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1. INTRODUCTION

The idea of statistical convergence was introduced by Steinhaus [13] and also
independently by Fast [3] for real or complex sequences. Statistical convergence is
a generalization of the usual notion of convergence, which parallels the theory of
ordinary convergence.

Let K be a subset of the set of positive integers N x N x N, and let us denote
the set {(m,n, k) € K:m <u,n <v,k <w} by Kyyy. Then the natural density
of K is given by ¢ (K) = limyyw—co %, where | K| denotes the number of
elements in Ky,,. Clearly, a finite subset has natural density zero, and we have
0 (K¢ =1-06(K) where K¢ = N\K is the complement of K. If K1 C Ko, then
6 (K1) <0(Ka).

Throughout the paper, R denotes the real of three dimensional space with metric
(X,d). Consider a triple sequence & = (Zynk) such that z,,,r € R,m,n,k € N.

A triple sequence x = (Znk) is said to be statistically convergent to 0 € R,
written as st — lim x = 0, provided that the set

{(m,n,k) S N3 : |1'mnkta0| > 6}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit
of the triple sequence x.
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If a triple sequence is statistically convergent, then for every € > 0, infinitely
many terms of the sequence may remain outside the e— neighborhood of the sta-
tistical limit, provided that the natural density of the set consisting of the indices
of these terms is zero. This is an important property that distinguishes statistical
convergence from ordinary convergence. Because the natural density of a finite set is
zero, we can say that every ordinary convergent sequence is statistically convergent.

If a triple sequence © = (&) satisfies some property P for all m,n, k except
a set of natural density zero, then we say that the triple sequence = satisfies P for
almost all (m,n, k) and we abbreviate this by a.a. (m,n,k).

Let (mmmj;w) be a sub sequence of © = (Zpnk). If the natural density of the
set K = {(mj,n;,ke) € N*: (i,5,0) € N*} is different from zero, then (2, p,k,) is
called a non-thin subsequence of a triple sequence z.

¢ € Ris called a statistical cluster point of a triple sequence © = (&%) provided
that the natural density of the set

{(m,n, k) € N> ¢ |zppnr, — €| < €}

is different from zero for every ¢ > 0. We denote the set of all statistical cluster
points of the sequence x by T';.

A triple sequence x = (Znk) is said to be statistically analytic if there exists a
positive number M such that

5 ({(m k) € N ¢ [z |/ TR > M}) —0

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on. For example one may refer to Tripathy and Goswami [15, 16,

) ]'

The idea of rough convergence was introduced by Phu [10], who also introduced
the concepts of rough limit points and roughness degree. The idea of rough conver-
gence occurs very naturally in numerical analysis and has interesting applications.
Aytar [2] extended the idea of rough convergence into rough statistical convergence
using the notion of natural density just as usual convergence was extended to sta-
tistical convergence. Pal et al. [9] extended the notion of rough convergence using
the concept of ideals which automatically extends the earlier notions of rough con-
vergence and rough statistical convergence.

Let (X,p) be a metric space. For any non empty closed subsets A, Apnr C
X (m,n,k € N), we say that the triple sequence (A1) is Wijsman statistical con-
vergent to A is the triple sequence (d (z, Amng)) is statistically convergent to d (x, A) ,
i.e., for € > 0 and for each x € X

1
lir?—t|{m§r,n§s,k§t:|d(x7Amnk)—d(x,A)| > e} =0.
st 18

In this case, we write St — limyng Ak = A or Ay — A(WS). The triple
sequence (Auni) is bounded if sup,,,,,;. d (¢, Apmnk) < oo for each = € X.

In this paper, we introduce the notion of Wijsman rough statistical convergence
of triple sequences. Defining the set of Wijsman rough statistical limit points of

a triple sequence, we obtain to Wijsman statistical convergence criteria associated
48
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with this set. Later, we prove that this set of Wijsman statistical cluster points and
the set of Wijsman rough statistical limit points of a triple sequence.

A triple sequence (real or complex) can be defined as a function z : Nx N x N —
R(C), where N, R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence was
introduced and investigated at the initial by Sahiner et al. [11, 12], Esiet al. [5, 6, 7],
Dutta et al. [4], Subramanian et al. [14], Debnath et al. [3], Aiyub et al. [I] and
many others.

2. DEFINITIONS AND PRELIMINARIES

Definition 2.1. A triple sequence 2 = (Znk) of real numbers is said to be statis-
tically convergent to [ € R3 if for any € > 0 we have d (A (¢)) = 0, where

A(e) = {(m,n, k) € N> ¢ |2ppr, — 1] > €} .

Definition 2.2. A triple sequence = (Zmnk) is said to be statistically convergent
to | € R3, written as st — limz = [, provided that the set

{(m,n, k) € N*: |zppnr — 1| > €}

has natural density zero for every € > 0.
In this case, [ is called the statistical limit of the sequence x.

Definition 2.3. Let x = (xm”k)m,nAkeNxNxN be a triple sequence in a metric space
(X,].,.]) and 7 be a non-negative real number. A triple sequence & = (Zmnk) is
said to be r—convergent to [ € X, denoted by x —" [, if for any € > 0 there exists
N, € N x N x N such that for all m,n,k > N, we have

|Tmnk — U] <7+ ¢€
In this case, [ is called an r— limit of x.

Remark 2.4. We consider r— limit set « which is denoted by LIM, and is defined
by
LIM,; ={le X 1z =" 1}.

Definition 2.5. A triple sequence & = (Z,nk) is said to be r— convergent, if
LIM; # @ and r is called a rough convergence degree of z. If r = 0, then it is
ordinary convergence of triple sequence.

Definition 2.6. Let & = (Z;,,%) be a triple sequence in a metric space (X,]|.,.|)
and 7 be a non-negative real number is said to be r— statistically convergent to [,
denoted by z —"~5s [ if for any € > 0 we have d (A (¢)) = 0, where

A(e)={(m,n, k) E NXNXN: |Xppr — | > 7+ €}.

In this case, [ is called r— statistical limit of x. If » = 0, then it is ordinary statistical
convergence of triple sequence.

Definition 2.7. A class I of subsets of a nonempty set X is said to be an ideal in
X, provided that
(i) @ e,
(ii) A, B € I implies AU B € I,
49
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(iii) A € I, B C A implies B € I.
I is called a nontrivial ideal, if X ¢ I.

Definition 2.8. A nonempty class F' of subsets of a nonempty set X is said to be
a filter in X, provided that

(i) @ € F,

(ii) A, B € F implies A( B € F,

(iii) A € F, A C B implies B € F.

Definition 2.9. Let I be a non trivial ideal in X and let X # &. Then the class
F(I)={McCX:M=X\A forsome A €I}
is a filter on X, called the filter associated with I.

Definition 2.10. A non trivial ideal I in X is called admissible, if {z} € I, for each
e X.

Note 2.11. If I is an admissible ideal, then usual convergence in X implies 1
convergence in X .

Remark 2.12. If I is an admissible ideal, then usual rough convergence implies
rough I— convergence.

Definition 2.13. Let = (z;nk) be a triple sequence in a metric space (X, |.,.|)
and 7 be a non-negative real number is said to be rough ideal convergent or rI—
convergent to [, denoted by x —"7 [, if for any € > 0 we have

{(m,n, k) e NXx NXN:|zpn — | >r+et el

In this case, [ is called rI— limit of = and a triple sequence = (Zynk) is called
rough I— convergent to [ with r as roughness of degree. If r = 0, then it is ordinary
I— convergent.

Note 2.14. Generally, a triple sequence y = (Ymnk) s not I— convergent in usual
sense and |Tmnk — Ymnk| < 7 for all (m,n, k) e Nx N x N or

{(m,n, k) € NXx NXN:|Zmnk — Ymnk| > 7} €1,
for some r > 0. Then the triple sequence © = (Tymnk) s 11— convergent.
Note 2.15. [t is clear that rI— limit of x is not necessarily unique.
Definition 2.16. Consider r/— limit set of x, which is denoted by
I—-LIM, ={LeX:z—""1},

then the triple sequence © = (Zynk) is said to be rI— convergent, if I — LIM? # &
and r is called a rough I— convergence degree of x.

Definition 2.17. A triple sequence = (Zynk) € X is said to be I— analytic, if
there exists a positive real number M such that
{m k) € N XN X N [/ > 0} e 1.
50
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Definition 2.18. A point L € X is said to be an I— accumulation point of a triple
sequence & = (Zynk) In a metric space (X, d), if for each € > 0, the set

{(m,n,k) €N d(Zmnks 1) = |Zomnk — 1| < e} ¢1.
We denote the set of all I— accumulation points of x by I (') .

Definition 2.19. A triple sequence = (k) is said to be Wijsman r— convergent
to A denoted by A, —" A, provided that

Ve > 03 (me,ne, k) €N>:m >me,n > ne, k> ke =

1
lirrtl—t\{mgr,ngs,kgt: |d (z, Amni) —d (z, A)] <r+e}| =0.
rst T8

The set
LIM"A={L€R®: Appi =" A}

is called the Wijsman r— limit set of the triple sequences.

Definition 2.20. A triple sequence = (Z,n1) is said to be Wijsman r— convergent
if LIM"™A # &. In this case, r is called the Wijsman convergence degree of the triple
sequence & = (Zynk). For r = 0, we get the ordinary convergence.

Definition 2.21. A triple sequence (Z;nk) is said to be Wijsman r— statistically
convergent to A, denoted by A, —"t A, provided that the set

lirrtlé‘{(m,n,k) eN’:|d(z, Apni) —d(z, A)| > r+e}| =0

has natural density zero for every € > 0, or equivalently, if the condition
st —limsup |d(z, Apnk) — d(x, A)| <r
is satisfied.
In addition, we can write A, —"t A if and only if the inequality

13£?$ m < ron < s,k < t: |d (@, Amm) — d (2, )] < 7+ €}| = 0
holds for every € > 0 and almost all (m,n, k). Here r is called the Wijsman rough-
ness of degree. If we take r = 0, then we obtain the ordinary Wijsman statistical
convergence of triple sequence.

In a similar fashion to the idea of classic Wijsman rough convergence, the idea of
Wijsman rough statistical convergence of a triple sequence spaces can be interpreted
as follows:

Assume that a triple sequence y = (Ymnk) is Wijsman statistically convergent
and cannot be measured or calculated exactly; one has to do with an approxi-
mated (or Wijsman statistically approximated) triple sequence & = (Zynr) satisfy-
ing |d(z —y, Amnk) —d(z —y, A)| < r for all m,n,k (or for almost all (m,n, k)),
ie.,

1

6<lintlt{m§r7n§s,k§t: |d(z —y, Amni) — d (z — y, A)| >r}|> =0.
rst 8
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Then the triple sequence x is not statistically convergent any more, but as the
inclusion
(2.1)

1 1
im — - > €l D lim — — >
lim — {ld (y, Amnk) = d (y, A)| 2 €} 2 lim — {|d (2, Amnr) — d(z, A)| 2 7 + €}
holds and we have
1
) (hm H(m,n,k‘) €N Yk — 1] > 6}|> =0,

rst rst

i.e., we get

rst st

5<lim1|{m§r,n§5,k§t: |d (z, Apnk) — d (x, A)] 2T+e}|> =0,

i.e., the triple sequence spaces x is Wijsman r— statistically convergent in the sense
of definition 2.21.

In general, the Wijsman rough statistical limit of a triple sequence may not unique
for the Wijsman roughness degree r > 0. So we have to consider the so called
Wijsman r— statistical limit set of a triple sequence & = (Zynk), which is defined
by

st — LIM" Ay, = {L € R: Apppp =™ A}
The triple sequence z is said to be Wijsman r— statistically convergent provided that
st — LIM" Apni # @. It is clear that if st — LIM"A,,n1 # ¢ for a triple sequence
2 = (Zmnk) of real numbers, then we have

(2.2) st — LIM" Apnk, = [st — limsup Appg — 7, st — Uminf A,np + 7]

We know that LIM"™ = @ for an unbounded triple sequence x = (k). But such
a triple sequence might be Wijsman rough statistically convergent. For instance,
define
mnk . . 2, .
d(xaAmnk): (_1) ) 1f(m7n,k)7é(l7j7€.) (Z)j7€€N)7
(mnk), otherwise
in R. Because the set {1,64,739,...} has natural density zero, we have
_ ” _ o, ifr <1,
st = LIM At = { [1—r,r—1], otherwise

and LIM"™A,,nr = ¢ for all » > 0.

As can be seen by the example above, the fact that st — LIM" A, # @ does
not imply LIM" A, # &. Because a finite set of natural numbers has natural
density zero, LIM" Ay # & implies st — LIM"™ A # 9. Therefore, we get
LIM"™ A,k € st — LIMT™ A, k. This obvious fact means

{r>0:LIM"Appi 9} C{r>0:st — LIM" Apni # S}
in this language of sets and yields immediately
inf{r >0: LIM" Ay # @} > inf {r > 0: st — LIM" Appnr, # D} .
Moreover, it also yields directly diam (LIM" Apnk) < diam (st — LIM"™ Apng) -
Throughout the paper, we let (X;p) be a separable metric space, I C 2V° be an

admissible ideal and A; A,,,, be any non-empty closed subsets of X.
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Definition 2.22. A triple sequence (k) is said to be Wijsman r — I convergent
to A, if for every € > 0 and for each = € X,

A(z,e) ={(m,n,k) e N’ : |d(z, Apni) —d (z,A)| >+ €} €1

Definition 2.23. A triple sequence (Z;,nk) is said to be Wijsman r — I statistical
convergent to A, if for every € > 0,0 > 0 and for each = € X,

{(T,S,t) cN3: % {(r,s,t) < (m,n,k):|d(x, Apnk) —d(z, A)| > 7+ €} > 5} el

In this case, we write A, —*UW) A.

Definition 2.24. Let 6 be a lacunary sequence. A triple sequence (Z,,n) is said to
be Wijsman strongly r — I convergent to A, if for every ¢ > 0 and for each = € X,

(r,s,t) € N*: ! Z |d (z, Appni) —d (z, A)| >r+ep €1

rot (m7n7k)61'rst

In this case, we write Ayne —VeUw) A,

3. MAIN RESULTS

Theorem 3.1. If [ — LIM" |d(x, Apnk) — d(x, A)| # @ for a triple sequence
|d (z, Apnk) — d(x, A)| of real numbers, and
I—LIM"|d(z, Amnk) — d (z,A)| =
[I —limsup |d(z, Apnk) — d(z, A)| — r, I —liminf |d(z, Apnk) — d (2, A)| + 7]
then
diam (LIM" |d (z, Amni) — d (2, A)|) < diam (I — LIM" |d (z, Apnk) — d (z, A)]) .

Proof. We know that I —LIM" |d (z, Amnk) — d (2, A)| = @ for an unbounded triple
sequence |d (2, Apnk) — d (z, A)|. But such a sequence might be Wijsman rough I—
convergent. For instance, let I be the I; of N and define

cos (mnk) w, if (m,n, k) # (ij0)* (3,4, € N),
(mnk), otherwise

)

‘d(xaAnmk) - d(x,A)| = {

in R3. Because the set {1,64,739,...} belong to I, we have

_ T _ _ 9, ifr <1,
I = LIM"|d (@, Amnk) — d(z, A)] = { [1—r,r—1], otherwise
and LIMT"|d(z,Apnik) —d(x,A)] = @, for all » > 0. The fact that

I-LIM"|d(z, Apmnk) — d (2, A)| # @ does not imply LIM™ |d (x, Apnik) — d (z, A)| #
@. Because I is a admissible ideal
LIM" |d(x, Apnk) —d(x,A)| # @ = I — LIM" |d (z, Apni) — d (x, A)| # 2,

e, ife=(zmnk) € LIM"|d(x,Apmni) —d(x,A)|,(Tmnk) €I —LIM"|d(x,Amnk) —d(z,A)],

for each triple sequences. Also, if we define all the Wijsman rough convergence se-

quences by LIM" and rough I— convergence sequences by I — LIM", then we get
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LIM™ CI—LIM".
{r>0:LIM"|d(x, Apnk) — d(z,A)| # ¢} C
{r>0:1—LIM"|d(z, Apni) — d(x,A)| # ¢} .
Hence the sets yields immediately
inf{r >0: LIM"|d(x, Amnk) — d(z, A)| # ¢} >
{r>0:1—LIM"|d(z, Apni) — d(x,A)| # ¢},
for each triple sequences. Moreover, it also yield directly
diam (LIM" |d (z, Apnk) — d (z, A)|) < diam (I — LIM" |d (x, Apmnk) — d (2, A)]) .
O

Note: The Wijsman rough /— limit of a triple sequence is unique for the rough-
ness degree r > 0.

We state the following result without proof, since it can be established using
standard technique.

Theorem 3.2. If I C 3 be an Wijsman rough strongly admissible ideal and
|d (z, Apnk) — d (z, A)| be a triple sequence then we have I (A|d(z’Amnk),d(m7A)|) -
I (D, Appi) —d(z,4)]) -

Proof. Let ¢ € I(A|d(m’Amnk),d(%A)‘). If ¢ ¢ LIM"|d(z, Apni) — d(x, A)| then

there exists a set M = {(m,n, k) € N> : (upv,wi)} ¢ I, such that
(3.1)

{(m, k) € N1 @i Avani) = 4 (@i A) €T 20 g T
Let € > 0. Then by (3.1) there exists (rosotp) € N such that w,, > ro,v, > so, wr >
to, we have

{(mv n, k) € N? |d (T vpwics Amnk) = A (Tup o105 A) ’§|1/(m+n+k) >r+ 6} D)
M\{(m,n,k) EN?: (upv,wy), either u,, < (rg — 1) orv, < (so — 1) orw,, < (tg — 1)} .
Since I is Wijsman rough strongly admissible, so

{(m,n, k) € N>: |d(z, Appni) — d (z, A) ,c| >r+e} & 1.
This implies c € T (F\d(m,Amnk)—d(z,Aﬂ) . Hence

I (Ald(rvAmnk)_d(IaA)l) g I (Fld(vamnk)_d(va)‘) :
0

Theorem 3.3. If I C 3 be an Wijsman rough strongly admissible ideal, I —
LIM" |d(x, Apnk) — d(z, A)| # & for a triple sequence x = (Tynr) of real num-
bers and (i) I —limsup |d (z, Apnk) — d (2, A)| = o if and only if for any € > 0,

{(m,n,k) e N?:|d(x, Apni) —d(z,A) o > T+6} ¢ 1
and

{(m,n,k:) eN?:|d (2, Apnr) — d (2, A) ,a| > e} el
54
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(i) I —liminf |d(z, Apnk) — d(z, A)| = B if and only if for any € > 0,
{(m,n,k) € N’ ¢ |d (z, Apnr) —d (2, A) Bl <7+ e} ¢ 1
and

{(m,n, k) € N°: |d (z, Apni) — d (z, A), B| < €} € I.

Theorem 3.4. If I C 3Y be an Wijsman rough strongly admissible ideal, I —
LIM™ |d(x, Apnk) — d(x, A)| # @ for a triple sequence x = (Tynk) of real num-
bers then

I —liminf |d(x, Amnk) — d(x, A)| < T —limsup |d(z, Amnk) — d (z, A)|
holds.

Proof. Tt can be established using the techniques of Theorem 3 ([15]), so proof is
omitted. 0

Theorem 3.5. If I C 3N be an Wijsman rough strongly admissible ideal, I —
LIM" |d(x, Apnk) — d(z, A)| # @ for a triple sequence x = (Tynr) of real num-
bers then

I—LIM"|d(x, Amng) — d(z, A)| < I —liminf |d (x, Apnk) — d(z, A)| + 7

< I —limsup |d(z, Amnk) — d(x,A)|+r <I—LIM"|d(z, Apni) — d (x, A)].
Proof. We first prove that

I—LIM"|d(z, Amnk) — d(z, A)| = liminf |d(x, Apnk) — d (z, A)]

< I —liminf |d(z, Amnk) — d(z, A)| + r.

If 71— LIM"|d(x, Apnk) — d(z, A)| = liminf |d (z, Apnk) — d (2, A)| = —o0, then it
is obvious. Let I — LIM" |d (z, Apnk) — d (2, A)| — liminf = r > —oco. Then

ry=supr
uvw

where r = inf {m > u,n > v,k > w:|d(z, Apnr) — d (x, A)|}. Then
{(m,n,k) eN3: |d (z, Apnk) — d(z, A)| < 7"1} -
{(m,n, k) e N®: (m,n, k), eitherm < (u—1) orn < (v—1) ork < (w—1)}.

The fact that I — LIM"|d(z,Amnk) —d(z,A)] # @ does not imply
LIM™|d (2, Amnk) — d(z, A)| # @. Since I is strongly admissible ideal

LIM"|d(x, Amni) —d(x,A)| # @ =T — LIM" |d (2, Apni) — d (z, A)| # 2,
we have
{(m,n, k) € N®: (m,n,k), eitherm < (u—1) orn < (v—1) ork < (w—1)} €1,
so, then there exists € > 0 such that

{(m,n, k) eN®: |d (z, Apni) — d (z, A)| <711 +€} €1.

Now, let ro = I — liminf|d (z, Apnk) — d(z,A)] = inf Ay (e). Since a € I —
LIM™|d(x, Amnk) — d (z, A)|, we have A; (e) € I for every € > 0, where

Ai(e)={aeR:{(m,nk) e N*:|d(z, Apnr) —d(z,A),a| >a+e} ¢ 1}.
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Now if r9 < rq, then there exists ad €A (¢) such that ro < a < r1, we have,

{r>0:LIM" |d(x, Apni) — d (z, A)| # ¢} C
{r>0:1—LIM"|d(z, Apnt) — d (z, A)| # 2}

Hence the sets yields immediately
inf{r>0: LIM"|d(x, Amnk) — d(z, A)| # ¢} >
{r>0:1—LIM"|d(z, Amni) — d (z,A)| £ &}.
for each triple sequences. However,

{(mm,k) € N®: |d (2, Apni) — d (2, A)| < d +e} c

{(m,n, k) e N®: |d(z, Anie) —d (z, A)| <11 +e} €1

which yields a ¢ A (¢), which is a contradiction. Then ro > ry for all (u,v,w).
Hence it also yield directly r1 < rs, i.e.,

I—LIM"|d(z,Amnk) — d(z, A)| = liminf |d(x, Amnk) — d (2, A)] < T —liminf z.

Similarly we can show

I —limsup |d(z, Apnk) —d(x, A)| < T — LIM "z —limsup |d (z, Apnk) — d(x, A)|.
O
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