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ABSTRACT. As a combination of neutrosophic set and falling shadow,
neutrosophic falling shadow is introduced, and applied to BCK/BCI-
algebras. Falling neutrosophic subalgebra and falling neutrosophic ideal
in BCK/BC1I-algebras are introduced, and related properties are investi-
gated. Relations between falling neutrosophic subalgebra and falling neu-
trosophic ideal are discussed. A characterization of falling neutrosophic
ideal is established.
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1. INTRODUCTION

Neutrosophic set (NS) developed by Smarandache [12, 13, 14] is a more general
platform which extends the concepts of the classic set and fuzzy set, intuitionistic
fuzzy set and interval valued intuitionistic fuzzy set. In a neutrosophic set, an ele-
ment has three associated defining functions such as truth membership function (T),
indeterminate membership function (I) and false membership function (F) defined
on a universe of discourse X. Neutrosophic set theory is applied to various part
which is refered to the site

http://fs.gallup.unm.edu/neutrosophy.htm.
Nowadays, neutrosophic set theory is applied to a large area. Liu et al. [9] discussed
neutrosophic uncertain linguistic number Heronian mean operators with application
in multi-attribute group decision making. In algebraic envirnoment, Jun, Boru-
mand Saeid and Oztiirk studied neutrosophic subalgebras and neutrosophic ideals
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in BCK/BCI-algebras based on neutrosophic points (see [1], [7] and [11]). Good-
man [3] pointed out the equivalence of a fuzzy set and a class of random sets in the
study of a unified treatment of uncertainty modeled by means of combining proba-
bility and fuzzy set theory. Wang and Sanchez [17] introduced the theory of falling
shadows which directly relates probability concepts with the membership function
of fuzzy sets. The mathematical structure of the theory of falling shadows is for-
mulated in [18]. Tan et al. [15, 16] established a theoretical approach to define
a fuzzy inference relation and fuzzy set operations based on the theory of falling
shadows. Jun and Park [3] considered a fuzzy subalgebra and a fuzzy ideal as the
falling shadow of the cloud of the subalgebra and ideal.

In this manuscript, we introduce the notion of neutrosophic random set and neu-
trosophic falling shadow. Using these notions, we also introduce the concept of falling
neutrosophic subalgebra and falling neutrosophic ideal in BCK/BCI-algebras, and
investigate related properties. We discuss relations between falling neutrosophic
subalgebra and falling neutrosophic ideal. We establish a characterization of falling
neutrosophic ideal.

2. PRELIMINARIES

A BCK/BCI-algebra is an important class of logical algebras introduced by K.
Iséki (see [1] and [5]) and was extensively investigated by several researchers.

By a BCI-algebra, we mean a set X with a special element 0 and a binary
operation x that satisfies the following conditions:

(D) (Vo,y,z € X) (((zxy) * (zx2)) x (zxy) =0),

() (Va,y € X) ((z* (zxy)) xy = 0),
(IlI) (Vz € X) (zxx =0),
(IV) (Vo,y € X) (wxy=0,ys2=0 = z=1y).
If a BCI-algebra X satisfies the following identity:
(V) VzeX) (0xx=0),

then X is called a BC K-algebra. Any BCK/BC1I-algebra X satisfies the following
conditions:

(2.1) (Vze X)(zx0=u1),

(2.2) (Ve,y,ze X) (e <y => rxz<yx*xz, zxy<zxx),
(2.3) (Vo,y,2 € X)((z*xy)*x2= (v*2) xy),

(2.4) (Va,y,z € X) ((zx2) *x (y*x2) <xzx*xy)

where z < y if and only if x * y = 0. A nonempty subset S of a BCK/BCI-algebra
X is called a subalgebra of X, if z xy € 5, for all z;y € S. A subset I of a
BCK/BCI-algebra X is called an ideal of X, if it satisfies:

(2.5) 0el,
(2.6) VeeX)Vyel)(zxyel = z€l).

We refer the reader to the books [6, 10] for further information regarding BCK/BC1I-
algebras.
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Let X be a non-empty set. A neutrosophic set (NS) in X (see [13]) is a structure
of the form:

A= {{2: Ap(2), A (@), Ap(2)) | = € X}

where Ar : X — [0,1] is a truth membership function, 4y : X — [0,1] is an
indeterminate membership function, and Ap : X — [0,1] is a false membership
function. For the sake of simplicity, we shall use the symbol A = (Ap, Ay, Ap) for
the neutrosophic set

A= {(z; Ar(x), Ar(z), Ap(z)) | z € X }.

Given a neutrosophic set A = (Ap, A7, Ap)inaset X, o, € (0,1] and v € [0, 1),
we consider the following sets:
Tc(A;j o) :={x € X | Ap(x) > a},
Ie(A; B) :={z € X | As(x) = B},
Fe(A;y) i={v e X [ Ap(x) <7}
We say Tc(A; ), Ic(A; 5) and Fe(A;~y) are neutrosophic €-subsets.

A neutrosophic set A = (Ap, A;, Ar) in a BCK/BCI-algebra X is called an (€,
€)-neutrosophic subalgebra of X (see [7]) if the following assertions are valid.

reTc(Aay), yeTe(Ajay) = vxy e Te(4; o Aay),
(2.7) (Vo,ye X) | we€lc(AB), y€le(A;By) = xxy € Ic(A; B ABy),
r € Fe(Aive), y € Fe(Asyy) = xxy € Fe(Av: V)

for all oy, ay, Bs, By € (0,1] and 7,, v, € [0, 1).
A neutrosophic set A = (Ap, A;, Ar) in a BCK/BCI-algebra X is called an (€,

€)-neutrosophic ideal of X (see [11]) if the following assertions are valid.
x€Te(4;a,) = 0€Te(4;a,)
(2.8) Ve e X) | zelc(A;Bs) = 0€Ic(A;5:)

v € Fe(A;v:) = 0€ Fe(4;72)
and

rxy €Te(Ajay), ye€Te(Ajay) = € Te(4; 0, Aay)
(2.9) (Ve,ye X) | wxy€le(A;Be), y€le(A;By) = x€lc(A;B:NBy)
Txy € Fe(A;vz), y € Fe(Asyy) = 7€ Fe(A;57: V)

for all ag, oy, Bz, By € (0,1] and 74,7y € [0,1).

3. NEUTROSOPHIC FALLING SHADOWS

In what follows, let X and P(X) denote a BCK/BCT-algebra and the power set
of X, respectively, unless otherwise specified.
For each x € X and D € P(X), let

(3.1) z:={CeP(X)|zeC},
and
(3.2) D:={z|x € D}.
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An ordered pair (P(X), B) is said to be a hyper-measurable structure on X if B is
a o-field in P(X) and X C B.

Given a probability space (€2, A, P) and a hyper-measurable structure (P(X), B)
on X, a neutrosophic random set on X is defined to be a triple £ := (¢7,&7,&F) in
which &7, £; and £r are mappings from  to P(X) which are A-B measurables, that
is,

&N(C)={wr €Q | ér(wr) €Cre A
(3.3) (VCeB) | &NC)={wreQ|&w)eCle A
(1 (C)={wr € Q| &r(wr)eCre A

Given a neutrosophic random set £ := (1,5, €r) on X, consider functions:

I;[T X = [0, 1], T P(wT | T € fT(OJT»,
g[:X—)[O,l], :131»—>P(w1|x1€£1(w1)),
f{FZX—>[O,1], .TFI—>1—P(L«)F|J?FE§F(OJF)).

Then H := (fIT, Hi, fIF) is a neutrosophic set on X, and we call it a neutrosophic
falling shadow of the neutrosophic random set & := ({7,&7,€r), and € := (&7, &1, ER)
is called a neutrosophic cloud of H:= (ﬁT, Hy, ﬂ'p)

For example, consider a probability space (Q2, A, P) = ([0, 1], A, m) where A is a
Borel field on [0,1] and m is the usual Lebesgue measure. Let H .= (lfIT, Hi, lfIF)
be a neutrosophic set in X. Then a triple £ := (£7,&7,£F) in which

1 [0,1] = P(X), 0 = Te(H; ),
&1 [0,1] = P(X), B Ie(H; ),
£F : [071] %P(X)’V'_)FE(INJ;’Y)

is a neutrosophic random set and § := ({r,{r,€r) is a neutrosophic cloud of H =
(Hr,Hp, {{F) We will call § := (&r,&1,€&r) defined above as the neutrosophic cut-
cloud of H := (Hp,Hy,Hp).

4. NEUTROSOPHIC SUBALGEBRAS/IDEALS BASED ON
NEUTROSOPHIC FALLING SHADOWS

Let (92,.A, P) be a probability space and let £ := (£7,£&;,€r) be a neutrosophic
random set on X. If {p(wr), &r(wyr) and Ep(wp) are subalgebras (resp., ideals) of
X for all wr, wr, wr € Q, then the neutrosophic falling shadow H := (ﬁT, Hy, fIF)
of £ := (&7,&1, &) is called a falling neutrosophic subalgebra (resp., falling neutro-
sophic ideal) of X.

Example 4.1. Consider a set X = {0,1,2,3,4} with the binary operation * which
is given in Table 1 (see [10]).
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Wy ”

TABLE 1. Cayley table for the binary operation “x

AW N — O ¥
AW~ oo
W W o o
AW o~ ol
— o0 o olw
co oo ok

Then (X;*,0) is a BCK-algebra (see [10]). Let £ := (£1,&1,&F) be a neutrosophic
random set on X which is given as follows:

{0,1} if t € 0,0.3),

| (0,2}  ifte[0.3,07),
o0 A= P w3 (019 ifee [0.7,08),
X if t € 0.8,1],

{0} if t € [0,0.5),

¢r:[0,1] = P(X), z+— {0,2} ift€[0.5,0.7),
X if t € 0.7,1],
and

{0} if t € (0.9,1],
{0,1} if t € (0.7,0.9],
¢&r:[0,1] = P(X), z— {0,2} if t € (0.5,0.7],
{0,1,2} ift € (0.3,0.5],

X if t € 0,0.3].

Then &r(t), £1(t) and {p(t) are subalgebras/ideals of X for all ¢ € [0,1]. Hence
the neutrosophic falling shadow H : (HT,HI,HF) of £ := (&r,&1,&R) is a falling
neutrosophic subalgebra/ideal of X, and it is given as follows:

1 if x =0,
N 0.6 ifz=1,
Hr(@) =3 07 ite=2,
0.2 ifxze {34},
5 1 ifx =0,
Hi(x)={ 05 ifz=2
0.3 ifxze{1,3,4}
and
) 0 ifz=0,
Hp(z) =< 03 ifze{l,2},

0.7 ifx € {3,4}.
Given a probability space (2, A4, P), let
(4.1) F(X):={f]|f:Q— X is a mapping}.
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Define a binary operation ® on F(X) as follows:

(4.2) (Vw e Q) ((f ® 9)(w) = f(w) * g(w))

for all f,g € F(X). Then (F(X);®,0) is a BCK/BCI-algebra (see [8]) where 0 is
given as follows:

0:Q— X, w—0.
For any subset A of X and gr, g5, gr € F(X), consider the followings:

Ag« = {(.UT cQ | gT(wT) S A},
A? = {WI cQ | gI(wI) S A},
A% = {wF €N | gF(UJF) S A}

and

€T Q- 'P(]:(X)), wr — {gT S ]:(X) | gT(wT) S A},
& Q= P(F(X)), wr— {gr € F(X) | 91(wr) € A},
¢ : Q> P(F(X)), wrp = {gr € F(X) | gr(wr) € A}.
Then A%, AY, A%, € A.
Assume that A is a subalgebra (resp., ideal) of X and let wr, wy, wp € Q. Since

Ow) =0 € A for w € {wr,wr,wr}, we know that 0 € &r(wr), 0 € &(wr) and
0 € §p(wr). For any fr, gr € F(X), if fr, gr € &r(wr), then

(fr ® gr)(wr) = fr(wr) * gr(wr) € A

and so fr ® gr € &r(wr). Thus &r(wr) is a subalgebra of F(X) for all wr € Q. If
fr®gr € &r(wr) and gr € &r(wr), then fr(wr) xgr(wr) = (fr ® gr)(wr) € A and
gr(wr) € A. Since A is an ideal of X, it follows that fr(wr) € A4, i.e., fr € &r(wr).
Hence &r(wr) is an ideal of F(X) for all wy € Q. By the similar way, we can verify
that &7(wy) and {p(wp) are subalgebras (resp., ideals) of F(X) for all wy,wp € Q.
Since

&0 (Gr) = {wr € Q| gr € &r(wr)} = {wr € Q| gr(wr) € A} = A% € A,

&g ={wr € Q| gr € &r(wr)} = {wr € Q| gr(wr) € A} = A € A,

§n' (Gr) = {wr € Q| gp € Ep(wr)} = {wr € Q| gr(wr) € A} = A} € A,

€ := (ép,&1,€p) is a neutrosophic random set on F(X). Hence H := (Hrp, Hr, Hp)
is a falling neutrosophic subalgebra/ideal of F(X) where

Hr(gr) = P(wr | gr(wr) € A),
Hi(gr) = P(ws | gr(wr) € A),

Hp(gr) = P(wr | gr(wr) € A).
258
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Given a probability space (2,4, P), let H = (I:IT,ﬁl,ﬁp) be a neutrosophic
falling shadow of a neutrosophic random set & := (&7, &7,&p). For x € X, let

Qz;&r) i={wr € Q| z € &r(wr)},
Qax; &) ={wre Q| z e &(wnl,
Ox; &p) = {wp €Nz eér(wp)}.
Then Q(z; &r), Q(w; &1), Qw; Er) €

Proposition 4.2. Let H := (HT,HI,fIF) be a neutrosophic falling shadow of the
neutrosophic random set & :== ({r,&1,&r). If H := (Hr, Hr, Hp) is a falling neutro-
sophic subalgebra of X, then

Q(z; &) NQUy; Er) C Uz *y;&r)
(4.3) (Vo,y € X) | Q&) NQy; 1) € Qe+ y; 1)
Qz; &) N Ay Er) € Uz *y;ER)

If H := (Hp,Hy, Hp) is a falling neutrosophic ideal of X, then

Qy;&r) € Qs ér)
(4.4) Ve,yeX) lz<y = ¢ Qu;&) C Q&) ,
Qy;Er) € Qs €r)
Qx xy; &) N QUy; &) € Qw3 6r)
(4.5) (Vo,ye X) | Qxxy; &) NQy; &) C Qx5 &)
Qz *y;Er) N QUy; EF) C Qx5 €F)

If H := (Hp,Hy, Hr) is a falling neutrosophic subalgebra/ideal of a BCK -algebra
X, then

Qa;67) € Q(0;¢r)
(4.6) veex) | a@éncooe) |
Q(z;6r) € Q(0;€F)
IfH := (FIT, Hi, ﬁp) s a falling neutrosophic ideal of a BC'K-algebra X, then

Qz;67) € AUz *y;ér)
(4.7) (Vz,y € X) ( Qz;&r) € Uz *y; &) )
Qx:€r) C Uz *y; &)

Proof. Assume that H := (fIT, Hy, ﬁp) is a falling neutrosophic subalgebra of X.
If wr € Qx; &r) NQ(y; &) for any x,y € X, then © € &r(wr) and y € Er(wr). Since
&r(wr) is a subalgebra of X, it follows that zxy € &r(wr), that is, wr € Q(x*xy; &r).
Similarly we can verify that if w; € Q(z;&r) N Qy; &) for any z,y € X, then
wr € Qz *y;&r). Now let wp € Qz;€p) N Qy;&p) for any x,y € X. Then
x € €p(wr) and y € Ep(wp), which imply that z xy € €p(wp) since {p(wr) is a
subalgebra of X. Hence wr € Q(z % y;{r), and therefore (4.3) is valid. Suppose
that H := (fIT,FII,fIF) is a falling neutrosophic ideal of X and let z,y € X
be such that # < y. Then z xy = 0. If wpr € Qy;&r), then y € &r(wr) and
xxy =0 € &r(wp). Thus © € &p(wr) since {r(wr) is an ideal of X. Hence
wr € Qxz;&7), and so Q(y;&r) C Q(z;&r). By the similar way, we know that
Qy; &r) C Qx3&r). Let wp € Qy;€r). Then y € Ep(wp) and zxy =0 € Ep(wr),
259
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which imply that © € {p(wp) since {p(wr) is an ideal of X. Hence wp € Q(z;¢p)
which shows that Q(y; &p) C Q(z;€F). Hwr € Q(axy; £1)NQ(y; &r) for any z,y € X,
then = xy € &r(wy) and y € &r(wy). Since &r(wy) is an ideal of X, it follows that
x € &r(wr) and so that wy € Q(x;&r). Thus Q(z *y; &) N Qy; &r) € Qx;€r). The
inclusions Q(x * y; &r) N Qy;€r) C Qx; &r) and Qx xy; Ep) N Qy; Er) C Qz;Er)
are obtained by the similarly way . Note that 0 < x and zxy < z in a BC K-algebra.
Hence the result (4.4) induces (4.6) and (4.7). O

Theorem 4.3. If we consider a probability space (2, A, P) = ([0,1],.A,m), then
every (€, €)-neutrosophic subalgebra (resp., (€, €)-neutrosophic ideal) is a falling
neutrosophic subalgebra (resp., falling neutrosophic ideal).

Proof. Let H := (Hrp, Hr, Hr) be an (€, €)-neutrosophic subalgebra (resp., (€, €)-
neutrosophic ideal) of X. Then Te(H; ), Ic(H;B) and Fe(H;~) are subalgebras
(resp., ideals) of X for all «, 8, v € [0,1]. Hence a triple £ := (&7, &7, &F) in which

& :[0,1] = P(X), a— Te(H; o),
¢ :00,1] = P(X), B+ Ic(H; B),
&r i [0,1] = P(X), v+ Fe(H;7)

is a neutrosophic cut-cloud of H := (ﬁT,ﬁI,ﬁp), and so H := (f{T,f{I,f{F) is a
falling neutrosophic subalgebra (resp., neutrosophic ideal) of X. O

The converse of Theorem 4.3 is not true as seen in the following example.

Example 4.4. Consider a set X = {0,a,b, ¢} with the binary operation * which is
given in Table 2.

Wy

TABLE 2. Cayley table for the binary operation “x

QS O
o o9 OO
S0 O Qe
QOO0 oo
o alo

Then (X;%,0) is a BCI-algebra (see [10]). Consider (2,4, P) = ([0,1],.4,m) and
let € := (&7,&1,€Fr) be a neutrosophic random set on X which is given as follows:

{0}  iftel0,0.2),

[
' {0,a} ifte[0.2,0.7),
G [0 = PO 2o 9wy e [07 0.8),
X if t €[0.8,1],

{0,a} ifte0,0.3),
€ :00,1] = P(X), z—{ {0,b} ifte[0.4,0.6),
[0,¢} ifte0.6,1],
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and

{0} if t € (0.8,1],
{0,a} ift € (0.7,0.8],
{0,b} ift € (0.5,0.7],
{0,¢} if ¢t €10,0.5].

Then &r(t), £1(t) and {p(t) are subalgebras/ideals of X for all ¢ € [0,1]. Hence
the neutrosophic falling shadow H : (HT,HI,HF) of £ := (&r,&1,&R) is a falling
neutrosophic subalgebra/ideal of X, and it is given as follows:

fF : [07 ” HP(X), T

1 ifx =0,

~ 0.7 ifzx=a,
Hr(x) =9 05 ify—0,
02 ifz=c

1 ifx =0,

~ 0.3 ifz=a,
Hi(z) =9 (2 if z = b,
04 ifz=c,

and

0 if x =0,

- 0.9 ifz=a,
He() =9 08 itz =0,
0.5 ifz=c

Note that a € Fe(H;0.2) and b € Fe(H 0.3), but ax b = ¢ ¢ Fe(H;0.3). Also
a € IE(H 0.25) and b* a = ¢ € Ic(H;0.35) but b ¢ I<(H;0.25). Thus H :=
(Hr, Hy, Hr) is not an (€, €)-neutrosophic subalgebra/ideal of X.

Theorem 4.5. If we consider a probability space (2, A, P) = ([0, 1],.A, m), then ev-
ery falling neutrosophic ideal is a falling neutrosophic subalgebra in a BCK -algebra.

Proof. Since every ideal is a subalgebra in a BC'K-algebra, it is straightforward. O
The following example shows that Theorem 4.5 is not true in a BCI-algebra.

Example 4.6. Let X be the set of all nonzero rational numbers. If we take a binary
operation * on X defined by division as general, then (X;«,1) is a BCI-algebra (see
[2]). Consider (2, A, P) = ([0,1],.A,m) and let £ := ({1,&1,€F) be a neutrosophic
random set on X which is given as follows:

. X ift € (0.6,1],
&r +[0,1] = P(X), xH{ Z*  ift e 0,0.6],
' X iftel0.3,1],
& :[0,1] = P(X), xH{ 7 ift €]0,0.3),

and
. X iftel0,0.7),
¢p 1 [0,1] = P(X), fﬂH{ zZ+  ifte[0.7,1],
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where Z* is the set of all nonzero integers. Then the neutrosophic falling shadow
H := (Hp,Hy, Hp) of € := (&7,&7,€p) is a falling neutrosophic ideal of X, but it
is not a falling neutrosophic subalgebra of X because {r(0.5) = Z*, £;(0.2) = Z*
and/or £p(0.8) = Z* are not subalgebras of X since 2 € Z* and 3 € Z* but 23 ¢ Z*.

We provide conditions for a falling neutrosophic subalgebra to be a falling neu-
trosophic ideal in BC'I-algebras.

Theorem 4.7. Given a BCI-algebra X, assume that the neutrosophic falling shadow
H := (Hp, H;, Hr) of a neutrosophic random set & == (ép,&1,€p) is a falling neu-
trosophic subalgebra of X. Then H := (HT, Hi, f{p) s a falling neutrosophic ideal
of X if and only if for every xz,y € X and wr, wy, wp € Q, the following is valid:

re€ér(wr), y¢érlwr) = yxz ¢ {r(wr),
(4.8) rel(wr), y¢ér(wr) = yxa ¢ &r(wr),
z €&p(wr), y ¢ ér(wr) = y*xx ¢ Er(wr).

Proof. It H = (f{T,ﬂ'[,ﬂ'p) is a falling neutrosophic ideal of X, then &r(wr),
&r(wr) and Ep(wp) are ideals of X for all wy, wr, wp € Q. Let 2,y € X be such that
x € &ér(wr) and y ¢ &r(wr). If yxa € &r(wr), then y € Er(wr) since Ep(wr) is an
ideal of X. Hence y * x ¢ &{r(wr). Similarly, if € £7(wy) and y ¢ &r(wr) (resp.,
z €&p(wr) and y ¢ Ep(wr)), then yxx ¢ &r(wy) (resp., y* = ¢ Ep(wr)).
Conversely, let H := (f{T, H; H r) be a falling neutrosophic subalgebra of X that
satisfies the condition (4.8). Then &r(wr), £1(wr) and {p(wr) are subalgebras of X
for all wr, wr, wr € Q. Hence 0 is contained in &r(wr), &r(wr) and {p(wr). Let z,
Y, a, b, ¢, d € X be such that zxy € &r(wr), y € {r(wr), axb € & (wr), b € &1 (wr),
cxd € &p(wp) and d € Ep(wr). If © ¢ Er(wr) (vesp., a ¢ £r(wr) and ¢ ¢ Er(wr)),
then z xy ¢ &r(wr) (resp., a*xb ¢ £r(wr) and ¢ xd ¢ Ep(wr)) by (4.8). This is
a contradiction, and therefore H := (fIT, H; H r) is a falling neutrosophic ideal of
X. Il
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