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ABSTRACT.  Our goal of this work is to show the deviations between
some properties of soft approximation spaces and the same properties of
Pawlak approximation space. We also introduce and study the concepts of
soft rough topology and a new class of function called soft rough continuous
functions. Finally some basic properties of these concepts are explored.
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1. INTRODUCTION

Rough set theory was initiated by Pawlak [5] for dealing with vagueness and
granularity in information systems. This theory deals with the approximation of an
arbitrary subs et of a universe by two definable or observable subsets called lower
and upper approximations. The reference space in rough set theory is the approxima-
tion space whose topology is generated by the equivalence classes of R. The notion
of rough topology was introduced by Lellis Thivagar et al. [3] which was defined
in terms of approximations and boundary region of a subset of an universe using
an equivalence relation on it. He has also defined rough closed sets, rough-interior,
rough closure, and rough continuous functions. The concept of soft sets was first
introduced by Molodtsov [4] in 1999 as a general mathematical tool for dealing with
uncertain objects. In [2] soft set theory is utilized,for the first time, to generalize
Pawlaks rough set model. Based on the novel granulation structures called soft ap-
proximation spaces,soft rough approximations and soft rough sets are introduced. In
this study we show the deviation between some properties of soft approximation
spaces and the same properties of Pawlak approximation space. The notions of soft
rough topology and soft rough continuous are introduced and studied. We also in-
vestigate some related properties of these concepts.
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2. PRELIMINARIES

This section presents a review of some fundamental notions of rough sets and
soft sets.

Definition 2.1 ([5]). Suppose U be a finite nonempty set called the universe and
R be an equivalence relation on U. The pair (U, R) is called the approximation
space. Let X be a subset of U and R(z) denotes the equivalence class determined
by z.
' (i) The lower approximation of a subset X of U is defined as:
R(X) =UgevR(z) : R(z) C X.
(ii) The upper approximation of a subset X of U is defined as:
R(X) =UzevR(z) : R(z) N X # @.
(iii) The boundary region of X with respect to R is defined as:
Br(X) = R(X) - R(X).
The set X is said to be rough with respect to R, if R(X) # R(X), i.e., Br(X) # @.

Definition 2.2 ([1]). A pair S = (F, A) is called a soft set over U,where A C E
and F' is a mapping given by F : A — P(U). In other words, a soft set over U is a
parameterized family of subsets of the universe U.

Definition 2.3 ([2]). Let S = (F, A) be a soft set over U. Then the pair P = (U, S)
is called a soft approximation space. Based on the soft approximation space P,the
following two operations are defined as:

Rp(X)={uecU:3a€ A, [uc F(a) C X[},
Rp(X)={ueU:Jac A[uc Fla)NnX # 2]}
assigning to every subset X C U two sets Rp(X) and Rp(X),which are called the
soft P-lower approximation and the soft P-upper approximation of X, respectively. In
general,we refer to Rp(X) and Rp(X) as soft rough approximations of X with

respect to P. If Rp(X) = Rp(X),X is said to be soft P-definable; otherwise X is
called a soft P-rough set.

Definition 2.4 ([2]). Let S = (F, A) be a soft set over U. If U,c s F'(a) = U, then
S is said to be a full soft set.

Definition 2.5 ([1]). Let (F4,7) be a soft topological space and Fg C Fy4. Then,the
collection 7, = {Fa, N Fp : Fa, € 7,0 € I C N} is called a soft subspace topology
on Fp. Thus,(Fp,7r,) is called a soft topological subspace of (Fy, 7).

3. SOME DEVIATIONS OF SOME PROPERTIES OF PAWLAK APPROXIMATION SPACE
AND SOFT APPROXIMATION SPACE

The purpose of this article is to list some of the properties of lower and upper
approximations in soft set theory. Also we present a comparison between these prop-
erties and its corresponding in Pawlak rough set theory. Suppose that S = (F, A)
is a soft set over U,X,Y C U,and P = (U, S) is the corresponding soft approxima-
tion space. One can verify that soft rough approximation space satisfies most of the
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properties of Pawlak approximation space,but different in some other as shown by
the following examples.

Example 3.1. Let U = {hq, ho, hs, ha, hs,he}, E = {e1,ea,€3,€4,¢5,e6} and A =
{e2,e3,e4} C E. Consider the soft approximation P = (U, S),where S = (F, A) is a
soft set over U given by: F(es) = {ha}, F(e3) = {h1,he}, F(e4) = {h1, ha, hs}. For
X = {hg,ha,hs},we have Rp(X) = {ha}, and Rp(X) = {h1,ho, ha, hs}. Thus
Rp(X) # Rp(X) and X is a soft P-rough set. Note that X = {hs, hs4,h5} &

p(X) = {h1,ha, ha, hs} in this case. Moreover, it is easy to see that Rp(U) =
Rp(U) = {h1, ha, ha, hs,he} = UgcaF(a). Finally Rp(X) C Rp Rp(X) = {h1, ha, hy
,hs, he}

Example 3.1 has shown that increasing,normalized and idempotent property does
not hold in soft approximation space when a subset X is a soft P-rough. The following
example shows that the conjugate property does not hold when S = (F, A) be a full
soft set over U.

Example 3.2. Let U = {hl,hg,hg,h4,h5,h6,h7,h8},E = {61,62763,64,65766}
and A = {ea,e3,e4,e5} C E. Consider the soft approximation P = (U, S),where
S = (F,A) is a soft set over U given by:F(es) = {hq, hr}, F(es) = {hr,hs}, F(es) =
{hl,h5,h6},F(e5) = {hg,h3,h4,h5}. For X = {h4,h7,hg}7we have &(X) =
{h4,h7,h8},andR7p(X) = {hg,hg,h4,h5,h7,hg}. Hence —&(X) = {hl,hg,h37h5,h6}
and —Rp(X) = {h1,he}. In addition,we have that Rp(—X) = {h1,hs, he},and
Rp(—X) = {h1,ha,h3,ha,hs,he}. Easily one can see —Rp(X) C Rp(—X) and
“Rp(X) € Rp(~X).

The following table indicates some deviations between Pawlak space and soft
space on some properties of lower and upper approximations.

Pawlak space Soft space
X C Rp(X). X ¢ R(X).
RU)=RU)=U.|  Bp(U) = Fp(U) = UacaFl(a).
R(X) = BR(X). Rp(X) C RpRp(X).
R(X) = R R(X). Rp(X) C Rp Bp(X).
~R(X) = R(-X) ~Rp(X) C Rp(-X)
—R(X) = R(—X). —Rp(X) C Rp(—X)
when S = (F, A) be a full soft set over U.
Tablel

4. SOFT ROUGH TOPOLOGY

Modern topology depends strongly on the ideas of set theory. This section is
attempt to introduce and study the concepts of soft rough topology and some of it’s
properties.

Definition 4.1. Let U be the universe,P = (U, S) be a soft approximation space
and 7sr(X) = {U, 2, Rp(X), Rp(X), Bndp(X)}, where X C U. 7sr(X) satisfies
the following axioms:
(i) U and @ € 19r(X),
11
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(ii) the union of the elements of any subcollection of 7gg(X) is in 7sr(X),
(iii) The intersection of the elements of any finite subcollection ofrsg(X) is in
TSR (X)

Tsr(X) forms a topology on U called as the soft rough topology on U with respect
to X. (U,7sr(X), E) is called a soft rough topological space.

Example 4.2. Let U = {1, 22, 23, 24, T5, T, 7,28}, F = {e1, 2, €3, €4, €5, €6+ and
A = {e1,ea,e3,e4} C E. Consider the soft approximation P = (U, S),where S =
(F, A) is a soft set over U given by: F(e1) = {xa,z3}, F(e2) = {21, 24,25}, F(e3) =
{z6}, F(es) = {7,258} For X = {x9,24,26},we have Rp(X) = {x¢},Rp(X) =
{1,229, T3, T4, x5, 26 },and Bndp(X) = {x1, T2, 3, 24,25}. Then

Tsr(X) = {U, @, {xe}, {21, x2, 23, 24, x5, 6 }, {21, T2, T3, 24, 25} }
is a soft rough topology.

Proposition 4.3. If Tsr(X) is a soft rough topology on U with respect to X, then
the set § = {U, Rp(X), Bndp(X)} is a base for Tsr(X).

Proof. (i) UaegA =U.

(i) Let U and Rp(X) € f and W = Rp(X). Then Yz € U N Rp(X),3W C
UNRp(X),z € W. Similarly for U, Bndp(X) € 8 and Rp(X), Bndp(X) € (. Thus
B is a base for 7gr(X). O

Definition 4.4. Let (U, 7sr(X), E) be a soft rough topological space with respect
to X,where X C U and A C U. The soft rough interior of A is defined as the union
of all soft rough-open subsets of A and it is denoted by SR — Int(A). The soft rough
closure of A is defined as the intersection of all soft rough closed subsets containing
A and it is denoted by SR — CI(A).

Definition 4.5. Let (U, 7sr(X), E) and (V,75r/(Y), E) be two soft rough topolog-
ical spaces with respect to X and Y respectively. 7gr/(Y) is finer than 7gr(X), if
Tsr (Y) 2 7sr(X).

Theorem 4.6. Let (U, 7sr(X), E) and (V,7sr/(Y), E) be two soft rough topological
spaces,and 3, Br be soft rough bases for Tsgr and Tsg:,respectively. If Brr C B,then
Tsg 18 finer than Tsg .

Proof. Let B C 3. Then, for each A € 75 and C € Br/, A = Ucep,,, C = UcepC.
Thus, 8 € Tsr. So Tsr' C TsR. -

Definition 4.7. Let (U, 7sr(X), E) be a soft rough topological space and A C B C
U. Then, the collection 7sp, = {B;NA: B; € Tsr,i € I C N} is called a soft rough
subspace topology on A. Then, (A, Tsg, ) is called a soft rough topological subspace
of (B, TSR).

Theorem 4.8. Let (U, 7sr(X), E) be a soft rough topological space and A C B. Then
TSR, 1S a soft rough topology.

12
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Proof. Indeed, it contains @ and A, because 2N A = @ and BN A = A, where
@, B € Tgg. Since 7sg = {B; : B; C B,i € I}, it is closed under finite soft intersec-
tions and arbitrary soft unions:

ﬁBmA ﬂB

el iel
Usina =(JB)
i€l i€l

5. CONTINUITY OF SOFT ROUGH TOPOLOGICAL SPACE

Definition 5.1. Let (U, 7sr(X), E) and (V,7sr/(Y), E) be two soft rough topolog-
ical spaces. The mapping f : (U,7sr(X),E) = (V,75r/(Y), E) is called soft rough
continuous on U, if the inverse image of each soft rough-open set in V' is soft rough
open in U.

Example 5.2. Let U = {p1,p2,p3,pa}, & = {e1,e2,e3,ea}, A = {e1,e3,e4} C E
and S = {(e1, {p1,pa}), (€3, {p2}), (es, {p3})}. If X C U such that X = {p3,ps},
then we have Rp(X) = {p1,p3,p4}, Rp(X) = {p3} and Bndp(X) = {p1,ps}. Thus
Tsr(X) = {U,2,{p1,ps, pa}, {ps}. {p1,pa}} is a soft rough topology.

Let V = {s1, 82,583,584}, 5" = {(e1,{s1}), (es, {s2,53}), (e4,{s4})} and ¥ = {s3,54} C
V. Then we have Rp(Y) = {s2, 53,54}, Rp(Y) = {54} and Bndp, (Y) = {s2, s3}. Thus
rsr(Y) = (V.. {5, 55,54}, {82, 83}, {54} I8 & soft rough topology.

Define f : U — V such that f(p1) = s2, f(p2) = s1, f(p3) = sa,and f(ps) = s3.
Then f~'({s2,s3,54}) = {p1,p3,pa}, ' ({s2,53}) = {p1.pa}} and f~'({s4}) =
{ps}. Thus f is soft rough continuous, since the inverse image for each soft rough-
open set in V' is soft rough -open in U.

Theorem 5.3. A function f: (U,7sr(X), E) = (V,7sr/(Y), E) is soft rough con-

tinuous on U if and only if the inverse image of every soft rough closed set in V is
soft rough closed in U.

Proof. Let f be soft rough continuous and F' C V be soft rough closed. For a
soft open rough set (V — F), we have f~%(V — F) = U — f~1(F) is soft rough
open. Thus,f~1(F) is soft rough closed in U.

Conversely, Let G C V be soft rough open. Then (V' — G) is soft rough closed.
Thus f~5(V — G) = U — f~1G) is a soft rough closed in U. So f~!(G) is a soft
rough open in U. Hence, F is a soft rough continuous function. O

Theorem 5.4. A function f: (U,7sr(X), E) = (V,7sr(Y), E) is soft rough con-
tinuous on U if and only if f~1(SR' —Int(B)) C SR—Int(f~1(B)) for every subset
B of V.

Proof. Let f be soft rough continuous and B C V. Then SR — Int(B) is soft rough-
open in U. But

f~YB) c f7Y(SR — Int(B)) = SR — Int[f (SR’ — Int(B))].

Thus, f~(SR' — Int(B)) C SR — Int(f~(B)).
13



M.Y.Bakier et al./Ann. Fuzzy Math. Inform. 15 (2018), No. 1, 9-16

Conversely, let f~1(SR' — Int(B)) C SR — Int(f~1(B)), for every subset B of
V. If B is soft rough-open in V, then SR — Int(B) = B. Thus f~'(SR' — Int(B)) C
SR—Int(f~Y(B)). That is, f~Y(B) C SR—Int(f~*(B)). But f~1(SR'—Int(B)) C
f~YB). So f~Y(B) = SR — Int(f~*(B)). Hence f~1(B) is soft rough-open in U,
for every soft rough-open set B in V. Therefore, f is soft rough continuous. g

Example 5.5. Let U = {p1,p2,p3,p4}, £ = {e1,e2,e3,e4}, A = {ez,e3,e4} C
E and S = {(ea,{p1}), (e3,{p2,ps}), (ea,{ps})}. For X = {pa,ps} C U. Then
we have 7or(X) = {U, D, {p2, 3, P4}, {p2, 04}, {p3}} is a soft rough topology and
(TSR)C(X) = {Ua®7 {pl}a {plap?)}v {p15p25p4}}-

Let V. = {s1,52,83,54} and S" = {(e2,{s1}), (e3,{s2}), (es,{s3})}. For ¥ =
{52,853} C V, we have 75r/(Y) = {V, 2, {s2,s3}} is a soft rough topology and
(tsr)(Y) = {V, 2, {51, 54} }.

Define f : U — V such that f(p1) = s1, f(p2) = s2, f(p3) = s4 and f(ps) =
s3. Then the inverse image of every soft rough-closed set in V' is soft rough -closed
in U. Thus f is soft rough continuous.

Let B = {s2,83,84} C V. Then we have f~'(SR' — Int(B)) = f~1({s2,s3}) =
{p2, ps} and SR—Int(f~(B)) = SR—Int({ps, p3,ps}) = {p2,p3, pa}. Thus f~1(SR'—
Int(B)) C SR — Int(f~1(B)), for every subset B of V.

Theorem 5.6. A function f: (U,7sr(X),E) = (V,7sr/(Y), E) is soft rough con-
tinuous on U if and only if f(SR— CI(A)) C SR — CI(f(A)), for every subset A of
U.

Proof. Suppose f be soft rough continuous and let A C U. Then f(A) CV, SR —
CIl(f(A)) is soft rough closed in V, f~(SR' — CI(f(A))) is soft rough closed in
U, f(4) € SR - CIU(f(A)), AC f (SR — CU(f(A))). Thus f~'(SE — CI(f(A))
is a soft rough closed set containing A. So SR—CI(A) C f~(SR' —CI(A)), f(SR—
Cl(A)) C SR —CI(f(A)).

Conversely,let f(SR — CI(A)) C SR — CI(f(A)), for every subset A of U and
F is a soft rough closed set in V. Then f~Y(F) C U, f(SR — CI(f~1(F))) C
SR-CI(f(f~Y(F))) C SR—CI(F). That is, SR—CI(f~Y(F)) C f~Y(SR'-CI(F)) =
FY(F). Thus SR — CI(f~Y(F)) C f~Y(F). But f~'(F) C SR — CI(f~'(F)). So
SR—CI(f~Y(F)) = f~1(F) and f~1(F) is soft rough closed set in U, for every soft
rough closed F' in V. Hence f is soft rough continuous. O

Remark 5.7. When f is soft rough continuous,the equality does not hold in the
previous theorem. For example, let U = {p1,p2,ps,p4}, E = {e1,€e1,e3,e4}, B =
{er,e3,e4} C Eand S = {(e1, {p1}), (€3, {p2, p1}), (e, {p3})}. For X = {p1,p3,pa} C
Ua we have TSR(X) = {Uaga{plvp(?o}?{p%pél}}' Let V = {81332783354} and §' =
{(e1, {s1,83}), (e3,{s2}), (ea,{s4})}. For Y = {s1,82} C V, we have 7s5r/ (V) =
{V, I, {82}, {81, 83}7 {81, S92, 83}}

Define f : U — V such that f(p1) = s2, f(p2) = s1, f(p3) = s2,and f(ps) =
s1. Then f~1(V) = U, f~1(@) = @, f {52} = {p1,p3},
fYs1,83} = {p2,pa} and f~1{sy, 89,53} = U. Thus the inverse image of every soft
rough-open set in V' is soft rough -open in U. So f is soft rough continuous.

Let A = {p1,ps} C U, Then we have f(SR' — Ci(A)) = f({p1,ps}) = {s2}. But,
SR—CI(f(A)) = SR—CIl({s2}) = {s2,84}. Thus f(SR—CI(A)) # SR—CI(f(A)),

14
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for every subset A of U, even though f is soft rough continuous. That is,equality
does not hold in the previous theorem when f is soft rough continuous.

6. APPLICATION

In this section we apply the concept of soft rough topology in Diabetes mellitus
(DM). Consider the following information table giving data about 6 patients. The
rows of the table represent the attributes (the symptoms for Diabetes ) and the
columns represent the objects (the patients). Let U = {p1,p2,ps, P4, 5,06} and
A = {e1,eq,e3}, where e; stands for Increased Hunger, es stands for Frequent
Urination, es stands for Increased Thirst. Let S = (F, A) be a soft set over U given
by Table 2 and the soft approximation space P = (U, S) . For X = {p1,p2,ps3},the
set of patients having diabetes,we have 7sr(X) = {U, &, {p1,p2,p3}, {4, P5, 6} } is
a soft rough topology and its basis, 8 = {U, {p1, p2, ps}, {p4, 5,06} }-

If the attribute ' Increased Hunger’ is removed, then we have

TSR—e; (X) = {U7 @, {plap2ap3}7 {p47p57p6}}

is a soft rough topology and its basis, 3 —e1 = {U, {p1,p2,p3}, {P4, 5. p6}} = B.
If the attribute * Frequent Urination’ is removed, then we have

TSR—eo (X) = {U» @, {p17p27p47p57p6}}
is a soft rough topology and its basis, 8 — ex = {U, &, {p1, p2, P4, D5, D6} } # 5.
If the attribute ’ Increased Thirst’ is removed, then we have
TSR—es (X) = {U7 @, {p17p27p3}7 {p47p57p6}}

is a soft rough topology and its basis, 8 — ez = {U, {p1,p2,p3}, {P4,05,06}} = B-
Thus CORE(SR) = {e2}, i.e, 'Frequent Urination’ is the key attribute that has
close connection to the disease diabetes.

A\U P1 P2 DPs3 P4 Ds Ps

el 1 0 0 1 1 1

es 1 1 1 0 0 0

es 0 1 0 1 1 1

Diabetes 1 1 1 0 0 0
Table2

7. CONCLUSIONS

In this work, we have shown that real world problems can be dealt with the soft
rough topology. The concept of basis has been applied to find the deciding factors
of a chronic disease 'Diabetes’. We could find that frequent urination is the only
deciding symptom for diabetes.
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