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1. INTRODUCTION

In 1982, Pawlak described the concept of rough set which is useful for modeling
incompleteness and imprecision in information systems. The theory of rough sets is
an extension of the set theory, in which a subset of a universe is described by a pair
of ordinary sets called the lower and upper approximations. A basic notion in the
Pawlak rough set model is an equivalence relation. An algebraic approach of rough
sets has been given by Iwinski [9]. Afterwards, rough subgroups were introduced by
Biswas and Nanda [I]. Kuroki in [10], introduced the notion of a rough ideal in a
semigroup. Since then the subject has been investigated in many papers [2, 3, 11, 21].

In 2002, Peters introduced near sets theory, which is a generalization of rough
set theory [15, 16]. In this theory, Peters defined an indiscernibility relation that
depends on the features of the objects in order to define the nearness of the objects
[19]. More recent work considers generalized approach theory in the study of the
nearness of non-empty sets that resemble each other [17, 18, 20].

In 2012, Inan and Oztiirk investigated the concept of nearness groups [1, 5]. Also,
in 2015, Oztiirk and Inan established nearness semigroups [6, 7] (and other algebraic
approaches of near sets in [12]-[14], [8] ).
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In this paper, our aim is to define the nearness semirings and to deal with its
basic properties. Afterwards, we will study some properties of nearness semirings
and ideals.

2. PRELIMINARIES

An object description is defined by means of a tuple of function values ®(x)
associated with an object x € X. Assume that B C F is a given set of functions
representing features of sample objects X C O. Let ¢; € B, where ¢; : O — R.
In combination, the functions representing object features provide a basis for an
object description ® : O — RL ®(x) = (¢1(z), 2(x), ..., or(x)) a vector containing
measurements (returned values) associated with each functional value ¢;(z), where
the description length | @ |= L ([17]).

The important thing to notice is the choice of functions ¢; € B used to describe
an object of interest. Sample objects X C O are near each if and only if the objects
have similar descriptions. Recall that each ¢ defines a descriptive form of an object.
Then let A, denote Ag, =| ®;(2) — ®;(x) |, where 2,2 € O. The difference ¢ leads

[ 9y

to a description of the indiscernibility relation “ ~p ” introduced by Peters in [17].
Definition 2.1 ([17]). Let z,27€ O,B C F.

~p={(z,2) € O x O | A,, =0 for all ¢; € B}
is called the indiscernibility relation on O, where description length i <| @ |.

The basic idea in the near set approach to object recognition is to compare object
descriptions. Sets of objects X, X are considered near each other if the sets contain
objects with at least partial matching descriptions.

Definition 2.2 ([17]). Let X, X"C O, B C F. Set X is called near X, if there exists
x € X, 7€ X, p; € B such that v ~, 2"

Symbol Interpretation
B B C F, set of probe functions,
T (lf‘), i.e. , |B| probe functions ¢; € B taken r at a time,
B, r < |B| probe functions in B,
~pB, indiscernibility relation defined using B,
[z] 5, [z]B, = {2'€ O | z ~p, 2}, near equivalence class,
0/ ~p, 0/ ~p.={[z]p, | v € O} = {0 B,, quotient set,
N, (B) N, (B) ={¢o,B, | B- C B},set of partitions,
VN, vy, : p(0) x p(0) = [0,1], overlap function,
N, (B), X N, (B), X = U [z] 5, , lower approximation,
[‘T]BTQX
N, (B)* X N,.(B)"X = U ], , upper approximation,
[@] g, NX#D
Bndy, ) (X) | N.(B)* X\N, (B), X = {x € N, (B)* X | 2 ¢ N, (B), X} .

Table 1: Nearness Approximation Space Symbols
228



Mehmet Ali Oztiirk /Ann. Fuzzy Math. Inform. 15 (2018), No. 3, 227-241

A nearness approximation space is a tuple (O, F, ~pg. , N,., vy, ) where the approx-
imation space is defined with a set of perceived objects O, set of probe functions
F representing object features, ~p, indiscernibility relation B, defined relative to
B, C B C F, collection of partitions (families of neighbour-hoods) N,.(B), and
overlap function vy, ([17]).

Definition 2.3 ([6]). Let (O,F,~p,, N,,vn,) be a nearness approximation space
and “ -7 be a binary operation defined on O. A subset S of perceptual objects O is
called a semigroup on nearness approximation space or shortly nearness semigroup,
if the following properties are satisfied.

(i) z-ye€ N, (B)"S, forall z,y €S,

(ii) (z-y)-2=x-(y-=2) property holds in N, (B)* S, for all z,y € S.

Definition 2.4 ([7]). Let (O,F,~p,, N,,vn,) be a nearness approximation space
and “ + 7 and “ - ” be binary operations defined on O. A subset R of the set of
perceptual objects O is called a nearness ring, if the following properties are satisfied:

NR;) R is an abelian near group on O with binary operation “ + 7,

NRs) R is a near semigroup on O with binary operation “ -7,

NR3) For all z,y,2 € R,

z-(y+z)=(z-y +(r-2) and (x+y)-z2=(x-2)+(y-2)
properties hold in N, (B)" R.
In addition,
NRy) ifx-y=y-x,forall x,y € R, then R is said to be a commutative nearness
ring,
NRs) if N, (B)" R contains an element 1z such that 1z -o = 2 - 1z = =, for all
x € R, then R is said to be a nearness ring with identity.

In [8], since vy, : p(O) x p(O) — [0,1] is not needed which is overlap func-
tion when algebraic structures are studied on the nearness approximation space
(O, F,~p,, Ny, vn,), the following definition was given.

Definition 2.5 ([8]). Let O be a set of perceived objects, F a set of the probe
functions, ~p, an indiscernibility relation, and N, a collection of partitions. Then,
(O, F,~p,,N,) is called a weak nearness approximation space.

Theorem 2.6 ([3]). Let (O, F,~p,,N;) be a weak nearness approximation space
and X, Y C O. Then the following statements hold:
(1) N.(B), X C X CN,(B)" X,

+(B)"(XUY)=N,(B)"XUN, (B)"Y
+(B), (XNY) = N, (B), X (N, (B). Y,
CY implies N, (B), X C N, (B),Y,
CY implies N, (B)* X C N, (B)* Y,
~(B).(XUY) DN, (B), XUN, (B).Y,
(BY (X NY) @ N (B X AN, (B)

3. NEARNESS SEMIRINGS

Throughout this paper O denotes a (O, F,~p,, N,) is weak near approximation
spaces unless otherwise specified.
229



Mehmet Ali Oztiirk /Ann. Fuzzy Math. Inform. 15 (2018), No. 3, 227-241

Definition 3.1. (S,-) is called a nearness monoid, if S is a nearness semigroup in
which there exists an element e € N,. (B)" S satisfying z-e = e-x =z, for all z € S.

Definition 3.2. A nearness monoid (5, -) ((S,+)) is called a commutative (abelian)
e y=y-z(z+y=y+uz), forallz,yeS.

Definition 3.3. A subset S of the weak near approximation spaces O is called a
semiring on O, if the following properties are satisfied:

NSRy) (S,+) is an abelian monoid on O with identity element 0,

NSR5) (S,-) is a monoid on O with identity element 1,

NSR3) for all z,y,z € S,

- (y+z)=(x-y)+(r-2) and (x+y)-z2=(z-2)+(y-2)

properties hold in N, (B)" S,
NSR,) for all x € S,

properties hold in N, (B)" S,
NSRs) 1 0.

Definition 3.4. A subset R of the weak near approximation spaces O is called a
hemiring on O, if the following properties are satisfied:

NHRy) (R,+) is an abelian monoid on O with identity element 0,

NHR5) (R,-) is a semigroup on O,

NHR3) for all z,y,z € R,

v-(ytz) =@y +@ -2 and (x+y) 2= (2 2)+(y-2)
properties hold in N, (B)" R,
NHRy) for all z € R,
0-z2=0=z-0
properties hold in N, (B)" R.

Example 3.5. Let O = {0,1,a,b,¢,d,e, f,g,h,i,5,k, 1} be a set of perceptual ob-
jects where

[0 0] (1 0] (1 0] [0 0]
=lo o150 1] o o] "1 0]
[0 0] [0 1] (1 0] 00
“=lo 19001 O’f_[l 1}
[0 1'h_'1 1] . Jo 1] . [1 1]
IZlo 1 """ loo " "1 o710
k_'l o'l_ 0 1 (11 [
I T O R U U R IO B R I W |

for U = { [aijly,s | @ij € Za}, 7 =1, B = {p1,p2,03} C F be a set of probe
functions, and S = {a, b, c,e} C O. Values of the probe functions

p1:0 = Vi ={a1,as,a3,05},

w2 : O = Vo ={ay,a3,a4, a6},

p3:0 = Vs ={o,as,a4,05,06}
230
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are given in Table 2.

0O 1 a b ¢ d e f g h i 35 k 1
Y1 | 1 Q@ Q@3 Q@ Q1 Q3 Q Q1 Q1 Q1 Q2 Q1 Q5 Qs
w2 | 1 Q3 Q3 Q4 Q1 Q1 Q4 Q3 Qg Q3 Q3 Q3 Qg Qg
Y3 |3 Q3 Q1 Q1 Q4 Qq G5 Q1 Q3 Q3 Qg Q3 Q5 Qg

Table 2

Let us now determine the near equivalence classes according to the indiscernibility
relation ~p  of elements in O:

[0],, = {2 € O] pr(2) = ¢1(0) = ar} = {0,¢, f, 9,1, j}
= ld,, = lfl,, =ldl,, =, =i,
[l]gpl = {1‘ €0 | 801(56‘) =¢1(1) = az} = {1,b,e,i}

= [b]Wl = [6]901 = [Z]tm ’

[a],, = {z € O] ¢i(2) = ¢1(a) = az} = {a,d}

[K],, = {z € O] ¢1(z) = p1(k) = a5} = {k,1},

Then, we get that &, = {[O]% (1, s lal,, (K], }

[0],,, = {z € O] pa(2) = p2(0) = en} = {0, ¢, d}
= [d,, = d],,
1], ={z € O p,(x) = ¢,(1) = as} = {1, f, h,i,j}
= ldl,, = [fl,, = [h],, = ld,, = U,
[b],, ={x € O] ga(x) = p2(7) = au} = {b,e, g}
= le],, = [9],,
oy = {7 € 0| pa(x) = pa(k) = ag} = {k, 1},

Thus, we have that ¢, = {[O]W [, . 1B, ,[k]m}.
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(0], = {7 € O ps(x) = 3(0) = as} = {0,1,9,h, j}
= (1], = [9l,, = (1], = [, »
[a],, = {z € O] ¢3(x) = p3(a) = 1} = {a,b, f}

= [0, = [fly,

[],, = {2 € O] p3(x) = p3(c) = au} = {¢,d, i}
= [d],, = [i],, ,

le],, = {2 € O ps3(z) = p3(e) = as} = {e, k}
= [K],, ;

[y, = {2 € O] p3(x) = ¢3(l) = as} = {I}.

From hence, we obtain that &,, = {[O]W3 Jaly, s lel,, el s [l}%}. Therefore, for

r =1, a set of partitions of O is N, (B) = {&,,,&p,,&e, } - Then, we can write

MB)S= ] [,

[z]‘piﬂs;éz '
= [0],, U], U bl,, V0], U]
= {07 1’a7b7c’d7e7f’g7h’i7j,k}'

Y2

Considering the operation in T'able 3.

—&—‘a b ¢ e
al|l0 e 1 b
ble 0 f a
c|l f 0 k
e|lb a k O
Table 3

In that case, (S, +) is an abelian monoid on O with identity element 0. Considering
the operation in Table 4.

. ‘ a b ¢ e
ala 0 0 a
bla 0 0 a
c|0 a ¢ a
ele 0 0 e
Table 4

Then, (S,-) is a monoid on O with identity element 1. Moreover, (S, +,-) satisfies
conditions (NSR3), (NSR4) and (NSRj5). Therefore, (S,+,-) is a semiring on the
weak near approximation space O, i. e. , (S,+,-) is a nearness semiring.
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Example 3.6. Let O ={0,1,a,b,¢,d,e, f,g,h,i,j,k,n} be a set of perceptual ob-
jects where

[0 0 (1 0] (1 0] 0 0]
0‘_0 0j1__0 1] o Ojb__l 0]
[0 0] [0 1] (1 0] 0 0
““lo 1jd__o 0“7 |1 ogf_[1 1y
_'01'h_'11',_'01'._'11'
I=lo 1 """ loo " T 1 o710
k—_lo_l— 0 1 11 11
S S O e S T A VIS O L I

for U = { [aijlyp | @ij € Za}, 7 =1, B = {p1,p2,03} C F be a set of probe
functions, and S = {a,d, e, h} C O. Values of the probe functions

©1 - O — ‘/1 = {041,0427043701%045}7
2 : O — Vé = {al,Oég,Oé4,016},

@3:0 = V3 ={a1,0a3,a4,05,a6}
are given in T'able 5.

0O 1 a b ¢ d e f g h 1 j k n
Y1 | 1 Q@ Q1 Q3 Q1 Q3 Qg4 Q3 Qg Q3 Q1 Q4 Q5 Q5
w2 | a3 Q3 Qg Q3 Q1 Q1 Q4 Q3 Qg4 Q4 Q3 Q4 Qg Qg
P3| 3 a3 Q1 01 Q4 Q4 Qg 1 Q3 Qg Q3 Qg Q5 Op

Table 5

Let us now determine the near equivalence classes according to the indiscernibility
relation ~p_ of elements in O:

0], = {z € O p1(x) = 1(0) = 1} = {0,a,¢,i}
= lal,, =[d,,

[1],, ={r € O] pi(x) = ¢1(1) = az} = {1},

], ={z € O] pi(z) = p1(a) = as} = {b,d, f, h}
=d,, =[fl,, =",

le],, = {z € O] ¢i(x) = p1(e) = as} = {e, 9,4},
= l9l,, = ll,, >

k], ={z € O] pi(z) = pi(e) = as} = {k,n}
= [n],, -

233



Mehmet Ali Oztiirk /Ann. Fuzzy Math. Inform. 15 (2018), No. 3, 227-241

Tmmﬂwommngl:{mbﬂubﬂwbﬂkbﬁm%}

(0], ={z € O | pa(x) = 2(0) = as} = {0, 1,b, f, i}
=1, = bl,, = [fl,, =i,

la],, = {z € O] p,(x) = ,(a) = as} = {a,e, 9, h, j}
= [el,, = lgl,, =W, = [,

[, = {2 € O] ¢2(2) = 2(7) = a1} = {c, d}
= [d]

>

[k, = {z € O] pa(x) = pa(k) = ag} = {k,n},

= [n],, -
Thus, we have that &,, = {[0]@ lal,, . ld,, (K, }

[0],, = {z € O] w3(z) = ¢3(0) = as} = {0,1, 9.4}
= [y, = ldl,, = [hl,, = [i,,

[al,, = {2 € O | p3(2) = p3(a) = 1}—{abf}
= [bly, = [fly,

[cl,, = {z € O ps(z) = w3(c) = au} = {c,d}
= ldl,, -

[l ,, = {x € O] ps(x) = ps(e) = ag} = {e, h, j,n}
= 1, = Uiy, = [Mly,

(k] = {z € O] p3(x) = p3(k) = a5} = {k}.

From hence, we obtain that &,, = {[O]W3 Jal,, e, el s [k]%}. Therefore, for
r =1, a set of partitions of O is N, (B) = {&,,,&p,,&e, } - Then, we can write

MB)'S= ] [,

[1]% NS#&

= [0],, Ulal,, Ulel,, Uldl,,
= {07 a” b7c7 d’ 67 f7g7 h7i7j7 n}'

Considering the operation in T'able 6.

+ ‘ a d e h
al|l0 h b d
dlh 0 5 a
el|b 57 0 1
hld a 1 0
Table 6
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In that case, (S,+) is an abelian monoid on O with identity element 0. Consid-

ering the operation in Table 7.

~‘adeh

=< O

SIS

= o

[ en]

SIS

jiiien]

SO
V3

L

Table 7
Then, (S, -) is a semigroup on O. Moreover, (5, +, -) satisfies conditions (N H R3)

Therefore, (S,+,) is a hemiring on the weak near approximation

space O, i. e. , (S,+,-) is a nearness hemiring.

and (NHRy).

Considering the operations in T'able 8 and T'able 9.

S~ 8 m o v VO

SN2 2 0TV ERDS 3O O

RS I LS EESEES R N e s

LW SE I e SHO VD

DE~TV O L O =V

e CbllOinfm

8}

S

Q

=
0RO H Ll D
2

L e O N~~~ 3O v

—

N8l

e

O oW E~ 2

jen)

\8]

o

R B RS
— SO e md.].Zl

OW¥ U O ' 2

O™ U O s 'y 2

Table 8

and

n

d / g h J

c

0 a b

c

c

0 0 b

fo 22 w0
S 0OV VR~
SN S
S —oowzg
SO o o>y ©
O=g g
VO VYV VO

& © S O

g g 0n 0 n n g

o O T

e

o o VT T

0 b g O

L o S0 0O

SO0 Oo oo

0jo 0o 0000 O0OO0OO0OO0 OO

a0 a 00 d a 0O dh d h h

b0 b 0 O

c

d{0 0 a d 0

U R s e 8

Table 9
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(NSRy), (NSRs), (NSR3), and (NSR4) properties have to hold in N,. (B)* S for
all elements of S. However, sum or multiplying of elements in N, (B)*S may not
always belongs to N,. (B)" S (or O). For instance, d+f =1¢ O ford, f € N, (B)" S,
a+c=1¢ N, (B)" S fora,ce N.(B)"S,j-j=1¢ N, (B)*S for j € N, (B)"S.

An element x in nearness semiring S is said to be left (resp. right) invertible if
there exists y € S (resp. z € S) such that y -z = 1g € N,.(B)*S (resp. = -z =
1g € N, (B)*S). The element y (resp. z) is called a left (resp. right) inverse of z.
If x € S is both left and right invertible, then x is said to be nearness invertible or
nearness unit.

Some elementary properties of elements in nearness semirings S are not always
provided as in semirings S. If we consider N, (B)" S as a semiring, then elementary
properties of elements in nearness semiring S are provided.

Definition 3.7. Let S be a semiring on O, B, C F where r <| B | and B C F,
~p,be a indiscernibility relation on O. Then, ~p_ is called a congruence indis-
cernibility relation on nearness semiring S, if x ~p,. y, where z,y € S implies
r+a~p. y+a, a+x~p, a+yzxa~pg, yaand ar ~p_ ay, for alla € 5.

Lemma 3.8. Let S be a nearness semiring. If ~p, is a congruence indiscernibility
relation on S, then [z]p, +[y]B, C [x+y]s, and [z]B.[y]B,. C [zy]B,, for allz,y € S.

Proof. Let z € [z]p, + [y]B,. In his case, z = a+ b;a € [z]p,,b € [y]B,. From here
x ~p, a, and y ~p, b, and so, we have t +y ~p, a+y,and a+y ~p, a+b
by hypothesis. Thus, z +y ~p. a+b = 2z = a+b € [x + y]p.. Similarly,
[x]B,[y]B, C [zy]s, is obtained. O

Definition 3.9. Let S be a nearness semiring, B, C F where r <| B | and B C F,
~p, be a indiscernibility relation on O. Then, ~p, is called a complete congruence
indiscernibility relation on nearness semiring S, if [z]p, + [y]B. = [z + y]B, and
(@], [y]B, = [zy]p,, for all 2,y € S.

Let S be a nearness semiring. Let X +Y ={x +y |2 € X and y € Y} and
X Y={> =zwy |z € X and y; € Y}, where subsets X and Y of S.
finite
Lemma 3.10. Let S be a nearness semiring. The following properties hold:
(1) if X,Y C S, then (N, (B)* X)+ (N, (B)"Y)C N, (B)" (X +Y),
(2) if X,Y C S, then (N, (B)" X)- (N, (B)"Y)C N, (B)" (X -Y).

Proof. (1) Let x € (N, (B)" X)+(N, (B)"Y). Wehave x = a+b;a € N, (B)" X,b €
N.(B)'Y.a€ N, (B)*X = [alp, N X # @ = Jy €lalp, N X = y¢€ la]p, and
y € X. Likewise, b € N, (B)'Y = [b]g, NY # @ = 3z € [b]g, NY = 2 € [b]p,
and z € Y. Since w = y + z € [a]p, + [b], C [a + b]B,, we get w € [a + b]p, and
we X+Y. Thus, w € [a+blp. N(X+Y)=[a+blp N(X+Y) # o, and so
a+b=z¢€ N, (B)"(X+Y).

(2) Let # € (N, (B)" X) - (N, (B)"Y). Then = Y a;b;, where a; € N, (B)" X

i=1
and b; € N, (B)"Y, 1 < i <n. Thus, [a;]p, N X # @ and [b;]p, NY # @. So,
there exists elements z; € [a;]p,, ; € X and y; € Wi]B,, yi € Y, 1 < i < n.
Hence, x;y; € [ai]B, [bi]B,. C |aibip,, 1 <i < n, by Lemma 3.8. Therefore, we get
236
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leyz [z:aZ i, = [z]B, and szyl € X -Y. In this case, [z]g, N (X - Y) # &,
Wthh 1mphes that z € N, (B)" (X - Y) O

Theorem 3.11. Let S be a nearness semiring, ~p, a complete congruence indis-
cernibility relation on S, and X,Y two non-empty subsets of S. The following
properties hold:

(1) (N; (B)" X) + (N (B)" ): T(B)*(X+Y)

(2) (N (B)" X) - (N, ()*) N, (B)" (X -Y),

(3) (N (B), X) + (N (B),Y) € NT(B) (X+Y)

(4) (Nr(B), X) - (N (B ).Y) S N (B), (X-Y).

o )

Proof. The proof of (1) and (2) is straightforward by the similar way to the proof
of Lemma 3.10.
(3) Let z € (N (B) X)+ (N, (B),Y). Wehave x =a+b;a € N, (B), X,b e

v ( C
Y, S0, we obtam [a] B, + [a ]Br C X + Y. On the other hand, since [a + b]p, =
[a] B, +[b]B C X+Y. Thus, [a+b]lp, C X+Y,andsoa+b=x € N, (B), (X+Y).

(4) Let z € (N, (B) X) - (N, (B),Y). Then, we have x = > a;b; such that

=1

*

a; € N, (B),X and b; € N, (B),Y, 1 < i <mn. Thus, [a;]g, € X and [b;]5, C
Y. So, there exists elements x; € [a;]p,. and y; € [b;]p,., 1 < i < n. Hence,
iy € laibilp, = [ais,[bi]B., 1 < i < n, by Definition 3.9. Therefore, we get
Saiyi € [ D abi]p, =[x, € X Y, and hence z € N, (B), (X -Y). O
i=1 i=1

Definition 3.12. Let S be a nearness semiring, and A a non-empty subset of S.
(1) A is called a subsemiring of S, if A+ AC N, (B)"Aand A- A C N, (B)" A.
(2) A is called a upper-near subsemiring of S, if (N, (B)" A) + (N, (B)" A) C

N, (B)* A and (N, (B)"A)- (N, (B)*A) C N, (B)" A.

Now, let’s give an example to N, (B)" (N, (B)*S) = N, (B)*S where S is a

subset of perceptual objects set O.

Example 3.13. Let O = {0,1,a,b,c,d,e, f,g,h,i,j,k,1} be a subset of perceptual
objects set O in Example 3.5, r = 2, and B = {©1, 2, @3, pa} C F be a set of probe
functions. Values of the probe functions

01 :0 = Vi ={a1, a2, 03,04, a5},

("2 0 — ‘/2 = {O[g,Oé4,0é5},

Y3 - O — ‘/3 = {O{l,OLQ,Oég,Ol5},

04:0 = Vy={a1,a2,04,05}

are given in Table 10.
‘ a b ¢ d e f g h ¢ j

Y1 |3 1 Qg Q2 Q5 Q3 Q4 Q4 04 Q3
Y2 | )3 Q3 Qg4 Q3 Q5 Q4 Q5 Q3 Q5 Qs
Y3 | g a1 Q3 Q@5 Q1 Q2 @3 a5 01 Q]

Pq | G2 1 Gy Q5 Q5 Q2 Q4 Q4 04 Q4
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Table 10

In this case,
[A] {100y = {2 € O] 01(2) = pa()
€)1 001 = {z € O] pi1(z) = pa()

¢1(a) = p2(a) = az} = {a}
p1(e) = pa(e) = as} = {e}.

Then, we have that £, .} = {[a]{wl,m} , [e}{%,w}}.

Bligr.p0y = {2 € Ol @1(2) = p3(2) = @1(b) = pa(b) = a1} = {b}.

We get 5{@1,@3} = {[b]{wl,s&s} )

] (gr 00y = {7 € O p1(2) = pa(x) = 1(b) = pa(b) = ar} = {b},
(€ 00} = {2 € O | 01(2) = pa(x) = p1(e) = pale) = as} = {e},
(9101 00y = {2 € O | 01(x) = pa(e) = 91(9) = palg) = au} = {g, h, i}

= [h]{¢1,<p4} = [i]{¢1,¢4} ’

Thus, 5{9017804} = {[b]{sal,sﬁs} ’ [e]{<ﬁ1,<P4} ) [g]{LP17<P4}}'

pa(c) = pa(c) = as} = {c},
pa(e) = pa(e) = as} = {e}.

[ pn 00y = {2 € O | 92(2) = pa(2)
[€]f s 00} = {r € O ps(x) = pu(x)

We get that £, 0,) = {[C]{m,m} , [e]{¢27¢4}}.
[l p0y = {2 € O] p3(2) = pa(x) = @3(a) = pa(a) = az} = {a, f}
= Ulosenr - / /
(B (s, 00y = 12 € O | @3(2) = pa(z) = 3(b) = pa(b) = an } = {b},
[ ap0y = {2 € O] @3(2) = pa(2) = @3(d) = pa(d) = a5} = {d}.
From hence, we obtain that ., .1 = {[a]{w’wd [0l (s 00y » [d]{9027<,04}}' There-
fore, for r = 2, a set of partitions of O is

N, (B) = {6{491&2}7 §lorpsd E{prpad Elpapads 6{9037904}} :
If S = {e, f, g}, then we can write

Ny (B)" S = U [x]{%@j}
[x]{wiwj}ﬂs;éz
= [elig1 003 Yl 01003 Y9161 003 Yl 1on 003 Y [0l (g5 00
={e}U{e}U{g,h,i}U{e} U{a, f}
= {a'aeafvgvh‘ai}

and also
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Nz (B)" (N2 (B)" S) = U [0 0y
[x]{%wj}mNQ(B)*s;ﬁz
={atu{elu{e}U{g,h i} U{e} U{a, f}
= {a767f’g’ h7i}.
In that case, Ny (B)" (N2 (B)"S) = N2 (B)" S is obtained.
Theorem 3.14. Let S be a nearness semiring. The following properties hold:
(1) ifg£ACS, A+ AC Aand A- A C A, then A is a upper-near subsemiring
of S.
(2) if A is a subsemiring of S, and N, (B)* (N, (B)* A) = N, (B)" A, then A is

a upper-near subsemiring of S.

Proof. (1) Let @ #ACS, A+ AC Aand A- A C A. Then, From (1) and (2) of
Lemma 3.10, we have
(N (B)" A) + (N (B)" A) € N, (B)" (A + A)
and
(N (B)" A) - (N, (B)" A) € N, (B)" (A - A).
On the other hand, from Theorem 2.6 (5), we have that N, (B)* (A + A) C
N, (B)" Aand N, (B)" (A-A) C N, (B)" A. In this case,
(N, (B)" A)+ (N, (B)" A)C N, (B)" A
and
(N (B)" A) - (N, (B)" A) C N, (B)" A
is obtained. Thus, A is a upper-near subsemiring of S.
(2) Since A is a subsemiring of S, A+ A C N, (B)" A, and A- A C N, (B)" A.
Then, by Theorem 2.6 (5) and hypothesis, we have
N (B)" (A+A) € N (B)" (N, (B)" A) = N, (B)" A
and
N,.(B)"(A-A) C N, (B)" (N, (B)*A) =N, (B)" A.
Thus, by combining this and Lemma 3.10,
(N (B)*A) + (N, (B)"A) C N,.(B)" A
and
(N (B)" A) - (N, (B)" A) € N, (B)" A.
So, A is a upper-near subsemiring of S. g
Definition 3.15. Let S be a nearness semiring, and A a subsemiring of S, where
A#S.
(1) Ais called a right (left) ideals of S, if A-S C N, (B)" A (S-AC N, (B)" A).
(2) A is called a upper-near right (left) ideals of S, if (N,. (B)" A)-S C N,.(B)" A
(S (N, (B) A) C N, (B)" A).
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Theorem 3.16. Let S be a nearness semiring. The following properties hold:

(1) ifg#£ACS, A+ ACAand A- AC A, then A is a upper-near right (left)
ideal of S,

(2) if A is a right (left) ideal of S, and N, (B)* (N, (B)" A) = N,.(B)" A, then A
is a upper-near right (left) ideal of S.

Proof. 1t is similar to the proof of Theorem 3.14. O

Theorem 3.17. Let {A; | i € I} be a set of ideals of the nearness semiring S where
an arbitrary index set I.

(1) If N.(B)* <0A1> = mNT(B)*Ai, then ﬂAi is a ideal of S.
iel iel iel
(2) UAi is a ideal of S.

el

Proof. (1) Let z,y € ﬂAi. Then z,y € A;, for all i € I. Thus z +y € N, (B)*A;,
iel

forallieI. Sox+y¢€ ﬂNr(B)*Ai = N, (B)* <ﬂAl> . Similarly, we have that
el icl

x-8, s ¢ € N.(B)* (ﬂAz> , for all x € nAi’ s € S. Hence, ﬂAi is a ideal of S.
iel icl iel
(2) Let z,y € UAi' Then there is at least one ¢ € I such that x € A; and j € I
i€l
such that y € A;. Since A; and A; are ideals of S, for 4,5 € I (i # j), we get that
either x +y € N,.(B)*4; or x +y € N,.(B)*A;. From here, z +y € UNT(B)*A,».
icl

Thus, from Theorem 2.6 (2), x +y € N, (B)* (UAZ> Similarly, we have that x - s,
iel

s-x € N.(B)* (UAZ> , for all z € UAZ" s e S. So, UAi is a ideal of S. O

i€l iel iel
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