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ABSTRACT. In this paper, definition of fuzzy real Hilbert adjoint opera-
tor is given and some of its properties are studied. We also prove existence
theorem for fuzzy real Hilbert adjoint operator.
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1. INTRODUCTION

Metric, norm and inner product structures are the main tools in functional
analysis. So fuzzy metric, fuzzy norm and fuzzy inner product play the crucial role
to develop fuzzy functional analysis. Several authors studied fuzzy metric space as
well as fuzzy normed linear space and a large number of papers have been published.
We refer some of them which are related to our work (please see [1, 2, 3, 0])

Study on fuzzy inner product spaces are relatively recent. Many authors intro-
duced the concept of fuzzy inner product in different approaches (for reference please
see [4, 5,7,8,9, 11, 12, 14, 15]).

In this paper, following the definition of fuzzy inner product given by Hasankhani
et.al [9], an idea of fuzzy Hilbert adjoint operator is introduced and existence theorem
for such operator is established.

It is to be noted that Hasankhani et.al [9] considered the fuzzy real number in the
sense of Kaleva et. al [10] to define fuzzy inner product whose induced fuzzy norm
is Felbin’s type [0] fuzzy norm. In this paper we consider Xiao and Zhu [16] type
fuzzy real number and the induced fuzzy norm is Bag and Samanta [3] type fuzzy
norm. In [3], it is shown that all the result which are valid in Felbin’s fuzzy norm
[6] are also valid in Bag and Samanta [3] type fuzzy norm.

The organization of the paper is as follows:
Section 2, provides some preliminary results which are used in this paper. Definition
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of fuzzy Hilbert adjoint operator is given and its existence theorem is established in
Section 3. In Section 4, some properties of fuzzy Hilbert adjoint operator and fuzzy
Hilbert self-adjoint operator are studied.

2. PRELIMINARIES

In this section, some definitions and preliminary results are given which will be
used in this paper.
According to Mizumoto and Tanaka [13], a fuzzy real number is a mapping

x: R—10, 1]

over the set R of all reals.

x is called convex, if x(t) > min (x(s), x(r)), where s < t <r.

If there exists tg € R such that xz(¢9) = 1, then x is called normal.

For 0 < a <1, a-level set of an upper semicontinuous convex normal fuzzy set of
R ( denoted by [n],) is a closed interval [a, , bo], where a, = —oo and b, = 400
are admissible. When a, = —oo, for instance, then [a, , by] means the interval
(=00, by]. Similar is the case when b, = +oc0.

x is called non-negative, if z(t) =0, V¢ < 0.

For any real number r, 7 is defined by #(t) =1ift = r and #(t) =0if ¢t # 7.
Kaleva and Seikkala [10] (Felbin [6]) denoted the set of all convex, normal, upper
semicontinuous fuzzy real numbers by E (R(I)) and the set of all non-negative,
convex, normal, upper semicontinuous fuzzy real numbers by G(R*(I)). A partial
ordering ” <” in E is defined by n < 4 if and only if al, < a? and b}, < b2, for all
a € (0, 1], where [n], = [al , bL] and [0], = [a? , b2]. The strict inequality in
E is defined by n < ¢ if and only if al, < a2 and b}, < b2, for each a € (0, 1].

According to Mizumoto and Tanaka [13], the arithmetic operations &, 6, ©, @

on E x FE are defined by:
(x D y)(t) = Supser min {z(s), y(t—s)}, teR,
(xoy)(t) = Supser min {z(s), y(s—1t)}, t€R,
(2O Y(t) = Supserspo min La(s) , y(L)}, te R,
(n@8)(t) = Supser min {n(st), d(s)}, t€R.

Definition 2.1 ([6]). The absolute value || of n € F(R) is defined by:

(1) = { mas(y(t) () it 20

Lemma 2.2 ([10]). Letn,y € F(R) and [nla = 15, 14], Vo =, 78]V ac
(0, 1].Then

(1) W ®]a =ha +72, na +7al;
(2) MOa =0 =74 70— Yal,
(3) Moa = [n%v;,lni7$],f0r n,v7 € FT(R),
() [Inlla = [maz( 0, ng, —n3), maz( |nal, [n2D].
Definition 2.3 ([6]). Let X be a vector space over R. Let || || : X — R*(I) and

the mappings L,U : [0, 1] x [0, 1] = [0, 1] be symmetric, nondecreasing in both
arguments and satisfying L(0, 0) = Oand U(1, 1) = 1.
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Write [||z||la = [||z]|% , ||z||2] for z € X, 0 < a <1 and suppose for all z € X,
x # 0, there exists ap € (0, 1] independent of  such that for all @ < ay,

(A) [lz|l2 < oo,

(B) infl|z||L > 0.

The quadruple (X | || ||, L, U) is called a fuzzy normed linear space and || || is
a fuzzy norm, if

(i) [|z|]| = 0if and only if x = 0 (the null vector),

(illrzl] = |r|llz]|, v € X, r € R,

(iii) for all z,y € X,

(a) whenever s < [lall}, ¢ < [lyll}, s+¢ < [}z + |} and
|z +yll(s+1t) > L(l|z[|(s) , |[yll(2))-

(b) whenever s > ||z|[i, t > ||y|]i, s+t > ||z + y|]i and
llz +yll(s +1) < U(llz[(s), [lyll(?)).

Note 2.4 ([6]). For the case when U = \/(maz) and L = A(min), then the
condition (iii) is equivalent to ||z + y|| =< ||z|| @ ||y|| and || || : @ = 1,2 are crisp
norms on X and (X , || ||, L, U) is simply denoted as (X , || ||).

Definition 2.5 ([16]). A mapping n: R — [0, 1] is called a fuzzy real number,
whose « level set is denoted by ], = {t : n(t) > a}, 0 < a <1, if it satisfies two
axioms:

(N1) there exists to € R such that n(ty) =1,

(N2) for each a € (0, 1]; [n]a = [0, , 1], where —o0, 1, < +o0.

The set of all fuzzy real numbers is denoted by F.

Since to each r € R, one can consider r € F defined by r(t) = 1 if ¢ = r and
r(t) =01if t #r, R can be embedded in F'.

Lemma 2.6 ([16]). n € F if and only if n: R — [0, 1] satisfies:
(1) n normal, convex and upper semicontinuous,
(2) limi—oon(t) = 0.

Definition 2.7 ([16]). Let n € F. Then n is called a positive fuzzy real number, if
n(t) = 0 ¥t < 0. The set of all positive fuzzy real numbers is denoted by F*.

Definition 2.8 ([3]). Let X be a linear space over R. Let || || : X — FT be a
mapping satisfying:

(i) [|z|]| = 0if and only if x = 0 (the null vector),

(i)llrzll = Irlllzll, = € X, 7€ R,

(iii) for all z, y € X, ||z +y|| < ||z|| @ ||y|| and

(A): z #0=|lz||(t) =0, Vt <O0.
Then (X, || ||) is called a fuzzy normed linear space and || || is called a fuzzy norm
on X.

Corollary 2.9 ([2]). Let (X, || ||) be a fuzzy normed linear space. If for v € X,
lzllla = [lalla, [l2ll2], 0<a <1,

then
(1) [l=lls, = Sups<allzllh,

(2) |12l = Infs<allzl3-
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Definition 2.10 ([9]). Let X be a vector space over R. A fuzzy inner product on
X is a mapping < ., . >: X x X — F(R) (set of fuzzy real numbers) such that for
all vectors x, y, z € X and all r € R,

(IP1) <x +y, z> = <ac, z> &) <y, z>,

(IP2) <r:c, y> =70 <:U, y>,

(IP3) <m, y> =(y, ),

(IP4) <z, 1:> =0

(IP5) inf (a, x>; >0,if z #0,

ae(0, 1]
(IP6) (x, z) =0 if and only if z = 0.
The vector space X equipped with a fuzzy inner product is called a fuzzy inner
product space.
A fuzzy inner product on X defines a fuzzy number

|z|| = \/{(z, z), VzeX.

This is a well defined fuzzy norm.
A fuzzy Hilbert space is a complete fuzzy inner product space.

Theorem 2.11 ([7]). Let X be a vector space over R and < ., . >: X x X — F(R)
be a fuzzy inner product (Hasankhani type). Let

<z, y>a=[<z, y>L, <z, y>2], Vae (0, 1].

Then {< ., . >L: a€ (0, 1]} and {< ., . >2:

2o a € (0, 1]} are families of crisp
inner products from X x X — R.

Definition 2.12 ([3]). Let (X, ]| ||) and (Y,]] ||*) be two fuzzy normed linear spaces
and T': X — Y be a linear operator. T is said to be strongly fuzzy bounded, if
there exists a real number k > 0 such that ||Tx||* @ ||z|| < k Va(#£0) € X.

Note 2.13. In this paper, we use fuzzy bounded operator T instead of strongly
fuzzy bounded.

Proposition 2.14 ([3]). Let T : (X,]|| |l1) = (Y, || |]2) be a strongly fuzzy bounded
linear operator and {[||T||:%, [|T||%2]; @ € (0, 1]} be a family of nested bounded closed
intervals of real numbers. Define a function ||T||* : R — [0, 1] by:

IT]1*(t) = via € (0, 1] : ¢t € [IT|[5 1711371}
Then ||T||* is a fuzzy real number (fuzzy interval) and it is the fuzzy norm of T.

Theorem 2.15 ([3]). The set B(X,Y) of all strongly fuzzy bounded linear operators
from a fuzzy normed linear space (X, || ||) to a fuzzy normed linear space (Y || ||) is
a linear space with respect to usual linear operations.

Definition 2.16 ([7]). Let X and Y be vector spaces over the field R. Then a fuzzy
sesquilinear form h on X x Y is a mapping h : X x Y — F(R) such that for all
z,x1,22 € X and y,y1,y2 € Y and all scalars a, § the following conditions hold:
(i) h(z1 + 22, y) = h(z1, y) ® h(z2, Y),
(ii) h(l‘, Y1+ y2) = h(.’[?, yl) ® h(fL‘, y2)>
(iii) h(Oz.I, y) =a0 h(x’ y)a
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(iv) h(z, By) =B O h(z, y).
a denotes the fuzzy real number corresponding to «.

Definition 2.17 ([7]). Let h be a fuzzy sesquilinear form on X x Y, where X and
Y are real fuzzy normed linear spaces. h is said to be bounded, if 9 a real number
k such that

Ih(z, )| o (lzll ©lyll) 2k, ¥ (z,y) € X x Y —{(0,0)}.

Here [|h(z, y)lla = [ maz {0,h4 (2, y), —ha(z, y)}, maz {|hs(z, y)l, k% (z, y)}],
Vo€ (0, 1].
Let h be a bounded sesquilinear form on X x Y. Then 3 k € R such that

h(z, y)l@ (el @ llyll) 2k, V (z,y) € X x Y —{(0,0)}.
Let A = maz {0, kL (z,y), —h2(z,y)} and B = maz {|h} (x,y)|, |h2(z, y)|}. Then

A B
IEZI AT [lzll&llylla

Define ][5} = V(. pexxy—{0.0) TEHTE
and

*2 B
IAlIE" = Vi, pexxy—100) TR

Note 2.18 ([7]). {||h||Z};« € (0,1]} is an ascending family of norms and {||h||3? :
a € (0,1]} is a descending family of norms and moreover {[||h||Z}, ||k]|Z?] : o € (0,1]}
is a family of nested bounded closed intervals of real numbers.

If a function ||h||* : R — [0,1] given by:

[1R]]*(t) = Vi{e € (0,1] - t € [[[Al[55 [1AIIE]),
then ||h||* is fuzzy norm of h.

Theorem 2.19 ([7], Riesz). Let Hq, Hy be two fuzzy Hilbert spaces and

h : Hy x Hy — F(R) be a bounded fuzzy sesquilinear form. Assume that for h #
0, hl(x,y).h2(z,y) > 0 and {y € Ha;h(z,y) =0, Vz € Hy} is complete w.r.t.
1L Va € (0,1], where [lylla = [lgllL, o], and | 1] is the induced fuzzy norm
by the fuzzy inner product of Ha. Then h can be represented as h(zx,y) =< Sz,y >
where S : Hy — Hs is a bounded linear operator and uniquely determined by h and
has the norm ||h|| = ||S]].

3. Fuzzy HILBERT ADJOINT OPERATOR

As we consider fuzzy real numbers and H is a linear space over R, so H is a
real Hilbert space. Throughout this paper Hilbert spaces are taken as real Hilbert
spaces.

In this section fuzzy Hilbert adjoint operator is defined and thereafter its existence
theorem is established.

Definition 3.1. Let T : Hy — Hy be a fuzzy bounded linear operator where H;
and H, are fuzzy Hilbert spaces. Then the fuzzy Hilbert adjoint operator T of T
is the operator T* : Hy — H; such that

<Tx,y>=<uz,Ty >, Ve € Hy and y € Hs.
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Note 3.2. Let (Hy, < .,. >g) be a Hilbert space.
Define
_J1 ift=<ua,y >0
<‘”’y>(t)_{o if £ = 0.
Then < .,. > is a fuzzy real number,
where [< z,y >]q = [< 2,y >0,< z,y >0], Va € (0,1] and < .,. > defines a
complete fuzzy inner product on Hs

Now we prove the existence of Hilbert adjoint operator T* : Hy — H; for a given
fuzzy bounded linear operator T : H; — Ho.

Theorem 3.3. (Ezistence Theorem) Let T : Hy — Hy be a strongly fuzzy bounded
linear operator where Hy is a fuzzy Hilbert space and Hy is given in Note 3.2. Then
fuzzy adjoint operator T* of T exists uniquely and ||T|| = ||T*||, if we assume that
for b # 0, hl(y,z).h2(y,z) > 0 and {y € Ho;h(y,z) =0, Vo € Hy} is complete
w.r.t. || ||} (left a-norm of Hy), Yo € (0, 1], where h is given by h(y, z) =< y, Tz >.

Proof. Since the inner product is sesquilinear, h(y,z) =< y,Tx > defines a fuzzy
sesquilinear form on Hy x Hy and T is linear, where Hi and Hy are two Hilbert
Spaces. Also
h(y, axy + Bra) =<y, T(axy + Bza) >
=<y, aTxy + Txy > [Since T is linear]
—ao <y, Tz1> & BO <y, Try>
=a®h(y, 1) ® BOh(y, 12) Yo, €R.
Then h is linear. By the Schwarz inequality,
h(y, z)| = | <y, Tz > [ =yl ©||T=|]
= [n(y,2)| @ ()l llylD) < (lyll @ 172l @ (fz1] © llgl), when z, y #0
- il < Bl < L o)

o a a |

[Since ||y]|L = ||y||2 in H space and since T is bounded

||Tz|| @ ||z|| <k, for some k > 0]
Thus A2@:2la_ <k, VYae (0,1 and z,y # 0.

GIEIFE
w2 Iyl [Tl _
Now eliETiis < Myl - Tt < 1k =k, Yo € (0,1]. So
|h(y, )|

G L v e Hy — {6),y € Hy — {6).
Tl o] 1= by e =16}

Hence h(y, x) is bounded.

Now by Riesz Theorem (Theorem 2.19), we have, h(y,z) =< T*y,z > (putting

T* in place of the linear operator S), where T* : Hy — H; is a bounded linear
operator and ||h||* = ||T*|| and h(y,z) = h(y, ). On the other hand,

b2t _ |[Tallt

2l Elll2 = HelZ

Taking supremum on both sides, we get,

Va € (0,1] and z,y # 6.

Ih(y, 7)]L 1Tz
= V(y,xl)eHszll—{w,a)} wETE < Veem—{o) o2
= |1l < 1T (3.3.1)
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Now h(Tz,z) =< Tz, Tz >= ||Tz||*> = hl(Tz,z) = (||Tz||})?, Va e (0,1].
Since hl(Tz,x) = h2(Tx,x),
1Tzl = [|T=][3, Vo€ (0,1]
= (IT[[3)* = he(Ta,x) < |[RlIFNT=([5]2][5 = P T8 |2l
= e < IIAllE-
Taking supremum, we get,

Tz||t *
\/zeHl—{e} Ii‘uzn‘é‘l < [n[I5!
= ([T < Al
= ([R5 > 11T (3.3.2)

Then from (3.3.1) and (3.3.2), we get,

R[5 = [T}, Ya e (0,1]. (3.3.3)
Also ‘ 2
*2 __ <y, Txz>|;,
RIS = Veen, —{o0y, yera—{oy THlTRIE
|<Tz, Ta>|2
> Vaerm —{0}, TocH,—{0} I
_ V NTx||2 (| Tx]|2
= Veem {0}, Teem—(0} 7ol
Tz | Tzllq _ 2
2 \/a:GHlf{e}; TzeHy—{0} [IT=[[L[l]lk — HTHO‘
Thus ||2[|2 > ||T]|2, Va € (0,1]. (3.3.4)

For 8 < a, a, 3 € (0,1], we have,
IRIIE2 < [IRllE
Y h3(y, x)
= V() Hax B~ {(0.0)} TSI

- ") ISince h(y,x) = h
_V(y,m)GngHlf{(G,O)}m [Since h(y,z) = h(y,z)].

Y <y,Tz>}
= Vaoen,—(6), yeHa—{6) Tl L0}
<V 17|}yl
= VaueH—{0}, yeH2—{0} T} [Tull}
_y 11}
= Veem—{60} T}

113
< Vaen,—(6y Tl

= |73
So ||pl[32 < ||T|13, VB < «.
By taking infimum, we have, ||h||:? < /\16< N HTH% From Corollary 2.9,
[R5 < T2, Y€ (0,1]. (3.3.5)

From (3.3.4) and (3.3.5),
IA[:2 = IIT]2, Ve e (0,1]. (3.3.6)

Hence by (3.3.3) and (3.3.6), ||h||* = ||T||.
Also ||h]|* = ||T*||. Therefore ||T|| = ||T*||. O
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4. PROPERTIES OF FUZZY HILBERT ADJOINT OPERATOR
In this section some basic properties of fuzzy Hilbert adjoint operator are studied.

Theorem 4.1. Let Hy, Hy be two fuzzy Hilbert spaces and S : Hy — Hy and
T : Hy — Hs be two fuzzy bounded linear operators and o any scalar. Then

(1) < T*y,z >=<y,Tx >,

(2) (S+T) =85*+1T",

(3)(aT)* = oT*(« is a real scalar),

(4) T =T,
(5) (ST)* =T*S* (assuming Hy = Hy = H ).

If we consider the fuzzy Hilbert space Hy as in Note 3.2 and Hy = Hy = H, then
following results hold:

(6) ITT*||* = |T°T|I* = (|ITII")?,

(N T*T=04f T=0.

Proof. (1) It is obvious, since < .,. > is symmetric in both the arguments.
(2) <z,(S+T)Yy>=<(S+T)z,y >=<Sx+Tz,y >
=< Sz,y>® <Tx,y>=<2,5y > <z, Ty >
=<z, (5" + Ty >.
Then < z, (S +T)*y >L=<z,(S* + T*)y >L. Thus

<z, {(S+T) —(S*+T*)}y >L=0, Vo€ H, and Yy € Ho.

Similarly, < z, {(S + T)* — (S* + T*)}y >2=10. So (S +T)* = S* + T*, since
<., .>land <., .>2 are crisp inner products Vo € (0, 1]
3) < (aI)y,z>=<vy,(oT)r >=<y,a(Tz) >
=a0 <y, Tr>=a0 <T*y,x >
=< aoT*y,x >, Vx € Hy and Vy € Ho.
Then Vo € (0,1], we have < (aT)*y,r >L=< oT*y,x >1. Thus

<{(aT) - aT*}y,z >L=0.

Similarly, < {(aT) — aT*}y,z >2= 0. So (aT)* = oT*.
(4) < Tz,y>=<uz,T*y > [From definition]
=< T*y,z > [Since < .,. > is symmetric]
=<y, Tz >
=<T**x,y >
Then Va € (0, 1] and Vz € X, y €Y,

<Tx,y>t=<T"2,y>. and < Tx,y >2=< T2,y >2 .
Since < .,. >L and < .,. >2 are crisp inner products,
< (T =Tz, y>L=0, <(T—T")z,y>2=0, Ya € (0,1].

Thus T —T**=0. SoT* =T.
(5) <x,(ST)'y >=< (ST)zx,y >=< S(Tx),y >
=< Tz, S*y >=< z,T*(S*y) >
=<z, (T*S*)y >.
Then Va € (0,1] and Va,y € H, we have < z, (ST)*y >L=< x, (T*S*)y >L.
Thus < z, {(ST) — (T*S*)}y >L=0.
Similarly, < z, {(ST) — (T*S*)}y >2=10. So (ST)* = T*S*.
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(6)By Schwarz inequality, we have,
||[Tz||? =< Tz, Tx >=< z,T*Tx >
=TTz, x>
=TTz © |||
2 ITT)| © 2l
Then |[Ta|? < ||T*T|| @[]~ Thus |[ Tl o |22 < (17Tl o ||2]?) @ |l2]?, since
||z|| = 0, for x # 6.
Now Va € (0,1] and z # 0, since ||z}, = ||z||2,

T *
Tzllaye o oy

[E1FS
Taking sup on « € H — {0}, we have,

llla

2 <k 1.
) <l

JeglR "
(Ve < e,
ceH—{0} @

From Theorem 3.3,
(ITM1e)? < 1T Tlla < IT*11GNIT e = TN
So (IIT115)* = IT*T|l5- (4.1.1)

[

Tz||? * x|z *
Also (UHlhay? < |72 (1f5)2 = (|77 2.1

[z]]& [zll&

Taking sup, we get, (\,cp—(qy %)2 < ||T*T||?. From Theorem 3.3,

U712 < NITTIE < ITIITIE = ITIANITI.

Then we have ([T]2)2 < [|7°T|13 < (|T]2)%. Thus
2

(IT12)* = [IT*T (4.1.2)

la

So from (4.1.1) and (4.1.2), ||T*T|| = (||T]])*.

Now replacing T by T* we get ||T**T*|| = (||T*||)?. From Theorem 3.3, ||TT*|| =
(IT]1)2. Hence we have [|77*]| = |T*T|| = (||T]))2.

(7) Let T*T = 0. Then (||T])? = ||T*T|| = 0. Thus T = 0.

The converse is obvious. 0

Definition 4.2. A fuzzy bounded linear operator T' : H — H on a Hilbert space
H, is said to be self-adjoint, if T'=T*, where < Tz,y >=< z,T*y >, Vz,y € H.
If T is self-adjoint operator, then < Tz, y >=<z, Ty >.

Theorem 4.3. The product of two fuzzy bounded self-adjoint linear operators S and
T on a fuzzy Hilbert space H is self-adjoint iff the operators commute, i.e., ST =TS.

Proof. Proof is straightforward. d

Theorem 4.4. Let (T,)nen be a sequence of fuzzy bounded self-adjoint linear op-
erators T, : H — H on a fuzzy Hilbert space H. Suppose that (T,,) converges, say
T, — T, i.ec., ||T, —T|| — 0 where ||.|| is the fuzzy norm on the space B(H, H).
Then the limit operator T is fuzzy bounded self-adjoint linear operator on H.
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Proof. 1t is clear that ||T,, — T'|| — 0. Then
T, — T||t — 0and ||T;, — T||2 = 0, Va € (0,1].

Now || Tz — Ta|| = [[(T, — T)al| = ||T, = T|| © |||
= | Tuw—Tal[}, < T ~TI[% lal} and || Tz — T2 < 1T~ T12[2]12, Vo e (0, 1]
= limp oo ||Thx — Tx||L, = 0, limy, ool |Tnx — Tz||2 =0, Ya € (0, 1]
= ||Thz — Tx|| — 0
= limp_oolnr = Tx.
Since each T, is linear Vn, T is linear and T is fuzzy bounded.
Now ||T —T*|| = (T, —T)*|| = ||T»,—T||- From triangle inequality in B(H, H),
we have,
1T = 7| 2T = Toll @[T, — T2l @ |IT; - T°|
ST - Tal| @08 T, - 7
=2||T, - T|| >0asn— oo
Thus ||T — T*|| =0 and T = T*. O

5. CONCLUSION

In this paper, authors introduce the idea of fuzzy Hilbert adjoint operator. Exis-
tence theorem of fuzzy adjoint operator has been established.
Operator theory in fuzzy functional analysis is a recent development. So results of
this paper will be helpful for the researchers in the field of operator theory in fuzzy
setting.
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