma(z)+ey
= (a1 — by — elfl)infMA(x) =+ (dl —e; — blcl) ianA(l‘) + b1 +e1
8
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S (a1 — bl — elfl)infMA(m) + (dl —e1 — blcl)(l — leMA(iE)) + b1 + e
=dy —ey —bieci + by +e1 + (a1 —by—e1fi—di+e+ blcl)infMA(:E)
<dy—bici+bi+ar—bi—efr —di +e1+bicy
= a1 — €1f1 + €1
< 1. [from (2.1)]
Also, from (2.1) and (2.2), we obtain that
ar+1 =G +0=(a1—b)+b —efi +er
=a;—e1fite <1
and
Br+m —e1+0 =(di—e)+ by —bici +eq
:b1+d17b101 S 1.
So, max(a; — (1,081 —€1) + 1 —e1 + 01 < 1, i.e, (3.2) is valid.
On the other hand,
ar+y1—CG+d=ar—efi+e >e —efr >0
and
Br+71 —¢e1+ 0 =by +dy —bicy > by —bieg > 0.
Hence, max(ay — (1,81 —e1) + 71 —e1 + 91 > 0, i.e., (3.3) is valid.
From (2.3), it follows that
1>b+e =7 + 461, ie, (34) is valid.

The case ¢ = 2 is checked in the same manner. Then, we obtain

@<a1 B 1 &1 el <1>(A)

az B2 oy b2 a1 Q1
= {{z,[arinf M4(z) — e1inf Na(x) + 71, o sup Ma(z) — e sup Na(z) + 2],
[Brinf Na(x) — ¢ inf My(x) + 01, B2 sup Na(x) — Casup Ma(z) + 82])|x € EY,
= {{(z,[(a1 — b1)inf M4(x) — bicy inf Na(z) + by,
(ag — b)) sup M4 (x) — baca sup Ny (x) + b,
[(d1 —e1)inf Na(x) — eq f1inf My (z) + ea,b
(dy — e2) sup Na(z) — eafosup Ma(z) + es2])|z € E}
= {(z,[ar inf M4(x) + b1 (1 —inf M4(x) — ¢y inf Na(z)),
ag sup Ma(x) + ba(1 — sup Ma(z) — c2 sup Na(z))],
[dyinf Ng(z) 4+ e1(1 — frinf M4 (x) — inf Ny(x)),
dysup Ny(x) + ea(1 — fasup Ma(z) —sup Na(z))])|z € E},
X( a1 b1 e1 di er f1 >(A)

az by ca da ez fa2
Conversely, let aq, 81,71, 01,€1, (1, a2, B2, Y2, 02, €2, (2 € [0,1], and let them satisfy
(3.1) — (3.3).
From (3.3), for ¢ = 1,2 it follows that for a; = 3, =6, = =0: &; <, while
for Q; = ﬂz =Y =& = 0: CZ < 5,'; from (32) it follows that for ﬂz = 51' =&; = Cl =
0: a;+v <1, while fora; =v,=¢; = =0: B; + 3 < 1. Then, let

a; =a; +7 (£ 1),

bi = Yis
9
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€i
Cyp = — S 1 )
i (<1)
di = Bi +0; (<1),
e = 0;,
fi=2 (<.
Let
X1 =arinf Ma(z) +b1(1 —inf Ma(x) — ¢1inf Na(z)),
Y1 =dyinf Ny(x) + e1(1 — frinf Ma(z) — inf N4 (z)),
X5 = az sup Ma() + ba(1 — sup Ma(z) — 2 5up Na()),
Y2 =daosup Na(z) + ea(1 — fosup Ma(z) — sup Ny(x)).
Then

. . €1 .
X1 = (o1 +m)inf My(x) +v1(1 —inf Ma(z) — 7—1 inf Ny (x)),
1

Y1 = (B1 + 61) inf Na(z) + 61 (1 — g—linfMA(x) —inf N4(z))
1

€
Xo = (ag + v2)sup Ma(x) + v2(1 — sup Ma(x) — 7—2 sup Na(z)),

Yo = (B2 + d2) sup Ny (x) + d2(1 — g—zsupMA(at) —sup Na(z)).

Thus, for the case ¢ = 1, we obtain sequentially:
0<m —e1 <X =arinf My(x) +v —er1inf Na(z) <ag +7 <1,
0<01 -G <Y =p1inf Na(z) + 1 — Ginf My(z) < B+ 01 <1,
X+
=y inf Ma(x) +v1 —e1inf Na(x) 4+ By inf Na(x) 4+ 61 — ¢ inf M4 (x)
(Oq — Cl)lnfMA(I) — (51 — El)ianA(SC) +’)/1 + 51
(0 — C1)inf Ma(z) — (B1 —e1).(1 —inf Ma(x)) + 71 + &1
(a1 =G+ B —er)inf Ma(x) — f1+71 + 01 +e1
<ao—-G+/—-ea-06i+n+tdh+te
=a1—CG+m+0
<max(a; — (1,81 —€1) +n + 61
< 1. [from (3.2)]
Also,
ay+e —efi=ar+7+d —51% =a;+7+0—G

<max(oy — (1,81 —€1) + 1+ 0
<1 [from (3.2)],

[Vl

ie., (2.1) is valid.
On the other hand,
bi+di—bra=n+h+th-—nt=n+ht+o—a

< max(oq — (1,1 —€1) +71 + 1
<1 [from (3.2)],

ie., (2.2) is valid.
From (3.4), we obtain that

bi+e=v +d <1,
10
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ie., (2.3) is valid.
So, we obtain

az bz ca da e2 fa

X( a; by e di e f1 )(A)

= {(z,[a1 inf M4(x) + b1 (1 —inf M4(x) — c1inf Na(z)),
az sup M4(x) + ba(1 — sup Ma(x) — casup Na(z))],
[d1inf Ng(z) + e1(1 — f1inf Ma(x) — inf Ny (x)),
dasup Ny(x) + e2(1 — fasup Ma(z) —sup Na(z))])|x € E},
= {{(z, (a1 — b1) inf M4(x) — bycyinf Ny(x) + by,
(ag — b)) sup M (x) — baca sup Ny (x) + b,
[(dy —e1)inf Na(z) — ey f1inf My (x) + e2,b
(d2 — e2) sup Na(z) — ea fasup Ma(z) + e2])|z € E}
= {{x, [aq inf My (x) — ey inf Na(z) + 71, 0o sup Ma(z) — egsup Na(z) + v2],
[B1inf Na(x) — C1inf Ma(x) + 01, Basup Na(z) — (e sup Ma(x) + 02])|x € B},
@< a1 P11 b1 e1 (1 )(A>

az P2 M1 S22 e1 G

Hence, the two operators are equivalent.

5. CONCLUSION

In near future, the author plans to study some other properties of the two most

extended modal types of operators defined over IVIFSs.

In [6], it is shown that the IFSs are a suitable tool for evaluation of Data mining
processes and objects. We plan to discuss the possibilities to use IVIFSs as a similar

tool.
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