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ABSTRACT. In this paper, we introduce a new approach of proximity
structure based on the grill notion. For &4 = P(X)\{¢}, we have the Efre-
movic proximity structure and for the other types of ¢, we have many types
of proximity structures. Some results on these spaces have been obtained.
Some of these results are : every ¢-normal Tispace is ¢-proximizable space
(Theorem 3.8). Also, for such space, we show that it has a unique com-
patible ¢-proximity under the condition that X is compact relative to 7*
(Theorem 4.10). Finally, for a surjective map f : X — (Y, d5(w)) (¥ is
a grill on X), we establish the largest ¥-proximity d¢ on X for which the
map f is a ¥-proximally continuous (Theorem 4.16).
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1. INTRODUCTION

The fundamental concepts of Efremovi¢ proximity and generalized proximity
were introduced by Efremovi¢, Lodato, and others [2, 3, &, 9]. The notion of grill
was initiated by choquet [1]. The grill is a powerful tool, since it related to many
topics such as the theory of proximity spaces and the theory of compactifications
etc,. Recently, Kandil et al. [5, 6, 7] introduced a new approaches of proximity
structure based on the ideal notion. Thron [12] showed that the concept of grill
plays an important role in the theory of proximities. Grills are extremely useful and
convenient tool for many situations like filters and nets.

In this paper, based on any given grill ¢, a new proximity structure is established
namely, ¥-proximity which is an Efremovi¢ if the grill is P(X)\{¢}. Many prop-
erties of this proximity structures are studied. Some of them are: every ¢-normal
T, space is a 4-proximizable space (Theorem 3.8) and has a unique compatible ¢-
proximity provided that the space X is compact with respect to 7* (Theorem 4.10).
Also, for a surjective map f : X — (Y, 05w)) (¢ is a grill on X)), we establish the
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largest ¢-proximity d¢ on X which makes f a ¥-proximally continuous mapping
(Theorem 4.16).

Now we recall some definitions and results defined and discussed in [1, 4, 9, 10, 11].

Definition 1.1. A nonempty collection ¢ of subsets of a set X is called a grill on
X, if it satisfies the following conditions:

()6 ¢ 9,

(i) Ac4and ACB=BecY,

(i) AUBeY = Ac¥ or BeY9.

Definition 1.2. Let (X, 7) be a topological space and ¢ be a grill on X. Then the
operator

(I)(g’,r) : P(X) — P(X)
defined by
Py (A)={zecX |0, NAc¥ forevery O, €T}
is called the local function of A with respect to ¥ and 7, where O, is open set
containing . For simplicity, we will call ®(4 ;) as ®.
Proposition 1.3. Let (X, 7) be a topological space and 4 be a grill on X. Then the
operator
\I’(gﬂ.) : P(X) — P(X)
defined by
(1.1) Vg (A)=AUd(A)
satisfies Kuratwski’s axioms and induces a topology on X called T* given by
(1.2) T ={ACX |V (A7) = A%,

where A€ denotes the complement of A and when there is no ambiguity, we will write
W(A) for Uy ) (A).

Definition 1.4. A binary relation § on P(X) is called an (Efremovi¢) proximity on
X if § satisfies the following conditions:

(p1) A0B = B JA,
(p2) Ad(BUC) < AdB or AdC,
(ps) AGB= A#¢and B#,
(p) ANB# 6= AdB,

(ps) A 6B = there exist C, D C X such that A 6C¢, D¢ 6B and C N D = ¢.

A proximity space is a pair (X, d) consisting of a set X and a proximity relation
on X. We shall write AdB if the sets A, B C X are dé-related, otherwise we shall
write AdB

Lemma 1.5. Let 4 be a grill on a nonempty set X and f : X — Y be an onto
function. Then

f@)={/A) | A9}
is a grill.
538
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2. NEW STRUCTURE OF PROXIMITY SPACES

Definition 2.1. Let ¢4 be a grill on a nonempty set X. A binary relation dg on
P(X) is called a ¢-proximity on X if d¢ satisfies the following conditions:

(%Pl) A(SgB = B(SgA,

(gpg) A5g(B U C) & AdyB or AdgC,

(%P,) A6yB—= A,Be9,

(%P)) ANB €% = AbyB,

(4 Ps) AdyB = there exist C, D C X such that A §4C¢, D4 B and CND ¢ 9.

A @-proximity space is a pair (X, dy) consisting of a set X and a ¢-proximity
relation on X. We shall write Ady B, if the sets A, B C X are dg-related, otherwise
we shall write Ady B.

b« is said to be separated, if it satisfies:

(YPs) xdgy =z =1y.

Proposition 2.2. If 4 = P(X)\{¢}, then the &-prozimity relation dg is an Efre-
movi¢ prozimity relation.

Proof. Straightforward. O
Example 2.3. Let 4 be a grill on a nonempty set X and dg be a binary relation
on P(X) defined as:

(2.1) AbyB <= A,BeY9.

Then 0y is a 4-proximity relation. Indeed, one easily sees that d¢ satisfies conditions
(4 P)-(4P,), and to check that dy also satisfies condition (4P), let AdyB. It
follows that A¢ Y or B¢ 9. If A¢ ¥, by taking C = A and D = A, we have the
required properties. If B ¢ ¢, by taking C' = B¢ and D = B, we obtain required
properties.

Example 2.4. Let ¢4 be a grill on a nonempty set X. For any A, B C X, let us
define

(2.2) AbyB<= ANBecY.

we shall show that dy is a ¢-proximity on X. It follows directly from the definition
that dy satisfies conditions (¢ P;)-(¥ P,). To prove that d¢ satisfies condition (¢ Ps),
let Ady B. Tt follows that ANB ¢ 4. If we take C' = B® and D = B, then we obtain
required properties.

Lemma 2.5. If Aby B, A C C, and B C D, then CégD.
Proof. The result is a direct consequence of (4 P;) and (4 P,). O
Theorem 2.6. Let (X,dy) be a &-proximity space. Then the dg-operator
dg : P(X) — P(X)
defined by
(2.3) A% = {r € X | zéqgA}
satisfies the following:

(1) AC B= A% C B%,
539
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(2) (AU B)% = A% U B%,

(3) (AN B)% C A% N B%

(4) A% — B% C (A— B)%,

(5) Agd = A% =g,

(6) B¢Y = (AUB)% = A% = (A — B)%,

() AANB ¢ 9 = A% = B%  where ANB=(A—B)U(B - A),
(8) A%s — (B%)% C (A — Boays,
(9) A g A%, in general.

Proof. (1) Let x € A% . Then (2.3) implies that zd4 A and lemma 2.5 implies that
x 0y B. Thus © € B% .

(2) By part (1), we get A% U B% C (AU B)%. To prove the other inclusion,
let x € (AU B)%4. Then 264 (A U B). Thus (¢ P) implies that 264 A or 64 B. So
x € (A% U B%). Hence (AU B)% C A% U B% . Therefore the result holds.

(3) The result is a direct consequence of part (1).

(4) For any A, B C X, we know that A = (A — B) U (AN B). Then (2) implies
that A% = (A — B)% U (AN B)%. Also (3) implies that (AN B)% C B%. Thus

A% — B% C [(A— B)° — B%]C (A— B)%.

(5) Let A ¢ 4. Then (¢ P;) implies that 204 A, for all x € X. Thus A% = ¢.

(6) Let B ¢ ¢4. By using (2), (5) and (4) of this theorem, then we have the
required result.

(MMIfAAB=(A-—B)U(B—-A) ¢ ¢4, then (A— B),(B— A) ¢ 4. Since
A% = ((A—B)U(ANB))"? and (A—B) ¢ 4, by using (6), A% = (ANB)% C B,
It follows that
(2.4) A% C B%,

Similarly, since B% = ((B — A)U (AN B))ég and (B — A) ¢ ¢, by using (6),
B% = (AN B)% C A%. So
(2.5) B’ C A%,
Hence, from (2.4) and( 2.5), A% = B%.
(8) The proof is obvious ,by using (4).
(9) Let us give an example. Let X = {a,b,¢,d}, 4 = {X, {a}, {d}, {a,b},{a,c},

{a,d},{b,d},{c,d},{a,b,c},{a,b,d},{b,c,d},{a,c,d}}, A= {b,c} and let dg be a
&-proximity which is defined in Example 2.4. Then A% = ¢. O

Lemma 2.7. Let (X, dy) be a &-prozimity space.
(2.6) IfBdgy A, then A% C B°.

Proof. Let A% N B # ¢. Then there exists an z € A% and x € B, that is, zdg A
and x € B. Lemma 2.5 implies A d¢ B which is a contradiction. Thus the result
holds. g

Theorem 2.8. For every &-proximity do on X and any sets A,B C X,

(2.7) By A% = Bégy A.
540
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Proof. Let BégyA. Then (¢ Ps) implies that there exist C, D C X such that
(2.8) BégC® D64A and CND¢Y.

This result, combined with lemma 2.7, implies

(2.9) A% C D.

Now, we want to prove that A%¢ C C°. Let € A%¢. Then 204 A. If x € C, then
(2.9) implies that € C'N D. By definition 1.1 part (ii), we have {z} ¢ ¢. Thus,
by (4Ps), v0¢ A, which is a contradiction. So « € C°. Hence

(2.10) A% C Ce.

From (2.8), (2.10) and lemma 2.5, we have By A% which is a contradiction. There-
fore the result holds. O

Corollary 2.9. For every 4-proximity d¢ on X and any sets A, B C X,
(2.11) B%§4 A% = BégyA.
Proof. (4P;) and Theorem 2.8 imply the result. O

Remark 2.10. The converse of Theorem 2.8 is not true. Let X be an infinite set,
Y =%n = {A C X | Ais infinite}

be a grill on X and dy be defined as in Example 2.3. If A, B are infinite subsets of
X, then A% = ¢. Thus B 64 A% but By A.

Lemma 2.11. Let (X,0y) be a &-prozimity space. Then
(2.12) (A%)%9 C A%

Proof. Let © ¢ A% . Then 264 A. Thus, Theorem 2.8 implies that 26y A%, i.e.,
x ¢ (A%)%9, O

Proposition 2.12. Let (X,dg) be a G-prozimity space, A C X and 9 = %ns C
P(X). Then A% = ¢.

Proof. Let 4 = %y C P(X). Then {z} ¢ ¢, for all x € X. (4P;) implies that
26y A. Thus it follows that A% = ¢. O

Theorem 2.13. For a subset A of a space (X,0g), the following statements are
valid:

(1) AnNB% =¢, foreveryA¢ 9 and B C X,
(2) zég X, forallz € X & 94 = P(X)\{¢}.

Proof. (1) Let ANB% # ¢ and A ¢ 4. Then there exists an z € X such that 2 € A

and zdg B. Thus lemma 2.5 implies that Adg B which is a contradiction with (¢ Ps).

So AN B% = ¢. (2) Let 204X, for all z € X. Then (4 1%) implies that {2z} € ¢,

for all z € X. Thus 4 = P(X)\{¢}. Conversely, ¥ = P(X)\{¢} and (¢P,) imply

the result. O
541
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3. ¢9-PROXIMIZABLE SPACES

Theorem 3.1. Let (X,dg) be a &-proximity space. Then the operator
Cl°9 : P(X) — P(X)
defined by

(3.1) ClI%9(A) = AU A%
satisfies Kuratwski’s axioms and induces a topology on X called 75, given by:
754 = {A C X | Cl0¥(4°) = A°}.

Proof. (1) By (9P3) ¢°¢ = ¢. Then CI1°% (¢) = ¢.
(2) (3.1) implies that A C C1% (A).
(3) By Theorem 2.6 part (2), we have C1°¢ (AU B) = C1% (A) U C1° (B).
(4) By Theorem 2.6 part (1), we have

(3.2) Cl1%% (A) C CI% (C1%9 (A)).

Then, it suffices to show that for every A C X, we have C1% (C1%°% (A)) C CI1°¢(A)
or equivalently that

(3.3) Ifz ¢ C1%(A), thenz ¢ CI% (CI1% (A)).

Let x ¢ CI°9 (A). Then z ¢ A and xggA; Theorem 2.8 implies that x¢ A% and
(¢ P,) implies that zdy (AU A%), ie. , 264C1% (A). This result, combined with
264 A and (3.2), completes the proof. O

Theorem 3.2. Let (X,d4) be a G-proximity space. Then the closure operator de-
fined in (3.1) has the following property:

(3.4) Bég A < BégClo9 (A).
Proof. The result follows immediately by Theorem 2.8 and (¢ P). O

Theorem 3.3. Let (X,04) be a &-proximity space. Then
(3.5) CI%9(A%) = A%,
i.e. A% g Tsy -closed set.

Proof. We want to prove that C1%¢ (A%) C A% . Let x € CI°9 (A% ). Then x € A%
or 264 A% . Tt follows that x € (A°¢)%. Thus by lemma 2.11, we get z € A% . O

Proposition 3.4. Let (X,d4) be a 4-prozimity space, A C X and 4 = %nr C
P(X). Then 15, = P(X).

Proof. The result follows immediately by proposition 2.12. d

Definition 3.5. A topological space (X, 7) is called a ¢4-normal space, if for every
Fy, F5 € 7%¢ such that Fy N Fy ¢ ¢, there exist H,G € 7 such that
FFCH F,CGand HNG ¢ 9,
where 7%¢ is the family of all 7*-closed sets.
542
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Example 3.6. Let (X, 7) be a @-normal space and dg be a relation on P(X) defined
as:

(3.6) AbgB & U(A)NY(B)e ¥, forevery A,BC X.

Then Jy is a ¥-proximity relation on X. It follows directly from (3.6) that d satisfies
conditions (¢ P;)-(4 Py). To prove that d¢ satisfies condition (¢ Ps), let Adw B. Then
U(A)NTY(B) ¢ 4. Since ¥ (A) satisfies Kuratwski's axioms, ¥(U (A)) = ¥ (A4), i.e.
, U (A) € 7*. Similarly, ¥ (B) € 7*¢. Since (X, 7) is a ¥-normal space, it follows
that there exist H,G € 7 such that ¥(A) C H, ¥(B) C G and HNG ¢ ¢. Thus
there exist H, G C X such that Ady H¢, G¢ 0B and HNG ¢ 9.

Definition 3.7. A topological space(X, 7) is called a &-proximizable space, if there
exists ¢-proximity relation ¢ such that 75, = 7*. Moreover, dy is said to be a
compatible ¥-proximity with 7*.

Theorem 3.8. Let ¢4 be a grill on a nonempty set X, (X,7) be a 4-normal Ty
space and dg be defined as in Example 3.6. Then (X, 1) is a 4-proximizable space.

Proof. To prove the theorem, it suffices to show that the topology generated by the
closure operator ¥ coincide with the topology generated by C1%¢. In other words,
we show that for every A C X,

(3.7) T(A) = CI°9 (A).

Let 2 € C1°(A). Then x € A or x € A%,

If x € A, then the result holds.

Now, if 2 € A% then xd4 A. Thus ¥({z}) N ¥(A) € 4. Since (X, ) is T space
and 7¢ C 7, {z} NV (A) € 9. So x € ¥(A). Hence

(3.8) Cl% (A) C T(A).

Now, we want to prove that W(A) C CI°¢(A) or equivalently, if z ¢ C1%(A),
then z ¢ W(A). Let 2 ¢ CI°9(A). Then z ¢ A and = ¢ A% . Tt follows that iy A.
Thus (3.6) implies that U({z}) N V(A) ¢ 4. Since (X, 1) is ¥-normal T} space and
7¢ C 7*¢, there exist H,G € 7 such that

(3.9) {z} CH,V(A)CGand HNG ¢ 9.

By definition 1.1 part (ii) and (3.9), we get HN A ¢ ¢, i.e. , there exists an H € 7
such that v € H and HNA ¢ ¢. Sox ¢ ®(A) and we have x ¢ A. Hence = ¢ ¥(A).
It follows that

U(A) C C1%7 (A).
This result, combined with (3.8) and Definition 3.7, completes the Proof of the

theorem. 0

4. 9-PROXIMAL NEIGHBORHOOD STRUCTURE AND ¥-PROXIMITY MAPPING

Definition 4.1. A subset B of a ¥-proximity space (X, dg) is a dg-neighborhood
of A (in symbols, A < B), if Ady BC.
543
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Theorem 4.2. Let (X, 0y) be a &-prozimity space. Then
(1) A <4 B implies C1°9 (A) <« B,
(2) A <4 B implies A <g int’ (B),

where int®¥ (B) is the interior of B with respect to 75, .

Proof. (1) By using Theorem 3.2, Ady B¢ implies C1% (A)dg BC, i.e., C1%% (A) <y
B.

(2) Ady B¢ implies AdyC1% (B°). Equivalently, Adg(int’ (B))°, ie., A <g
int®¥ (B). O

Theorem 4.3. Let (X,dq) be a G-proximity space. Then the relation <« satisfies
the following properties
) X g X,

A <y B implies ANB° ¢ 9,

ACB<g CCD impliecs A<y D,

(1
(2)
®) )
(4) A<y B;, fori=1,2,....niff ALy DlB,
(5) A <y B implies B¢ <g A°,
(6) if A¢ 9 or B¢Y, then A <y B,
(7) A <4 B implies there exist C,D C X such that

ALy C, Dy BandCND ¢ Y,
(8) if 0 is a separated G -prozimity, then v # y = = <g {y}°.

Proof. (1) (4 P3) and Definition 1.1 implies that Ady ¢, i.e., X <o X.

(2) Let A <¢ B. Then (4P,) implies AN B® ¢ 9.

(3) Suppose that A €& D. Then A dgD°. Lemma 2.5 implies that BdgC®, i.e.,
B 4«4 C, which is a contradiction.

(4) Tt suffices to consider n = 2. A < B; and A <g By & Ady (B N By)¢ &
A <y (B1 N By).

(5) If A <« B, then Ady B¢ and (¢ P;) implies B¢5» A. Thus B¢ <g A°.

(6) Let A ¢ 4. Then (4P3) implies Ady B, ie., A <4 B°. If B ¢ ¢, then
similarly, A <« B°.

(7) A <4 B implies AdyB°. (94 Ps) implies there exist C, D C X such that
Ad4C¢, BbyD®and CND ¢ 9, ie. ALy C,D° <y Band CND ¢ %Y.

(8) z # y implies 28wy, by (Y F), i.e., v <o {y}°. O

Corollary 4.4. A; <g B; fori=1,2,...,n implies F\lAi < ‘%1Bi and GlAi <Lg
1= 1= 1=

U B

i=1

Theorem 4.5. If <« is a binary relation on X satisfying (1)-(7) in Theorem 4.3

and dg is defined by

(4.1) AdyB & A <y B°,

then dg is a G -proximity relation on X. B is a dg-neighborhood of A if and only if
A <o B. Moreover, if <g also satisfies (8) in Theorem 4.3, then dg is separated.

Proof. (4P;) A 04 B implies A <« B °. Then by Theorem 4.3 part 5), B <4 A°.
Thus B dg A.
544
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(9P2) (AU B)éyC implies (AU B) <g C¢. Then by Theorem 4.3) part (3),
A<y C° and B <y C°, ie., AdyC and BiéyC.

Conversely if Ad4C and BéyC, then by (4 P;), Cé4 A and Céy B, that is, C <y
A€ and C «g B¢. Thus by Theorem 4.3 part (4), C <g (A°N B), ie., C <g
(AU B)c. So Cé4 (AU B).

(9P3) Let A ¢ 4. Then by Theorem 4.3 part (6), A <« B¢, ie., AdyB. If
B ¢ 4, then similarly, Ady B.

(4 P,) Ady B implies A <o B¢. By Theorem 4.3 part (2), ANB ¢ 9.

(4 Ps) Suppose AdyB, i.e. A < B°. Then by Theorem 4.3 part (7), there
exist C, D C X such that A <« C, D¢ «¢ B¢ and CN D ¢ &. Thus there exist
C,D C X such that Aé4C¢, D°64B and CND ¢ 9. O

Theorem 4.6. If A<y B and B¢ ¥, then A¢ 9.

Proof. A <4 B implies Ady B°. Then by (4 P,), B ¢ 4 and by Definition 1.1 part
(iii), we have (AN B°)UB ¢ ¥, i.e., AUB ¢ ¢. Thus by Definition 1.1 part (ii),
A¢Y. O

Theorem 4.7. A <y B for every BC X ifand only if A¢ Y

Proof. Let A <« B, for every B C X. Then A <4 ¢, i.e., Ad¢X. Thus by (4F,),
A¢gG.

Conversely, if A ¢ ¢, then (4 Ps) implies that Adg B¢, for every B C X. Thus
A <« B, for every B C X. O

Lemma 4.8. Let (X, dy) be a 9 -proximity space, A, B and C C X such that Ady B
and (B°NC) ¢ 9. Then AdgC.

Proof. Since (B°NC) & ¢, (4 1%) implies Ady (B¢ N C) and we have Ady B. Then
Aég(B U C), by (%PQ) Thus Ad«C. O

Theorem 4.9. Let 4 be a grill on a nonempty set X, dg be a & -prozimity relation
on X and (X,7) be a 9-normal Ty space such that 7* = 15,,. If A is compact with
respect to %, B is closed set in 7* and AN B ¢ 9, then AdyB.

Proof. For all a € A, if a € B, then {a} ¢ 4. Thus, (¢ ) implies ady B. Also, if
a ¢ B and B is closed, then adyB. This result implies that there exist C,D C X
such that adyC¢, D6y B and CN D ¢ ¢. This result and Lemma 4.8 imply CéyB,
ie., C <g BY. So we have a < C and C <¢ B°. By Theorem 4.2 part (2),
a <g int’? (C) C C <g B °. Let N, = int’?(C). Then N,y B.

On the other hand, {N, : a € A} is an open cover of the compact set A. Then
there is a finite subcover {N,, : i = 1,2,...,n}. Thus by (4P), NogB, where

N = QlNai. But A C N. So A 34 B. 0

Theorem 4.10. Let (X, 7) be a 9-normal Ty and let X be compact with respect to

*

7*. Then the space (X, 7) has a unique compatible &-prozimity defined as:

AbyB < U(A)NY(B) €Y, for every A,BC X
545
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Proof. We proved that 7" = 75, in Theorem 3.8. Then d¢ is a compatible ¥-
proximity with 7*. Thus, it remains to show that d« is unique. Let ag be any
compatible ¢-proximity and AdyB. Then U(A) N ¥(B) € ¢4. Thus by (Y Fy),
Theorem 3.2 and (¢4 P;), we get Aag B. To prove the other inclusion, suppose that
Ad4B. Then W(A)N ¥(B) ¢ ¢4. Since closed subsets of a compact space are
compact. Then Theorem 4.9 implies Adw B. Thus the result holds. O

Definition 4.11. Let (X, dy, ) and (Y, dg,) be two ¥-proximity spaces. A function
f: X — Y is said to be a ¥-proximity mapping, if

(4.2) Aby, B = [(A)dg, f(B).
Equivalently f is a 4-proximity mapping iff
Cog,D = [~1(C)oe, f~H(D)

Theorem 4.12. A 9-prozimity mapping [ : (X,0g,) — (Y,0q,) is continuous
with respect to T(dg,) and T(dg, ).

Proof. Since f is a ¢-proximity mapping, if x d4 A, then we have f(x) d4, f(A4) ,
i.e., f(A%1) C (f(A))%. Thus

F(Cliy, (A)) = F(A)U F(A%) C F(A) U (£(A))** = Clsy, (f(A)).
So the result holds. O

Remark 4.13. The converse of the foregoing theorem is not true in general. Let
¥ = P(X)\{®}, then the continuous function is not necessary to be a proximity

mapping [9].

Theorem 4.14. Let 4 be a grill on a nonempty set X, f : X — Y be an onto
function, (X,04) and (Y,054)) be two proximity spaces, and (X,7) be a 4-normal
Ty space. If X is compact with respect to 7*, then every continuous function f :
(X,09) — (Y, 05(4)) is a G-provimity mapping.

Proof. Let A,B C X such that AdgB. Then ¥(A) N ¥(B) € ¢4, by Theorem
4.10. Thus f(¥(A)) N f(¥(B)) € f(¥4). (9P,) implies that f(\II(A))(Sf(g F(¥(B)).
Since f is continuous, f(¥(A)) C Cls, ., (f(A)) and f(¥(B)) C Cl(;f(%(f( )). So
Cls; gy (f(A)) 65(4)Cls; iy, (f(B)). From Theorem 3.2 and (¥ Fy), it follows that
f(A)ds9) f(B). Hence f is a ¢4-proximity mapping. O

Remark 4.15. A function f is said to be ¥-proximally continuous mapping if it is
@-proximity mapping.

Theorem 4.16. Let 4 be a grill on a set X, f : X — Y be an onto function,
and (Y, d¢)) be a G-provimity space. The largest & -provimity d¢ which may be
assigned to X such that f : X — (Y, d4(y)) is a Y -provimally continuous is defined
by
(43)

AbyB & there exists a C CY such that f(A)d)Y — C and f(B)NC ¢ f(9)
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Proof. We first verify that dy is a ¥-proximity on X.
(4 P;) Suppose Ady B. Then there exists a C C Y such that
f(A)os)Y —C and f(B)NC ¢ f(9).
Thus by Lemma 4.8, f(B)d ) f(A). Let D =Y — f(A). Since f(B)ds)f(A) and
f(AYND =¢¢%9, BégA.

(9P;) (AU B)é%C implies there exists a D C Y such that

(f(A)Uf(B))ossY — D and f(C)ND ¢ f(¥).
Then by (¢4 P,), we have Aé4C and By C.

Conversely, suppose AdyC and BéyC. Then there exist Dy, Dy C Y such that

f(A)op)Y — D1, f(B)ogeg)Y — D2, f(C)N Dy ¢ f(¥) and f(C)N D2 ¢ f(9).
Thus by (¢ P,) and Definition 1.1 part (iii), we have

(F(A)Uf(B)df#)Y — (D1 UDs) and f(C)N (D1 UDs) ¢ f(9).
So (AU B)dgC.
(4 P3) Suppose A ¢ & and let C = ¢ C Y. Since f(A)ds)Y and f(B)NC =
(9 P,) Suppose Adg B. Then there exists a C C Y such that
f(A)(sf(g)Y — C and f(B) nC ¢ f(g)
Thus by Lemma 4.8, f(A)d)f(B). So f(A)N f(B) ¢ f(4), by (4P,) . Since
f(ANB) C f(A) nf(B), f(ANB) ¢ f(¥), by Definition 1.1 part (2). Hence
ANB¢y.
(4 P5) Suppose Ady B. Then there exists a C C Y such that
J(A)opg)Y —C and f(B)NC ¢ f(9).
Thus by (¢4 Ps), there exist Dy, Dy CY such that
f(A)(;f(g)Y — Dl, Y — DQ(;f(g)Y — C and D1 N Dy ¢ f(g)
Let E = f~!(D;) and F = f~'(Ds). Since f(A)d;4)Y — Dy and f(X — E)ND; =
b ¢ [(9), A5y (X - ). i

On the other hand, f(X — F) CY — Dady)Y —C and f(B)NC ¢ f(¥). Then

(X — F)é (4 B. Thus there exist E, F C X such that
Aby(X —E), (X —F) §pyBand ENF ¢ 4.

To prove that f: (X,dg) — (Y, 05(4)) is ¢-proximally continuous, suppose that
A,B C X such that f(A)dsw)f(B). Then by (4P5), there exist C,D C Y such
that

f(A)(sf(g)Y -C,Y — Dfsf(g)f(B) and CND ¢ f(9).
Thus by Lemma 4.8, we have Cé ) f(B). So f(B)NC ¢ f(¥), by (4P;). This
result and f(A)gf(g)Y — C imply AdyB.

It remains to show that d¢ is the largest ¥-proximity relation on X. Let ag be
any ¢-proximity such that f : (X, ag) — (Y, 054)) is ¢-proximally continuous and
AdyB. Then there exists a C C Y such that f(A)d;«)Y —C and f(B)NC ¢ f(9).
Thus by Lemma 4.8, f(A)gf(g)f(B). Since f is ¥-proximally continuous, Aag B.
So the result holds. O
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5. CONCLUSIONS

Proximity is a very important structure, since it related to many topics in topo-
logical spaces as compactifications and extension problems etc. In this paper we
have presented a new structure of proximity spaces based on the grill notion. For
¢ = P (X)\ {¢}, we have the Efremovi¢ proximity structure and for the other types
of ¢, we have many types of proximity structures. Some of the important results
are : every ¢-normal T)space is ¢-proximizable space and has a unique compatible
¢-proximity under the condition that X is compact relative to 7*. Also, for a sur-
jective map f : X — (Y, 0f(4)), we established the largest ¢-proximity ds on X
for which f is a ¢-proximally continuous. Finally, The notion of dg-neighborhood
structure and ¢-proximity mapping have been investigated.
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