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ABSTRACT. The notion of hyperfuzzy set was introduced by Ghosh
and Samanta as a generalization of fuzzy sets and interval-valued fuzzy
sets. In this article, this is applied to BCK/BC1I-algebras. The notions
of hyperfuzzy substructures/subalgebras of type (i,7) for 4,5 € {1,2,3,4}
are introduced, and related properties are investigated. Relations between
hyperfuzzy substructure/subalgebra and its length are discussed, and the
properties of hyperfuzzy subalgebras related to upper and lower level sub-
sets are investigated.
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1. INTRODUCTION AND PRELIMINARIES

BC K-algebras entered into Mathematics in 1966 through the work of Imai and
Iséki [3], and have been applied to many branches of Mathematics, such as group
theory, functional analysis, probability theory and topology. Such algebras generalize
Boolean rings as well as Boolean D-posets (= M V-algebras). Also, Iséki introduced
the notion of a BC'I-algebra which is a generalization of a BC'K-algebra (see [1]).
The fundamental concept of fuzzy sets was initiated by Zadeh [6] in 1965. The fuzzy
algebraic structure plays an important role in Mathematics with wide applications in
many other branches, for example, theoretical physics, control engineering, computer
and information science, coding theory, graph theory and decision making problem
etc. Ghosh and Samanta [I] introduced the notion of hyperfuzzy sets which is a
generalization of fuzzy sets and interval-valued fuzzy sets.

In this paper, we apply the notion of hyperfuzzy set to BCK/BC1I-algebras.
We first introduce the notion of k-fuzzy substructure for k € {1,2,3,4} and then
we introduce the concepts of hyperfuzzy substructures of several types by using k-
fuzzy substructures, and investigate their basic properties. We introduce the notion



Y. B. Jun et al./Ann. Fuzzy Math. Inform. 15 (2018), No. 1, 17-28

of hyperfuzzy subalgebras of type (i,7) for 4,5 € {1,2,3,4}. We discuss relations
between hyperfuzzy substructure/subalgebra and its length. We investigate the
properties of hyperfuzzy subalgebras related to upper and lower level subsets.

By a BCI-algebra we mean a system X := (X, *,0) € K(7) in which the following
axioms hold:

(@) ((zxy)*(zx2))*(zxy) =0,

(D) (2 * (z*y)) xy =0,
(III) zxx =0,
V) zxy=yxx=0 = =y
for all x,y,z € X. If a BCI-algebra X satisfies 0 x x = 0 for all z € X, then we say
that X is a BCK-algebra. We can define a partial ordering < by

(Vz,ye X)(z <y < zxy=0).

In a BCK/BC1I-algebra X, the following hold:
(1.1) (Ve e X) (zx0=ux),
(1.2) (Ve,y,z € X) (x*xy) * 2 = (z*2) xy).

A non-empty subset S of a BCK/BC1I-algebra X is called a subalgebra of X if
zxy € Sforall z,y e S.

We refer the reader to the books [2] and [5] for further information regarding
BCK/BCI-algebras.

By a fuzzy structure over a nonempty set X we mean an ordered pair ({( ,p)of X
and a fuzzy set p on X. Let X be a nonempty set. A mapping i : X — P([0,1]) is

called a hyperfuzzy set over X (see [1]), where P([0,1]) is the family of all nonempty
subsets of [0, 1].

2. HYPERFUZZY SUBSTRUCTURES

Definition 2.1. For any nonempty set X with a binary operation *, a fuzzy set
X —[0,1] is called a
o fuzzy substructure of X with type 1 (briefly, 1-fuzzy substructure of X) if

(2.1) (Va,y € X) (u(z xy) = min{u(z), u(y)}) ,

o fuzzy substructure of X with type 2 (briefly, 2-fuzzy substructure of X) if
(2.2) (Va,y € X) (u(z xy) < min{u(z), u(y)})

o fuzzy substructure of X with type 3 (briefly, 3-fuzzy substructure of X) if
(2.3) (Va,y € X) (u(z x y) = max{pu(z), n(y)}),

o fuzzy substructure of X with type 4 (briefly, 4-fuzzy substructure of X) if
(2.4) (Va,y € X) (u(z x y) < max{pu(x), u(y)}) -

It is clear that every 3-fuzzy substructure is a 1-fuzzy substructure and every
2-fuzzy substructure is a 4-fuzzy substructure.
Let X be a nonempty set with a binary operation *. Given a hyperfuzzy set
fi : X — P([0,1]), we consider two fuzzy structures (X, fiint) and (X, fisup) over X
in which
18
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fint : X —[0,1], x+— inf{a(x)},
fisup : X = [0,1], x> sup{ji(x)},

Let X be a nonempty set with a binary operation *. Given a fuzzy structure
(X, p) over X, we can induce a hyperfuzzy set over P(X) as follows:

p:P(X) = P(0,1]), A~ {pla)]|ac A}

where 75(X ) is the family of all nonempty subsets of X. For any A, B € 75(X ), we
define

AxB={axblac Abec B}.

Theorem 2.2. Let X be a nonempty set with a binary operation . If yn: X — [0, 1]

is a 1-fuzzy substructure of X, then fisyp : P(X) — [0,1] and fiins : P(X) — [0,1]
are 1-fuzzy substructures of P(X).

Proof. Assume that p: X — [0,1] is a 1-fuzzy substructure of X, and let A, B €

P(X). Then
fsup(A% B) =sup{u(a*b) |a € Abe B},
fint (A% B) = inf {u(a+b) |a € A,b € B}.
Note that for any € > 0 there exist ag € A and by € B such that
(a0) > sup{u(a) | a € A} —e,
pi(bo) > sup{u(b) [ b € B} —¢,
respectively. Hence
fisup(A % B) =sup{u(a*b) |a€ A be B}
> plag * bo) = min{p(ao), pu(bo)}
> min {sup{p(a) | a € A} —¢, sup{u(d) |b € B} —¢}
> min {sup{u(a) | a € A}, sup{u(b) |b € B}} —¢
= min {fisup(4), fisup(B)} — €.
Since £ is arbitrary, it follows that fisu,(A* B) > min {fisup(A4), fisup(B)}. Hence
fisup : P(X) — [0,1] is a 1-fuzzy substructure of P(X). Also, we have
finf(A% B) =inf{u(axb) | a € A, b€ B}
> inf {min{u(a), u(b)} | a € A,b € B}
> min {inf{u(a) | a € A}, inf{u(d) | b€ B}}
= min {/iin¢(A), funt(B)} -
Therefore fiine : P(X) — [0,1] is a 1-fuzzy substructure of P(X). O
Theorem 2.3. Let X be a nonempty set witi} a binary operation *. [fy : X —[0,1]
is a 4-fuzzy substructure of X, then fisyp : P(X) — [0,1] and fiins : P(X) — [0,1]

are 4-fuzzy substructures of 75(X)
19
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Proof. Assume that p: X — [0,1] is a 4-fuzzy substructure of X. If figyp : P(X) —
[0,1] is not a 4-fuzzy substructures of P(X), then
ﬁSUP(A * B) > max {ﬂsup (A)v /lsup(B)}
for some A, B € 75(X)7 and so there exist ag € A and by € B such that
p(ag * bo) > max {fisup (A), fsup(B)} -
Since p is a 4-fuzzy substructure of X, it follows that
p(ao) > max {fisup(A), fisup(B)} = fisup(A)
or
11(bo) > max {fisup(A), fisup(B)} = fisup(B)-
This is a contradiction, and thus
fisup (A * B) < max {fisup(A), fisup(B)}

for all A, B € P(X). Therefore fisup : P(X) — [0,1] is a 4-fuzzy substructure of
P(X). Now, note that for any positive number J there exist ag € A and by € B such
that

inf{u(a) | a € A} > p(ag) — 6,
inf{su(b) | b € B} > u(bo) — 6
respectively. It follows that
max {fint (A), fint (B)} = max {inf{u(a) | a € A}, inf{u(s) | b€ B}}
> max {u(ao) — 6, p(bo) — 6}
= max {u(ao), p(bo)} — 0
> p(ag *bg) — 6
> fiinf(A* B) =6
which shows that fiin(A% B) < max {ftint (A), fing(B)} since 0 is arbitrary. Thus
fing 1s a 4-fuzzy substructures of P(X). O

Question 2.4. Let X be a nonempty set with a binary operation x*.
(1) If p: X — [0, 1] is a 2-fuzzy substructure of X, then are fisup : P(X) —[0,1]
and fiing : P(X) — [0,1] 2-fuzzy substructures of P(X)?
(2) If p: X — [0, 1] is a 3-fuzzy substructure of X, then are fisup : P(X) —[0,1]
and fiinf : P(X) — [0,1] 3-fuzzy substructures of P(X)?

Definition 2.5. For any nonempty set X with a binary operation *, a hyperfuzzy
set i : X — P([0,1]) is called a hyperfuzzy substructure of X with type (i, j) for i,j €
{1,2,3,4} (briefly, (i, j)-hyperfuzzy substructure of X) if fiin¢ is a i-fuzzy substructure
of X and figyp is a j-fuzzy substructure of X.

Given a hyperfuzzy set ji : X — P(]0,1]) over a nonempty set X, we define
(2.5) fe: X —[0,1], x> figup(x) — fint(x)

which is called the length of fi.
20
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Theorem 2.6. Let X be a nonempty set with a binary operation x. If a hyperfuzzy
set i : X — P([0,1]) over X is a (4,3)-hyperfuzzy substructure of X, then fip is a
3-fuzzy substructure of X.

Proof. Assume that fi : X — P([0,1]) is a (4, 3)-hyperfuzzy substructure of X. Then
flint is a 4-fuzzy substructure of X and figup is a 3-fuzzy substructure of X. Hence

(2.6) fiing (z % y) < max{fiins(2), fins (y)}
and
fisup (T * y) > max{fisup (), fisup(y) }

for all z,y € X. Then fins(x *y) < fing(x) or fins(z * y) < fAine(y) by (2.6). If
fint (z % y) < flint(7), then

fo(x*y) = [Lsup(x * 1) — flint (T * y) > ﬁsup(x) — fint (z) = fie(2).
If fing(z xy) < fing(y), then

fre(x % y) = fisup (2 % y) = fing (T % Y) 2 fsup(y) — fins(y) = [ie(y)-
It follows that fig(z *y) > max{fie(z), fre(y)}. Therefore fi, is a 3-fuzzy substructure
of X. O

Corollary 2.7. Let X be a nonempty set with a binary operation *. If a hyperfuzzy
set i : X — P([0,1]) over X is a (4,3)-hyperfuzzy substructure of X, then fip is a
1-fuzzy substructure of X.

Theorem 2.8. Let X be a nonempty set with a binary operation x. If a hyperfuzzy
set i : X — P([0,1]) over X is a (3,4)-hyperfuzzy substructure of X, then [ig is a
4-fuzzy substructure of X.

Proof. Assume that fi : X — P([0,1]) is a (3, 4)-hyperfuzzy substructure of X. Then
flinf is a 3-fuzzy substructure of X and fig,p is a 4-fuzzy substructure of X. Hence

fiing (2 y) > max{fune (@), fiine (y) }

and
(2.7) Py (0 ) < ey (@), oup (3)}
for all z,y € X. Then fsup(z * y) < figup(x) OF fisup(z * y) < fisup(y) by (2.7). If
fisup (T * Y) < fisup(z), then

fig (@ % y) = fisup (@ * y) — fint (2 * Y) < fisup () — fling(x) = fie().
If fisup (2 * y) < fisup(y), then

fie(z + y) = fisup(x * y) = fint (€ * y) < fisup(y) = fing(y) = fe(y)-

Thus fie(z * y) < max{fie(z), fie(y)}, and therefore fiy is a 4-fuzzy substructure of
X. O

Theorem 2.9. Let X be a nonempty set with a binary operation x. If a hyperfuzzy
set i : X — P([0,1]) over X is a (3,2)-hyperfuzzy substructure of X, then fip is a
2-fuzzy substructure of X.

21
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Proof. Assume that i : X — P([0,1]) is a (3, 2)-hyperfuzzy substructure of X. Then
ftinf is & 3-fuzzy substructure of X and fig,p is a 2-fuzzy substructure of X. Hence

Hint (-73 * y) > max{ﬂirlf (33), Hint (y)}
and
for all z,y € X. It follows that
ﬂé('r * y) = ﬂsup(m * y) - ﬂinf(x * y) S /jcsup(x) - ﬂinf(-r) - ﬂ@(l‘)
and
ez * y) = fisup( * y) — fint (2 * Y) < fisup(y) — fint(y) = fe(y).

Hence fig(z * y) < min{fie(z), fie(y)} for all x,y € X. Therefore fi, is a 2-fuzzy
substructure of X. O

Corollary 2.10. Let X' be a nonempty set with a binary operation *. If a hyperfuzzy
set i : X — P([0,1]) over X is a (3,2)-hyperfuzzy substructure of X, then [ig is a
4-fuzzy substructure of X.

Theorem 2.11. Let X be a nonempty set with a binary operation x. If a hyperfuzzy
set i : X — P([0,1]) over X is a (2,3)-hyperfuzzy substructure of X, then [ig is a
3-fuzzy substructure of X.

Proof. Assume that fi : X — P([0,1]) is a (2, 3)-hyperfuzzy substructure of X. Then
flinf is a 2-fuzzy substructure of X and fis,p is a 3-fuzzy substructure of X. Hence

fint (2 * y) < min{fing (), fine(y) }
and
ﬂsup(]} * y) > maX{/]'sup (l‘), ﬂsup(y)}
for all z,y € X. Then

ﬂf(‘r * y) = ﬂsup(x * y) - ﬁinf(w * y) > ﬂsup(x) - [Linf(x) = ,U/Z(x)
and
ﬂg(.’E * y) = ﬂsup(m * y) - ﬂiﬂf (.’L‘ * y) Z ﬂsup(y) - /]'inf(y) = /]Z(y)

It follows that fig(z * y) > max{fis(x), ie(y)}. Hence fip is a 3-fuzzy substructure of
X. O

Corollary 2.12. Let X be a nonempty set with a binary operation *. If a hyperfuzzy
set i : X — P([0,1]) over X is a (2,3)-hyperfuzzy substructure of X, then [ig is a
1-fuzzy substructure of X.

Given a hyperfuzzy set ji : X — P([0,1]) over X, we define
fie : X = [=1,0], 2~ fiint(T) — fisup ().

Note that fie(z) = —fie(x) for all z € X.
22
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Theorem 2.13. Let X be a nonempty set with a binary operation x. If a hyperfuzzy
set i : X = P([0,1]) over X is a (2,1)-hyperfuzzy substructure of X, then

(2.8) (Vo,y € X) (fie(z + y) < max{jig(x), fig(y)}) -
Proof. If i : X — P([0,1]) is a (2, 1)-hyperfuzzy substructure of X, then fiyy is a
2-fuzzy substructure of X and fig,p is a 1-fuzzy substructure of X. Hence
l]inf(x * y) < min{ﬂinf(x)a ﬂinf(y)}
and
(2.9) fisup (T * y) > min{fisup (@), fsup (y) }
for all z,y € X. (2.9) implies that fisup(z *Y) > fsup(z) OF figup (@ *Y) > fisup(y). If
fsup (T * y) > fisup(), then

fig(x % y) = fiing(z * y) — fisup( % ¥) < fiint () — fisup(2) = fig(2).
If fisup(z *y) > fisup(y), then
fig (@ % y) = fling (T * Y) — fsup (2 * Y) < flint (Y) — Asup(y) = fe(y)-
It follows that fie(z *y) < max{fie(z), fte(y)} for all z,y € X. O

Theorem 2.14. Let X be a nonempty set with a binary operation x. If a hyperfuzzy
set i : X = P([0,1]) over X is a (1,2)-hyperfuzzy substructure of X, then

(2.10) (Va,y € X) (fie (2 + y) > max{jie(z), e (y)}) -

Proof. If i : X — P([0,1]) is a (1,2)-hyperfuzzy substructure of X, then fiy is a
1-fuzzy substructure of X and fis,p is a 2-fuzzy substructure of X. Hence

[Linf (IE * il/) 2 min{ﬂinf (x)a ﬂinf(y)}
and

for all x,y € X. It follows that

fig (T * y) = fint (T * Y) — fisup(T * Y) > fint(T) — fsup(¥) = fig(T)

or

fig (% y) = fling (T * Y) — fsup (T * Y) = flint(Y) — Asup(y) = fe(y)-
Hence fig(x *y) > max{fie(z), fe(y)} for all z,y € X. O
3. HYPERFUZZY SUBALGEBRAS

Given a nonempty set X, let Bx (X) and By (X) denote the collection of all BC K-
algebras and all BCI-algebras, respectively. Also B(X) := Bg(X) U B (X).

Example 3.1. Given a set X = {0, 1,2}, we have three BC K-algebras as follows:

£ [0 1 2 £ |0 1 2 ¥ [0 1 2

00 00 00 00 00 00

1(1 0 0 1110 0 11 0 1

22 10 212 20 22 2 0
23
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Hence Br(X) = {(X,*1,0), (X, *2,0), (X, *3,0)}. Also, we have two BCI-algebras
as follows:

o1 [0 1 2 0 [0 1 2
00 2 1 00 0 2
11 0 2 110 2
212 10 22 2 0

and so Br(X) = {(X,01,0), (X, 02,0)}. Therefore
B(X) = {(X,*1,0), (X, *2,0), (X, %3,0), (X, 01,0), (X, 02,0)} .

Definition 3.2. For any (X, *,0) € B(X), a mapping p : (X, *,0) — [0, 1] is called
a fuzzy subalgebra of X with type 1, 2, 3 and 4 (briefly, 1, 2, 3 and 4-fuzzy subalgebra
of X)) if p satisfies the condition (2.1), (2.2), (2.3) and (2.4), respectively.

=

Definition 3.3. For any (X, *,0) € B(X), a hyperfuzzy set ji : (X, *,0) — P([0,1])
is called a hyperfuzzy subalgebra of (X,*,0) with type (i,7) for 4,5 € {1,2,3,4}
(briefly, (i, j)-hyperfuzzy subalgebra of (X,*,0)) if fiinf is an i-fuzzy subalgebra of X
and fisyp is a j-fuzzy subalgebra of X.

Example 3.4. Consider a set X = {0, 1,2,3} with the Cayley table which is given
in Table 1.

Wy ”

TABLE 1. Cayley table for the binary operation “x

* 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0

Then (X, *,0) € Bg(X). .
(1) Define a hyperfuzzy set i : X — P([0,1]) as the Table 2.

TABLE 2. hyperfuzzy set

X 0 1 2 3
fi [0.4,05]  (0.3,05)  [0.2,0.6)  (0.1,0.7]

It is routine to verify that i is a (1, 4)—h¥perfuzzy subalgebra of X.
(2) Define a hyperfuzzy set i : X — P([0, 1]) as the Table 3.

TABLE 3. hyperfuzzy set

X 0 1 2 3
il (04,08 [03,05 [0.2,04)  (0.1,0.7]

It is easy to check that fi is a (1, 1)-hyperfuzzy subalgebra of X.
24
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Wy ”

TABLE 4. Cayley table for the binary operation “x

b

* 0 a c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Example 3.5. Consider a set X = {0, a,b, ¢} with the Cayley table which is given
in Table 4.
Then (X, ,0) € Br(X).

(1) Define a hyperfuzzy set fi : X — P([0,1]) as the Table 5.

TABLE 5. hyperfuzzy set

X 0 a b c
m (0.3,0.9] (0.7,0.9) [0.7,0.8) [0.5,0.8]

It is easy to check that /i is a (4, 1)-hyperfuzzy subalgebra of X.
(2) Define a hyperfuzzy set fi : X — P([0, 1]) as the Table 6.

TABLE 6. hyperfuzzy set

X 0 a b c
m [0.3,0.5) (0.7,0.9] (0.7,0.8) [0.5,0.9]

It is easy to check that i is a (4, 4)-hyperfuzzy subalgebra of X.
By the proofs of Theorems 2.6, 2.8, 2.9 and 2.11, we have the following theorem.

Theorem 3.6. For any (X, *,0) € B(X), let ji : (X,*,0) — P([0,1]) be a hyperfuzzy
set over X.
(1) If @ is a (4, 3)-hyperfuzzy subalgebra of X, then fip is a 3-fuzzy subalgebra of
X.
(2) If v is a (3,4)-hyperfuzzy subalgebra of X, then [ig is a 4-fuzzy subalgebra of
X.
(3) If b is a (3,2)-hyperfuzzy subalgebra of X, then fiy is a 2-fuzzy subalgebra of
X.
(4) If v is a (2,3)-hyperfuzzy subalgebra of X, then fig is a 3-fuzzy subalgebra of
X.

Corollary 3.7. For any (X,*,0) € B(X), let ji : (X,*,0) — P([0,1]) be a hyper-
fuzzy set over X.
(1) If @ is a (4, 3)-hyperfuzzy subalgebra of X, then fiy is a 1-fuzzy subalgebra of
X.
(2) If v is a (3,2)-hyperfuzzy subalgebra of X, then [ig is a 4-fuzzy subalgebra of
X.
25
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(3) If i is a (2, 3)-hyperfuzzy subalgebra of X, then fip is a 1-fuzzy subalgebra of
X.

Proof. Straightforward. g

Let i : (X,%,0) = P([0,1]) be a hyperfuzzy set over (X, *,0) € B(X) and let a,
B € [0,1]. We consider the following sets.
42 = {0 € X | funt(0) > 0},
AZ = {2 € X | funt(2) < o},
Ag ={z € X | fisup(z) > B},
A5 = {5 € X | fiup(@) < B},

which are called upper a-level subset, lower a-level subset, upper B-level subset and
lower B-level subset of X under fi, respectively.

Theorem 3.8. Let (X,*,0) € B(X). If a hyperfuzzy set i = (X,,0) — P([0,1])
over X is a (k,4)-hyperfuzzy subalgebra of X for k = 1,3, then the nonempty upper
a-level subset and lower B-level subset of X under i are subalgebras of X for all
a,f €[0,1].

Proof. Assume that i : (X, ,0) — P([0,1]) is a (1,4)-hyperfuzzy subalgebra of X.
Let a, 8 € [0,1] be such that AZ # & # A;. If 2,y € AZ, then fiine(z) > o and
fint(y) > a. It follows from (2.1) that

ﬂinf(x * y) > min{ﬂinf(z>7 /]inf(y)} 2 a.

Hence vy € AZ. If a,b € AE, then fisup(a) < B and figyp(b) < B, which implies
from (2.4) that

ﬂsup(a * b) < max{ﬂsup(a)a ﬂsup(b)} < ﬂ

Thus ax b € Ag. Therefore AZ and AE are subalgebras of X. Similarly, we can
prove it for k = 3. O

Corollary 3.9. Let (X,*,0) € B(X). If a hyperfuzzy set fi : (X,*,0) — P([0,1])
over X is a (k,2)-hyperfuzzy subalgebra of X for k = 1,3, then the nonempty upper
a-level subset and lower B-level subset of X under p are subalgebras of X for all
a, B €10,1].

Similarly, we have the following theorems and corollaries.

Theorem 3.10. Let (X, *,0) € B(X). If a hyperfuzzy set fi : (X, *,0) — P([0,1])
over X is a (k,4)-hyperfuzzy subalgebra of X for k = 2,4, then the nonempty lower
a-level subset and lower B-level subset of X under p are subalgebras of X for all
a, B €10,1].

Corollary 3.11. Let (X,*,0) € B(X). If a hyperfuzzy set ji : (X, *,0) — P([0,1])
over X is a (k,2)-hyperfuzzy subalgebra of X for k = 2,4, then the nonempty lower
a-level subset and lower B-level subset of X under i are subalgebras of X for all
a,f €[0,1].
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Theorem 3.12. Let (X,,0) € B(X). If a hyperfuzzy set i : (X,*,0) — ’ﬁ([O, 1))
over X is a (k,1)-hyperfuzzy subalgebra of X for k = 1,3, then the nonempty upper
a-level subset and upper B-level subset of X under @i are subalgebras of X for all
a,f €[0,1].

Corollary 3.13. Let (X, *,0) € B(X). If a hyperfuzzy set ji : (X, *,0) — P([0,1])
over X is a (k,3)-hyperfuzzy subalgebra of X for k = 1,3, then the nonempty upper
a-level subset and upper [-level subset of X under @i are subalgebras of X for all
a, B €10,1].

Theorem 3.14. Let (X, *,0) € B(X). If a hyperfuzzy set fi : (X, *,0) — P([0,1])
over X is a (k,1)-hyperfuzzy subalgebra of X for k = 2,4, then the nonempty lower
a-level subset and upper [(-level subset of X under fi are subalgebras of X for all
a, B €0,1].

Corollary 3.15. Let (X,*,0) € B(X). If a hyperfuzzy set ji : (X,*,0) — P([0,1])
over X is a (k,3)-hyperfuzzy subalgebra of X for k = 2,4, then the nonempty lower
a-level subset and upper [(-level subset of X under fi are subalgebras of X for all
a, B €10,1].

Theorem 3.16. Let (X, *,0) € B(X) and let i : (X, *,0) — P([0,1]) be a hyperfuzzy
set over X in which the nonempty upper a-level subset and lower [(-level subset of
X wunder fi are subalgebras of X for all a, 8 € [0,1]. Then i is a (1,4)-hyperfuzzy
subalgebra of X.

Proof. Assume that AZ and A; are subalgebras of X for all o, 8 € [0,1] with
Az £ o+ AE. If fiing(x * y) < min{fine(x), fing(y)} for some z,y € X, then there
exists a € (0,1] such that jijus(z *y) < @ < min{fine (), fdine(y)}. Thus z,y € AZ,
but x *y ¢ AZ which is a contradiction. Hence fint(z * y) > min{fiins (), fint(y)}
for all z,y € X, that is, fiins is a 1-fuzzy subalgebra of X. Now, if fisyp(a *b) >
max{fisup(a), fisup(b)} for some a,b € X, then figyp(axb) > 8 > max{jisup(a), fisup (D)}
for some 8 € [0,1). It follows that a,b € A; but axb ¢ A; a contradiction. There-
fore fisup(a * b) < max{fisup(a), fisup(b)} for all a,b € X, which shows that fis,, is a
4-fuzzy subalgebra of X. Therefore [i is a (1,4)-hyperfuzzy subalgebra of X. O

Similarly, we have the following theorems.

Theorem 3.17. Let (X, *,0) € B(X) and let fi : (X,*,0) — P([0,1]) be a hyperfuzzy
set over X in which the nonempty lower a-level subset and upper [-level subset of
X under i are subalgebras of X for all a, 8 € [0,1]. Then i is a (4,1)-hyperfuzzy
subalgebra of X.

Theorem 3.18. Let (X, *,0) € B(X) and let fi : (X, *,0) — P([0,1]) be a hyperfuzzy
set over X in which the nonempty lower a-level subset and lower (-level subset of
X wunder fi are subalgebras of X for all a, 8 € [0,1]. Then i is a (4,4)-hyperfuzzy
subalgebra of X.

Theorem 3.19. Let (X, *,0) € B(X) and let ji : (X, *,0) — P([0, 1]) be a hyperfuzzy
set over X in which the nonempty upper a-level subset and upper B-level subset of
X under i are subalgebras of X for all o, 8 € [0,1]. Then i is a (1,1)-hyperfuzzy
subalgebra of X.
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