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ABSTRACT. In this paper, we introduce the notion of tripolar fuzzy set
to be able to deal with tripolar information as a generalization of fuzzy
set, bipolar fuzzy set and intuitionistic fuzzy set.The tripolar fuzzy set
representation is very useful in discriminating relevant elements, irrelevent
elements and contrary elements.We introduce the notion of tripolar fuzzy
interior ideal of I'— semigroup and study some of their algebraic properties.
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1. INTRODUCTION

As a generalization of ring, the notion of a I'—ring was introduced by Nobusawa

[18] in 1964. In 1995, Murali Krishna Rao [9, 10, 11, 12] introduced the notion of
a I'—semiring as a generalization of I'—ring, ring, ternary semiring and semiring.
In 1981, Sen [20] introduced the notion of a I'—semigroup as a generalization of

semigroup. The notion of a ternary algebraic system was introduced by Lehmer [7]
in 1932. The theory of fuzzy sets is the most appropriate theory for dealing with
uncertainty was introduced by L.A. Zadeh [21] in 1965. There are many extensions
of fuzzy sets, for example, intuitionistic fuzzy sets, interval valued fuzzy sets, vague
sets, bipolar fuzzy sets, cubic sets etc. The fuzzification of algebraic structure was
introduced by Rosenfeld [19] and he introduced the notion of fuzzy subgroups in
1971. K. T. Attensov [l] studied intuitionistic fuzzy sets Mandal [8] studied fuzzy
ideals and fuzzy interior ideals in ordered semiring. Murali Krishna Rao [13, 14,

, 16, 17] studied fuzzy ideals, fuzzy soft ideals and fuzzy interior ideals in ordered
I'—semirings.

Bipolar fuzzy sets are an extension of fuzzy sets whose memberely degree range
s [=1,1]. In 1994, Zhang [22] initiated the concept of bipolar fuzzy set as a gener-
alization of fuzzy set. In 2000,K.M. Lee [5, 6] used the term bipolar valued fuzzy
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sets and applied it to algebraic structure. Jun et al [2, 3] studied intutionistic fuzzy
interior ideals in semigroups and introduced the notion of bipolar fuzzy ideals and
bipolar fuzzy filters in Cl-algebras. K. J. Lee [4] studied bipolar fuzzy subalgebras
and bipolar fuzzy ideals of BCK/BClalgebras.

In this paper, we introduce the notion of tripolar fuzzy interior ideal of I'— semi-
group. We study some of their algebraic properties and characterization of tripo-
lar fuzzy interior ideals are given.We prove that for any homomorphism ¢ from a
I'—semigroup M to a I'—semigroup N, if A = (ua,Aa,04) is a tripolar fuzzy inte-
rior ideal of M then homomorphic image ¢(A) = ((¢(pa), #(Aa), ¢(64)) is a tripolar
fuzzy interior ideal of N and B = (up,Ap,0p) is a tripolar fuzzy interior ideal of
N then the pre image ¢~ (B) = (¢~ (up), ¢ (Ap), ¢~ *(0B)) is a tripolar fuzzy
interior ideal of M.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1. Let M and I' be two non-empty sets. Then M is called a I'—semigroup,
if it satisfies

(i) zay € M,

(il) za(yBz) = (zay)pz, for all z,y,z € M, a,B €T

Definition 2.2. Let M and N be I'— semigroups. A mapping f : M — N is called
a homomorphism, if f(aab) = f(a)af(b), for all a,b € M,a €T.

Definition 2.3. A non-empty subset A of I'—semigroup M is called
(i) a I'—subsemigroup of M, if ATA C A,

(ii) a quasi ideal of M, if ATM N MT'AC A and ATA C A.

(iii) a bi-ideal of M, if ATMTA C A and ATA C A.

(iv) an interior ideal of M, if MTATM C A and AT A C A.

(v) aleft (right) ideal of M, if MTA C A(ATM C A).

(vi) an ideal of M, if ATM C A and MTA C A.

Definition 2.4. Let M be a non-empty set. A mapping p: M — [0,1] is called a
fuzzy subset of M.

Definition 2.5. If p is a fuzzy subset of M, for ¢ € [0,1], then the set u; = {x €
M | p(z) > t} is called a level subset of M with respect to a fuzzy subset p.

Definition 2.6. A fuzzy subset p: M — [0,1] is a non-empty fuzzy subset, if u is
not a constant function.

Definition 2.7. For any two fuzzy subsets A and p of M, A C u means A(z) < p(z),
for all z € M.

Definition 2.8. A fuzzy subset y of a '—semigroup M is called
(i) a fuzzy I'—subsemigroup of M, if p(zay) > min {u(z), u(y)}, for all x,y €
M, ael.
(ii) a fuzzy left (right) ideal of M, if p(ray) > p(y) (u(zx)), forallz,y € M, a € T.
200
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(ili) a fuzzy ideal of M, if u(zay) > mazx {p(z), u(y)}, for all z,y € M, a € T.
(iv) a fuzzy bi-ideal of M, if o xprop C p.
(v) a fuzzy quasi -ideal of M, if o xp N xaropn C p.

Definition 2.9. Let M and N be I'—semigroups, ¢ : M — N be a homomorphism
of I'—semigroups and f be a fuzzy subset of I'—semigroup M. We define a fuzzy
subset ¢(f) of I'—semigroup N by

sup f(z), if 67(y)# 2
o)) = { zeo

0, otherwise.

We call ¢(f) is the image of f under ¢.

3. TRIPOLAR FUZZY INTERIOR IDEAL

In this section, we introduce the notion of tripolar fuzzy set can deal with tripolar
information as a generalization of fuzzy set, bipolar fuzzy set and intuitionistic fuzzy
set. We also introduce the notion of tripolar fuzzy interior ideals of I'—semigroup
and study some of their algebraic properties

Definition 3.1. A fuzzy set A of a universe set X is said to be tripolar fuzzy set, if
A={(z,pa(x), a(x),0a(z)) |z € X and 0 < pa(z) + Aa(x) < 1},

where g : X = [0,1], Aa: X = [0,1], §4: X — [-1,0].

The membership degree p4(x) characterizes the extent that the element x satisfies
to the property corresponding to tripolar fuzzy set A,\4(x) characterizes the extent
that the element x satisfies to the not property(irrelevant ) corresponding to tripolar
fuzzy set A and 04(x) characterizes the extent that the element x satisfies to the
implicit counter property of tripolar fuzzy set A. For simplicity A = (pa,Aa,04)
has been used for A = {(z, pa(z), a(x),04(z)) |z € X,0 < pa(z)+ Aa(x) <1}

We can think of a tripolar fuzzy set as simple as the following example.

Example 3.2. The taste of food stuffs is a tripolar fuzzy set and
A ={(z,pa(x), Aa(2),04(2)) | € X}.

Assuming the sweet taste of food stuff as a positive membership value pa(x) i.e.
the element z is satisfying the sweet property. Then bitter taste of food stuff as a
negative membership value d4(z) i.e. the element x is satisfying the bitter property,
and the remaining tastes of food stuffs like acidic, chilly etc., as a non membership
value A4 (z) i.e., the element is satisfying irrelevent to the sweet property. A tripolar
fuzzy set A is a generalization of fuzzy set, bipolar fuzzy set and intuitionistic fuzzy
set.

Definition 3.3. A tripolar fuzzy set A = (pua, Aa, Aa) of I'—semigroup M is called
a tripolar fuzzy interior ideal of M, if
() paway) > min{jua(z), o)),
(i) Aa(zay) < max{ra (), Aa(9)},
(i) 54 (ray) < max{oa(2),a(y) ),
(iv) pa(zazBy) > pa(z),
201
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(v) Aa(zazBy) < Aa(z),
(vi) da(zazfy) < da(z), for all z,y,z € M, a, B €T

Example 3.4. Let M = {a,b,c¢,d} and ' = {8, a}. Then M is a I'—semigroup if
the ternary operation on M is defined as follows

Blal|b|cl|d alalb|cl|d
alalalala alalalala
b|b|lb|b|Db and b|b|lb|b|b|
clal|lalala cla|lalala
dlal|al|lal|d dla|lalald

Tripolar fuzzy set is defined as follows A = (ua, Aa,04),

where g = {(a,0.9), (b,0.7), (¢,0.1), (d,0.1)}, Aa = {(a,0.1), (b,0.2), (¢,0.3), (d,0.8) },
54 = {(a,—0.7),(b,—0.8), (¢, —0.3), (d, —0.1)}. Then tripolar fuzzy set A is a tripolar
fuzzy interior ideal of I'—semigroup M.

Theorem 3.5. If a tripolar fuzzy set A = (pa,Aa,04) of I'—semigroup M is an
interior ideal of T —semigroup M then (pia,fia,04) where iy =1— pa, is a tripolar
fuzzy interior ideal of I'—semigroup M.

Proof. Let x,y € M and « € I'. Then
fiawoy) = 1 — pa(zay) < 1 — min{ua(e), ua(y))
=max{l — pa(z),1 — pa(y)}
=max{fi, (), Fa(y)}
and
fa(zazBy) =1 — pa(zazfy) <1— pa(2) = f4(2).
Thus (pa,fis,04) is a tripolar fuzzy interior ideal of I'—semigroup M. O

Definition 3.6. Let A = (ua,Aa,04) be a tripolar fuzzy set of I'—semigroup M and
a € [0,1]. Then the sets pao ={x € M | pa(z) > a}, Ao ={x e M| As(z) < a}
and 04 _o = {x € M | da(z) < —a} are called a u—level a—cut,a A—level a—cut
and a d—level —a—cut of A respectively.

Theorem 3.7. If A = (ua,Aa,04) is a tripolar fuzzy interior ideal of I'—semigroup
M then p—level t—cut, A—level t—cut and d—level —t—cut of A are interior ideals
of T'—semigroup M, for allt € Im(pa) NIm(Xa) C[0,1] and —t € Im(d4).

Proof. Let t € Im(ua)NIm(Aa) C[0,1] and —t € Im(d4) and x,y € piay, a €T
Then pa(x) > t and pa(y) > t. Thus pa(zay) > min{pa(x), paly)} > t. So
zay € pas. Hence pa is a I'— subsemigroup of M.

Let z,y € M,z € pay and o, € M. Then pa(xazBy) > pa(z) > t. Thus
xazfy € pa. SO piay is an interior ideal of I'—semigroup M.

Suppose x,y € Aay and a € I'. Then Ag(z) < ¢ and Aa(y) < ¢. Thus

Aa(zay) < max{Aa(z),Aa(y)} < t.Therefore zay € Aa ;.

So Aa,; is a I'— subsemigroup of M.
Let z,y € M,z € Aay and «,8 € I'. Then Ms(razfBy) < Aa(z) < t. Thus
razfy € Aa .
Suppose x,y € 64, —¢ and a € T'. Then da(z) < —¢t,04(y) < —t. Thus Ja(zay) <
max{d4(z),da(y)} < —t, Thus zay € d4, 4.
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Let z,y € M,z € 644 and a € T'. Then da(zazBy) < d,(2) < —t, Thus
xazfy € §4,—¢. S0 4,4 is an interior ideal of I'—semigroup M. O

Theorem 3.8. If A = (ua,Aa,04) is a tripolar fuzzy interior ideal of T'—semigroup
M then

(1) pa(z) =sup{a € [0,1] | 2 € paa}

(2) Ma(x) =inf{a € [0,1] | x € Aan}

(3) da(z) =inf{a € [-1,0] |z €0a,a}, forallz e M,a eT.

Proof. Proofs of (1) and (2) are similar to proof of Theorem 3.12 in 3], so we omit the
proof. Let n = inf{a € [-1,0] | # € 64,0} Then inf{a € [-1,0] | x € an} <N +e,
for any € > 0, = a < n+e, for some a € [-1,0], € §4,4, = da(x) < 7, since
da(x) <a.Let da(x) =p. Thusx € dap = € {aec[-1,0] |z €dan},= inflac
[—1,0] |z €da,a} <B,=n<B=04a(x). = da(x) =n.S0da(z) = inf{a € [-1,0] |
Z € 04, ) Hence the theorem holds. O

The following proof of the theorem is similar to proof of the Theorem 3.9 in [3].
Hence we omit the proof of the following theorem.

Theorem 3.9. Let A = (pa, Aa,04) be a tripolar fuzzy set in T'—semigroup M such
that non-empty sets A o, Aoy 04,—a are interior ideals of M, for all o € [0,1]. Then
A is a tripolar fuzzy interior ideal of M.

Theorem 3.10. A tripolar fuzzy set A = (ua, a,04) is a fuzzy interior ideal of
I'—semigroup M if and only if fuzzy subsets pa, a, 04 are fuzzy interior ideals of
I'—semigroup M.

Proof. Suppose A = (114,A4,04) is a tripolar fuzzy interior ideal of I'—semigroup
M. Then obviously, pa,d4 are fuzzy interior ideals of M.
Let z,y € M, a € T". Then for all x,y € M, a €T,
A(zay) =1 - Aa(zay) > 1 —max{ia(z), \aly)}
=min{l — A a(x),1 — Aa(y)} = min{Aa(z), Aa(y)}.
Suppose z,y,z € M,a, 8 € I'. Then

Aa(zazBy) =1 = Aa(zazBy) > 1 —Xa(2) = Aa(2).

Thus A is an fuzzy interior ideal of M.
Conversely, suppose that g4, A, 64 are fuzzy interior ideals of I'—semigroup M.

Let z,y,2 € M and «, 8 € I'. Then

Aa(zay) =1 - A (zay) B

> max{1l — Aa(x),1 —Aa(y)}

C ZmaxPale) )
Thus Mg (zazBy) > Aa(z). So 1 — Ag(zazfy) > 1 — Aa(z). Hence Aa(zazfy) <
Aa(z). Therefore this completes the proof. O

Corollary 3.11. A tripolar fuzzy set A = (ua,Aa,04) is a tripolar fuzzy inte-
rior ideal of I'—semigroup M if and only if the tripolar fuzzy sets (a,fig,04) and
(A4, Aa,84) are tripolar fuzzy interior ideals of T'—semigroup M.
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Definition 3.12. Let f : X — Y be a map and let A = (ua, a,04) and B =
(4B, AB,0p) be tripolar fuzzy sets in X and Y, respectively. Then pre-image of B
under f, denoted by f~!(B) is a tripolar fuzzy set in X defined by:

F7h = ), £ (B), £71(6B)),
where f~(up) = up(f), f~'(Ap) = Ap(f) and f~1(05) = d5(f).

Theorem 3.13. Let f : M — N be a homomorphism of I'—semigroups. If B
(v, A, 0B) is a tripolar fuzzy interior ideal of T'—semigroup N then f~1(B)
(7 (wB), f7*(AB), [71(6B)) is a tripolar fuzzy interior ideal of T —semigroup M.

Proof. Suppose B = (up,Ap,0p) is a tripolar fuzzy interior ideal of I"'—semigroup
N and z,y € M,a € I'. Then

[ (up(zay)) = pp(f(zay)) = pe(f()af(y))
>mln{uB( (z )) s(f(y)}
= min{f ' (up(z )),f’l( B(Y)}-
Suppose z,y,2 € M and a, 8 € I'. Then we have
/- (uB(vaBy)) = up(f(zazpy)) = pa(f(x)af(2)8f(y))
> ppf(z) = fus f( ),
7 (As(zay)) = Ap(f(zay)) = As(f(z)af(y))
SmaX{AB( (z )) AB(f (y))}
= max{f~"(Ap(z)), f (A6 (¥))},
fH(As(zazBy)) = Ap(f(zazBy))
= Ap(f(x)af(2)Bf(y))
< AB(f(2 )) F*(B(f(2))),
fH(08(zay)) = 65(f(zay)) = 0p(f(z)af(y))
< maX{5B( (), 05(f(y)}

) 8
= max{f~ (65 (). f (05 ()},

7 (0p(zazBy)) = dp(f(vazBy)) = op(f(z)af(2)Bf(y))

<0p(f(2) = f(0Bf(2)).

Thus f~4B) = (f~*(us), f~*(AB), f~*(6p)) is a tripolar fuzzy interior ideal of
I'—semigroup M. O

Theorem 3.14. Let I be an interior ideal of T —semigroup M and A = (1, Aa,04)
be a tripolar fuzzy set of M defined by:

jia () = {0407 ifeel

a1, otherwise,

M) = {50, ifeel

b1,  otherwise,

Sa(z) = {70, ifeel

Y1, otherwise,

for allx € M and o, B; € [0,1] such that ag > aq,B0 > 51 and a; + B; < 1, for

1= 071770 > Y1,70,71 € [_170]
204
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Then A = (pna,Aa,04) is a tripolar fuzzy interior ideal of T'—semigroup M and
fiAao = Aago = 0aq, = 1.

Proof. Obviously, A = (ua,Aa,d4) is tripolar fuzzy I'—subsemigroup of M. Suppose
z,y,z € M and o, € T.

case (i) If z ¢ I, then pa(zazfy) > a1 = pa(z), Aa(zazfy) < B1 = Aa(z),
54(zazBy) < 1 = 6a(2),

case (ii) If z € I, then pa(zazBy) = ap = pa(z), Aa(zazBy) = Bo = Aa(z),
da(zazfy) = vo = 6a(2).
Thus A = (ua, a,04) is a tripolar fuzzy interior ideal of I'—semigroup M. Obvi-
ously, by definitions of pa, A4 and d4, a0, = Aa,8, = 04,4, = I. So the theorem
holds. O

Corollary 3.15. Let x; be the characteristic function of an interior ideal I of
I'—semigroup M. Then tripolar fuzzy set (x1,Xy,01), where

b (z) = {0, ifrel

—1, otherwise

is tripolar interior fuzzy ideal of I'—semigroup M.

Definition 3.16. Let ¢ : M — N be a homomorphism of I'—semigroups M, N and
A= (pa,A4,94) be a tripolar fuzzy set of I'—semigroup M. Then A is said to be ¢
homomorphism invariant, provided that if ¢(z) = ¢(y), then

(i) pa(z) = paly), (i) Aa(z) = Aa(y), (iii) da(x) = da(y), for all z,y € M.

Theorem 3.17. Let M and N be I'—semigroups and ¢ : M — N be an onto
homomorphism. If A is a homomorphism ¢ invariant tripolar interior ideal of
I'—semigroup M then image of A under homomorphism ¢ is a tripolar fuzzy in-
terior ideal of I'—semigroup N.

Proof. Let A = (ua,a,d4) be a tripolar interior ideal of I'—semigroup M and z,y €
N,a € T. Then there exist a,b € M such that ¢(a) = z,¢(b) = vy, ¢(pa(ray)) =
pra(aad) = min{pa(a), pa(b)} = min{d(ua)(x), ¢(na)(y)}-

Suppose x,y,z € N,a, € T'. Then there exist a,b,c € M such that ¢(a) =
z,¢(b) = y and ¢(c) = 2. Thus ¢(ua(razfy)) = palaachd) > pa(c) = ¢(ua(z)).
So ¢(pa) is a fuzzy interior ideal of I'—semigroup M. On one hand,

Pp(Aa(zay)) = Aaaab) < minfAa(z), Aa(b)} = min{p(Aa)(x), d(Aa)(y)}

p(Aa(zazfy) = Aa(aachb) < Xa(c) = ¢p(Aa(2)).
Hence ¢(\4) is a fuzzy interior ideal of T'—semigroup N. On the other hand,
P(6a(zay)) = da(aad) < min{da(x),04(b)} = min{¢(da)(x), ¢(d4)(y)}
and
¢(a(zazBy) = da(aacpb) < da(c) = d(0a(2)).
Therefore ¢(d4) is a fuzzy interior ideal of '—semigroup N. Hence ¢(A) is a tripolar
fuzzy interior ideal of I'—semigroup N. O
205
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4. CONCLUSION

In this paper, we introduced the notion of tripolar fuzzy set to be able to deal
with tripolar information as a generalization of fuzzy set, bipolar fuzzy set and in-
tuitionistic fuzzy set. We also introduced the notion of tripolar fuzzy interior ideals
of I'—semigroup. We proved that for any homomorphism ¢ from a I'—semigroup M
to a I'—semigroup N, if A is a tripolar fuzzy interior ideal of M then homomorphic
image ¢(A) is a tripolar fuzzy interior ideal of N and B is a tripolar fuzzy interior
ideal of N then the pre image ¢~ !(B) is a tripolar fuzzy interior ideal of M.
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