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ABSTRACT.  Various intuitionistic fuzzy aggregation operators for in-
tuitionistic fuzzy numbers (IFNs) have been proposed and applied in the
multiple attribute (group) decision making in the literature. In this pa-
per, the neutral geometric operations are provided by an interaction coef-
ficient, and some properties of them are investigated. Based on these, the
intuitionistic fuzzy weighted neutral geometric (IFWNG) operator and the
intuitionistic fuzzy ordered weighted neutral geometric (IFOWNG) oper-
ators are developed. Moreover, the approach to multiple attribute group
decision making based on the proposed IFWNG operator are given. Fi-
nally, an example is given to show the feasibility and validity of the new
approaches.
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1. INTRODUCTION

Lntuitionistic fuzzy set (IFS) [1] is the generalization of fuzzy set [33]. An IFS
is characterized by a membership function, a non-membership function and a hes-
itancy function with their sum equal to 1, who form a triple called intuitionistic
fuzzy number (IFN) [25, 27], and thus can depict the fuzzy character of data more
comprehensively than fuzzy set only characterized by a membership function. For
example, in a variety of voting events, in addition to the support and objection,
there is usually the abstention which indicates the hesitation and indeterminacy of
the voter to the object. Thus, IFSs are more suitable to deal with these cases,
especially the multiple attribute (group) decision making problems, than fuzzy sets.
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IFNs are a vital tool to express a decision maker’s preference information over
objects in the process of decision making. In order to obtain a decision result, an
crucial step is to aggregate the given IFNs by the intuitionistic fuzzy aggregation
operators which are roughly divided into two classes [4, 6, 10, 11, 16, 17, 21, 22, 23,

, , 32, 34]. Some of the intuitionistic fuzzy aggregation operators were
constructed by applying different operators to the components of the IFNs. Xu and
Yager [25] introduced the intuitionistic fuzzy weighted geometric (IFWG) operator
by applying the operators derived from the algebraic product triangular norm and its
conorm to the components of the IFNs. Xu [26] also defined the intuitionistic fuzzy
weighted averaging (IFWA) operator. Similar work has been done in [31, 22, 23]
using other triangular norms and their conorm.

Other intuitionistic fuzzy aggregation operators were composed by the same oper-
ators due to that we are neutral and want to be treated fairly in some cases [11, 30].
Beliakov et al. [4] provided the IFWA operator by using the Lukasiewicz triangu-
lar norm and its conorm. Based on algebraic product triangular norm, Liao and
Xu [18, 28] introduced the simple intuitionistic fuzzy weighted geometric (SIFWG)
operator. Deriving the operations from algebraic product triangular norm and its
conorm, Xia and Xu [30] defined the symmetric intuitionistic fuzzy weighted geomet-
ric (SIFWG) operators. Considering the interactions between membership degrees
and non-membership degrees of different IFNs [10], He et al. [11, 12, 13, 14] proposed
the neutral operation to define the intuitionistic fuzzy weighted neutral averaging
(IFWNA) operator which are regarded as a complement to the existing works [25, 20]
on IFSs, especially when one of the membership degrees of IFNs is zero.

The rest of the paper is organized as follows. Section 2 briefly reviews some basic
concepts on IFSs. In Section 3, we analyze the existing neutral operation, scalar
neutral operation and the IFWNA operator proposed in [11]. In Section 4, associ-
ated with the interaction coefficient, we develops a neutral geometric operation, a
neutral power operation and intuitionistic fuzzy neutral geometric operators includ-
ing the IFWNG operator and the IFOWNG operator. The properties of them are
investigated. In Section 5, we apply the proposed IFWNG operators to multiple
attritute group decision making under intuitionistic fuzzy environment and a nu-
merical example is given to show the feasibility and validity of the new approaches.
Finally, Section 6 concludes the paper.

2. PRELIMINARIES
Atanassov [1] introduced the concept of intuitionistic fuzzy sets.

Definition 2.1 ([l]). Let X be a given universe. Then an intuitionistic fuzzy set
(IFS) A in X is defined as follows A = {z, pa(z),va(z)|z € X} pa(z),va(z) € [0,1]
indicate the amount of guaranteed membership and non-membership of z in A,
respectively and fulfill p4(x) +va(x) < 1. Furthermore, mg(x) =1 — pa(z) —va(z)
is called a hesitancy degree or an intuitionistic index of x in A.

In the special case, ma(z) = 0, i.e., pa(x) + va(x) = 1, the IFS A reduces to a
fuzzy set [33]. We recall the membership grade of = in A which is represented as
a triple (pua(z),va(z), ma(x)) called an intuitionistic fuzzy number (IFN) [27], for
convenience, we denote an IFN by a = (pta, Vo, Ta ), Where i, Vo € [0,1], pta+va <1
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and 7w, = 1 — pg — Vo. FEach IFN has a physical interpretation, for example, if

= (0.3,0.2,0.5), then it can be interpreted as “the vote for the resolution is 3
in favor, 2 against, and 5 abstentions”[9]. The following partial order < on the
set of all IFNs [7] is defined such that o = (pa, Vo, To) and 8 = (ug,vs,m5), B <
a if and only if pg < p and v, < vg. For an IFN «, a score function s [5] is defined
as the difference of membership and non-membership functions: s(a) = o — Va,
where s(a) € [—1,1]. The larger the score s(«), the greater the IFN «. To make
the comparison method more discriminatory, an accuracy function h [15], which
is defined as follows: h(a) = po + Vo, where h(a) € [0,1]. When the scores are
the same, the larger the accuracy h(«), the greater the IFN «. It is obvious that
h(a) + mo = 1. Moreover, the methods for ranking the IFNs are also a focus in the
discussion of IFNs, many scholars have been present various methods to solve this
problem. Up to now, there is still not a perfect way for solving it completely. This
paper doesn’t focus on the methods of ranking IFNs, so we only use the common
method introduced by Xu and Yager [25] as follows.

Definition 2.2. Let a, 8 be two IFNs. Then, we have the following;:

(i) If s(a) < s(B), then « is smaller than 3, i.e., a < S.
(if) If s(r) = s(B),
(a) if h(a)) < h(B), then « is smaller than S, i.e., @ < 3,
(b) if h(a) = h(p), i.e., a = .
3. ANALYSIS OF THE EXISTING OPERATIONS AND AGGREGATION OPERATORS FOR
IFNs
It is pointed by He et al. [11] that different operations are needed to adapt to
various decision environment, and the existing addition operation [2, 8, 25] on IFNs,

which was defined as a®f = (1 — (1 — po) (1 — pg) , vavs, (1 — po) (1 — pig) — vavs) ,
cannot be used in all situations. For example, let a and 8 be two IFNs, a =
(#ay 0,1 — o), B = (ug,vg, 1 —pug —vg) and vz # 0, then according to the addi-
tion operation by Atanassov [2, 8, 25], we have vogs = vg x 0 = 0. Evidently, vg
is not accounted for at all, which is an undesirable feature for an averaging opera-
tion. Thus, He et al. [11] introduced some new operations on the IFNs, including
the neutral operation and the scalar neutral operation, taking the attitude of the
decision makers and the interactions between different IFNs into consideration.

Let a and 8 be two IFNs. Then the neutral operation and scalar neutral operation
[11] are equivalently defined as follows:

_( Q=mamp)(patps) (I—mams)(Vatvp)
(3.1) O‘EEﬁ_( fotVatistvs ° Hatvatpstvs OB )

652) o ::<<1—-w Mt <1—-wg>va7wx>_

Bo + Va ’ Po + Va ¢

The following properties are essential to define the aggregation operators under
multiple attribute decision making environment on the operation H.

Proposition 3.1 ([11]). Let a and 8 be two IFNs and A\, A1, Ao > 0. Then
(1) aBs=pBa,

(2) oy BB = (a BBy,
489
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(3) a%l H a%"‘ = a%”')‘z.

Based on the operation H, an intuitionistic fuzzy weighted neutral averaging
(IFWNA) operator was defined as fellows.

Definition 3.2 ([11]). Let ay,as, -+ ,a, be a collection of IFNs, where a; =
(HassVair Tay)s Bais Va; € [0,1], pa, + Va, + T, =1 and 1 <d <n. If

IFWNE (a1, 00, -+, a)

(A=TI 7&8) 3 wipta;, (=TI 7al) X wiva,
1=1 1=1 i=1 i=1

I
s

3
2E

(3.3)

)

™ ™ ™ n
D Wilta;+ D Wila, D Willa;+ ) Wila, i=1
i=1 i=1 i=1 i=1

then TFW NZ is called an intuitionistic fuzzy weighted neutral averaging (IFWNA)
operator w.r.t. the operation H, where w; is the weight of a;, w; € [0,1], 1 <i<n
and > w; = L.

=1

Next, we analyse the neutral operation and the IFWNA operator from the fol-
lowing two aspects.

(1) We notice that the drawback of the addition @ in Ref. [2, 8, 25] leads
that if only one non-membership degree of an IFN equals to zero, the non-
membership degree of the aggregation result of n IFNs is zero even if the
other non-membership degrees of n — 1 IFNs are not zero. Although He et
al.’s operation overcomes the drawback, a similar circumstance happens for
the hesitancy degrees of the aggregation result of n IFNs by Eq. (3.3), that
is, if only one hesitancy degree of an IFN is zero, the hesitancy degree of
the aggregation result of n IFNs is zero even if the other hesitancy degrees
of n — 1 IFNs are not zero. In fact, the IFWA operator determined by the
Lukasiewicz triangular norm and its conorm [4], that is,

(34) IFWAUJ (041,052, cee ,Oén) = < Z Wil s Z Wila;, Z WiT o )
1=1 =1 =1

can overcome the above drawbacks no matter there is only one non-membership
degree or only one hesitancy degree of an IFN is zero.

(2) We find that for the given IFNs a and 3, the identity o B * = (o @ B))‘
(A > 0) does not hold in general which leads the representation of the
IFWNA operator is not unique and can yield a contradictory ranking result.
These are illustrated by the following examples:

Example 3.3. Let o = (0.7,0.2,0.1) and 8 = (0.3,0.4,0.3) be two IFNs and A = 0.3.
Then by computing Eqgs. (3.1) and (3.2), we have o* B * = (0.42,0.23,0.35) and
(aBB)* = (0.41,0.24,0.35) . Thus o B 8> £ (B ).
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Example 3.4. Let oy = (0.1,0.1,0.8), oo = (0.1,0.4,0.5), 81 = (0.1,0.8,0.1) and
B2 = (0.6,0.2,0.2) be four IFNs and w = (0.5,0.5) be the weighting vector. Then

TFWNAE (0, a5) =a1 % B axl® = (0.0514,0.1324, 0.8162) ,
TFWNA® (a1, as) = (a1 B ag)gy” = (0.0525,0.1313,0.8162),
TFWNAB 8y, B2) =f1%° B f255° = (0.1703,0.2590, 0.5707) ,
TFWNAZ (81, 82) = (81 B o) = (0.1768,0.2525,0.5707) .

Thus s (a,%° B as%®) = —0.081 > —0.0887 = 5 (A1%° B £o°) , 5 ((al B 042)33‘5) =
—0.0788 < —0.0757 = s ((ﬁl M 52)%5) and IFWNAZ (o, a0) = IFWNAZ (8, Bs),
IFWNAE (a1, 00) < IFWNAZ (81, 8,) .

4. INTUITIONISTIC FUZZY NEUTRAL GEOMETRIC OPERATOR

Motivated by the neutral operations and the IFWNA operator in [11], the IFWG
operators and IFOWG operators in [25], we propose an intuitionistic fuzzy weighted
neutral geometric operator and an intuitionistic fuzzy ordered weighted geometric
neutral operator w.r.t. a new neutral geometric operation.

4.1. Neutral geometric operation for IFNs. Here, we introduce a new neutral
geometric operation for the IFNs.

Let o and 8 be two IFNs. We define a neutral geometric operation between the
IFNs a and 3 as follows:

]. — Ty 1e% ]- GYeY @
(41) a®5_<( TaTg)patty (1= Tamp)v V67Wa7ﬁ>~

Haltg + Vals Haltg + Vals
The operation ® can be illustrated by Figure 1, where v = a ® f. From Figure 1
we can find that the aggregation result of the IFNs « and  can be obtained by the
following steps:

Step 1 Aggregate the membership degrees, the non-membership degrees and the
hesitancy degrees of the IFNs o« and 3 by the algebraic product triangular
norm Tp(z,y) = xy, then we have pqug (the red part), vovg (the green
part) and m,mg (the yellow part) in Figure 1 (1). Obviously, their sum is
less than 1, so they can not form an IFN,

Step 2 In order to guarantee the aggregation result to be an IFN, we assign a com-

—TaTg . l—mamp
mon interaction coefficient MBJFV py to ptaig and vavg, i.e., T tvars Hals
1—mamp
and Tt vay VaVss wh1ch are regarded as the membership degree and the

non-membership degree of the aggregation result. At this time, the hesitancy
degree of the aggregation result is still m,mg.

The following example shows us how the operation ® perform on the IFNs.

Example 4.1. Let o = (0.2,0.4,0.4) and S = (0.4,0.3,0.3) be two IFNs. Then
(1-0.4x0.3)0.2x0.4 (1—0.4x0.3)0.4x0.3

a®f= ( 0.2x0.4+0.4x0.3 * 0.2x0.410.4x0.3 * ) = (0.352,0.528,0.12) .

0.4 x0.3
491
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Ha Vo Tq

Ha
VF}(
Vg =
ﬂ- - ,"L’Y
3 Ty
o) @

FIGURE 1. Geometric illustration of the proposed operation

A-mpa (A-—mi)rvy
matvy O opgtvg 0
711). Therefore, we propose the neutral power operation ag*‘) as follows:

Using Eq. (4.1) and the mathematical induction, we get af = (

A 1—7 M (1=t
(1.2 o = (O O ).
Obviously, the aggregation results of the neutral geometric operation ® for the IFNs
« and 8 and the associated power operation for the IFN « are also IFNs, and they
possess the following properties.

Proposition 4.2. Let a, 8 be two IFNs and X\, A1, s > 0. Then
(Da®f=B@a,
(2) o ® B2 = (e ® )3,
(3) a%l ® a%"‘ = a%1+’\2.

Proof. (1) It is obvious.
(2) Using Egs. (4.1) and (4.2), we have

Ay, A Ay A —aM ) E NN
0&% ®Bé :( (I=ml)uy (1—7ra)ua,ﬂ_A >®( (I—mg)ps (I—mp) /377_(_2 )

pitvy ity e patvy 0 owptv

. 1—7? 1—7) . .
For convenience, we assume that ™ ISA = A and ﬁ = B, then the above identity
(e (e 6 [-}

can be represented as:
:( Apd, Avd, ) )@( B,ug,Bug,ﬂ'g‘ )

A A A PPN
(1—mymg)ABu, ps l-—mymp

ey N i)
N AB/,LQ;LngABu();VZ} ) ,ué;tﬁJruéué‘ al'gr o A
= A PNEPY = PN —(Oé®ﬁ)~
(1—n 73 )ABviv 1—7m ®
aTp a¥p 71')‘71')‘ aTp VAVA 7r)‘7'r>‘
AB/AQ;J,Q«FABV&V%‘ »Naltp Hél’«g+”é”g a’prtal'p

Thus the identity holds.
(3) By Egs. (4.1) and (4.2), we get

o @y = (Ul Comaial o ) (st (omalli? o )
® pal4vdt 7 opdt4pit e pal4ra? o pa?va? e
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. 1—m 1—7)2 . .
For convenience, we let 2 = A and ——= = B, then the above identity can
ﬂa1+ya1 ;U'a2+l’a2

be represented as:

=( Apdt, Apdr, oyt ) @ ( Bua?, Buy?, ma® )

(1—#21+>‘2)AB;LQ1+A2 1—7'{'21+>\2 M}\1+>\2
_ 14)\Bu§1+>\2+1431121+>\2 ? _ Hgl)\+>\2)\+u;\1+>\2 fe I _ oé)\1+>\2
(177T)(\11+)\ Q)ABVOS\1+)\2 7(-)\1+A2 A 1;7‘-&14—)\ ’ A l/)\1+)\2 ’/T>\1+)\2 @ .
ABp,a1+ 2+ABVQ1+ 20 Mo Ma1+ 2+V(,1+ 2 o ayet
Thus the identity holds. O
4.2. Intuitionistic fuzzy neutral geometric operator w.r.t. the proposed
neutral operation. Associated with the IFWG operators in Ref. [25] and the
IFWNA operators in Ref. [11], we introduce the intuitionistic fuzzy neutral geomet-

ric operators w.r.t. the proposed neutral operations as follows.

Definition 4.3. Let ag, a9, - -+ , ay, be a collection of IFNs, where o;; = (la;, Vo s T )
PosVa; € [0,1], oy + Vay + T, =1, and 1 <4 < n. If

(4.3) IFWNGG (a1, az, -+, an) :E)lai‘é",

then IFW NGE is called an intuitionistic fuzzy weighted neutral geometric IFWNG)
operator w.r.t. the operation ®, where w; is the weight of a;, w; € [0,1], 1 <i<n
n
and Z w; = 1.
i=1

Proposition 4.4. Let ay, s, ,a, be a collection of IFNs. Then the aggregated
result by using the IFWNG operator is also an IFN and

IFWNG? (a1, a9, ,ap)

n . n . n . n .
(=1 ) [T i (= I172) [ vi n
_ =1 i=1 i=1 i=1 Wi
(4.4) = e o [ T
IT i+ 11 val IT pai+ 1T va;  i=1
i=1 i=1 1

i= i=

Proof. The first result follows immediately from Eqs. (4.1) and (4.2). Next, we
prove Eq. (4.4) by the mathematical induction on n.
We firstly prove that it holds for n = 2. By Eqgs. (4.1) and (4.2), it holds that

@ aper — (QomaDms] (omibdt L, ) o ( (omepuiy Q-mipviz L,
to P20 THE RN E I R T R LT

1771'6“:} 1771'2‘:%
——tr = A1 and —=5—2%; = A, then the above
Pay FVay

For convenience, we assume that oo
Haz+vas

identity can be represented as:

=( Apg A mt ) @ ( Agps2, Agui2 w2 )

R 29 s
@l w2 wy W @l p®2) w1 ,@2
(I—mlm2) Ay Aol g2 (A=—m w2 )pgt ne?
w1, @3 w07 W, @3 w1, @3
_ A1 Aopag ey +A1A206 ] Vas _ Mulwua2+yau} Vas
= | wzi w1 w2 = Wl W2 w1 92
(1-mlmg2) A Asvly (=7 lmi2)vlvg?

@ w1 w2 w1 w2
oW W gy T T T W@ T, T
Ay Aop St pd2+ A1 Agugtvg2 ) Toa Taz 7,72 5 Ty Tas

w1l w2
Paj bastVag Vas
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If Eq. (4.4) holds for n = k, that is,
IFWG% (ala Qg, - - 7al€+1) = O‘lbél ® QZLé)z @ ® Olk‘ék ® Oék+1gk+l
k k k k
(=TT =50 [T ust =11 =28 T1 v &
i=1 i=1 i=1 i=1 w;
= , NI
1

I1 pai+ 11 vat I1 pai+ Il vai i=
i=1 i=1 i=1

Whily Wkl Whtly @ktl
®( (A=mayi i ap (I=Tapi Wor i wigr )

TR, PRl 9 PRFl L @ktl s Nagia
'U’C‘kil-‘ry‘lkil ("kil-"—yakil *

k
1-[] mat 12kt

] i= a
For convenience, we assume that ——=—— = A; and Wkt}m = Agi1.
IT wli+ 1] vet Qg1 T Vap

i=1 i=1
Then, when n = k + 1, using Eqs. (4.1) and (4.2), the above identity can be
represented as:
Wk+1 Wk+1

k k k

— i i i Wk+1

- ( Ak H H’(&)l’ Ak’ H V‘Dli;? H 7T(&)1 > @ ( Ak+1uak+1ﬁAk+lyak+177T01k+1 )
i=1 = i=1

= =1
kil Kl k1o kil
(1=TI mal) Ak Ar+1 1 pal (A=TI m7a2) Ak Art1 T1 val k41
_ i=1 i=1 i=1 i=1 wi
= H T
) a;
=1

ki1 [EEE kil (XS
ApAgtr T] pél+ArAkr [1 va! ArAisr [ pai+ArAkr T] val
i=1 i=1 i=1 i=1

k+1l o k4l k41 k41
(=TI ma;) I1 pa; (=TI maj) T1 va; k+1
i=1 i=1 i=1 i=1

= kt1 k1l 0 k+tl _ k+l 7‘-:;
I1 .“'Z;“F I V::; I ,u.ﬁ;-l— T1 1/::: i=1
=1 =1 =1 i=1
i.e., Eq. (4.4) holds for n = k + 1. Therefore, Eq. (4.4) holds for all n. O
Particularly, when 7, =0 (i = 1,2,--- ,n), i.e,, Vo, = 1 — pq,, we have
IFWNGE (ay,a2,- -, ap)
n n
1T e [T e
= n 7l:’rlL ? 1- n 1:711 70 ?
M+ L0 M+ 10 o)

that is, the IFWNG operator w.r.t. the operation ® reduces to the symmetric sum

operator in fuzzy environment [3].
The following example indicates that how the IFWNG operator performs on the

IFNs.

Example 4.5. Let oy = (0.7,0.2,0.1), 0 = (0.5,0.3,0.2), 3 = (0.8,0.1,0.1) be
three IFNs with the weighting vector w = (0.4,0.3,0.3). Then

IFWNG?) (Oél,Oég,Oég)
(1—-0.1%% x 0.293 x 0.193)0.7%4 x 0.5°3 x 0.80:3

oa 0.700-43>< 0.500-33>< 0.532-3 + 0.0224 X 0.92-3 x 0.10-3
(10104 x 6.20% X 0.10%)0.2% x 0.9 x 0.1% 0 o0 010

0.704 x 0.503 x 0.803 + 0.204 x 0.30-3 x 0.10-3
= (0.686,0.191,0.123) .

)
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Here, some properties of the IFWNG operator are obtained as follows.

Proposition 4.6. (Idempotency) Let oy, g, -+, be a collection of IFNs. Then
IFWG? (a,a,--+ ,a) = a.

Proof. Using Eq. (4.4), we get

(=11 %) 1 ui (1,12[ ) H Vi

n
IFWNG% (avaa"' 7a) = nlzlw. ;:1“). ) - H
IT pa*+ 11 va® Hﬂn”rl_[l’ i=1
i=1 i=1
f: w; i w; i wi i Wi 3 wij
_ Q-—7imt Huit (A—mimt Wizt ﬂ_igl _ ( 1—7q m 1—7a v )
= ™ ™ ™ ™ a = ) oy T
;1 o ‘;1 v ‘;1 o ;1 w; HatVa Mo +u
pa o tva Mo~ tva
:(,Ufam Vom’”a)'
Thus IFWGE (o, -+ @) = . O

For given IFNs « and 3, we define a partial order as follows:
axp it Ha, < Hgis Vo 2> Vg, and Moy = TB;-

Proposition 4.7. (Monotonicity) Let aq, s, -+ ,ap and p1, B2, -+, Bn be two col-
lections of IFNs such that a; < i (i =1,2,-+- ,n). Then IFWNGE (a1, a9, , ) <
IFWNGS?(ﬁl?BQ) T aﬁn)

Proof. Since o < f; (i =1,2,---,n), i.e, pa, < pig,,Va, > Vg, and m,, = mg,, We
have
1-T1 ‘ﬂ':; n 1-T1 WZ; n
® i i=1 wi i=1
IFWNGUJ (0417042,"' 7an)_ - H:U’az? D w1~ no H H
Hu Hvazz 1 IT wai+T1 var i=1 i=1
i=1 i=1
_ Wi _ = Wi _ o Wi _ o Wi
_ ! il;llﬂ—ai ! 11;11 Mo i w; ! H "8 ! H "6i " wi
- n va, \ Wi T s\ Wi ) H Trai —\< i n Wi H ’/T[L
1+11;[1(}Lai) 1+i:1(”%> i=1 1+ 1‘[ (uﬁ ) 11 (Vﬁ ) i=1

1 75, . 11 75,
= % Mg;ﬁ#nyﬂ HW :IFWNGE?(BhBQa”'aﬂn)'

Thus IFWNG% (061,0527~ c ,Oén) < IFWNGS? (ﬁl,IB27~ s ,ﬁn). U

4.3. Intuitionistic fuzzy ordered weighted neutral geometric operator w.r.t.
the proposed neutral operation. Inspired by the IFOWG operator and the
IFOWA operator in Ref. [25, 26] and the IFOWNA operator in Ref. [l1], we
propose intuitionistic fuzzy ordered weighted neutral geometric operator w.r.t. the
proposed neutral geometric operation.

Definition 4.8. Let ag, ag, - - , ay, be a collection of IFNs, where ai; = (fha; s Vay s Ta; )
PosVa; €[0,1], ta; + Vo, + T, =1l and 1 <i<n. If

(4.5) IFOWNG (ar, a2, o) = zél)l Uiy »
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then TFOW NG is called an intuitionistic fuzzy ordered weighted neutral geomet-
ric (IFOWNG) operator w.r.t. the operation ®, where a; is the ith largest value

of a;(i=1,2,--- ,n), ((1),(2), -+, (n)) is a permutation of (1,2,--- ,n), w is the asso-
ciated weighting vector, w; € [0,1], 1 <i<mnand Y w; = 1.

i=1
Proposition 4.9. Let ay,as,--- ,a, be a collection of IFNs. Then

IFOWNGE (a1, a9, ,ap)
(1_.1_[1”5@)) .Hl"zzn (- H ”“( >) H ””( ) B

(4.6) = o o e o, ) ) H W(&)Zi)
[T pasy+ 1 vag, [ iy + [ vl iz
i=1 i=1 i=1 i=1
Proof. The proof is similar to Proposition 4.4, so we omit it here. O

Proposition 4.10. (Idempotency) Let a1, as, -+, be a collection of IFNs. Then
IFWGY (a,a,- - ,a) = a.

Proof. The proof is similar to Proposition 4.6, so we omit it. O

Proposition 4.11. (Monotonicity) Let ay, a, -+ , o and By, Ba, -+ , B be two col-
lections of IFNs such that a; < B; (i =1,2,--- ,n). Then IFWNGE (a1, a9, ,ap)
< IFWNGE?(/BMBQa aﬁ'ﬂ)

Proof. The proof is similar to Proposition 4.7, so we omit it here. O

5. APPROACHES TO MULTIPLE ATTRIBUTE GROUP DECISION MAKING WITH THE
PROPOSED OPERATORS AND AN ILLUSTRATIVE EXAMPLE

In this section, we utilize the IFWA operator and the proposed aggregation op-
erator to multiple attribute group decision making with Atanassov’s intuitionistic
fuzzy information:

For a multiple attribute group decision making problem with Atanassov’s in-
tuitionistic fuzzy information, let X = {zq1,22,---,2,} be a set of n alterna-
tives, G = {G1,Ga, - ,Gn} be a set of m attributes, whose weight vector is

m

w = {wi,wa, - ,wn}, with w; € [0,1], 7 = 1,2,---,m, and > w; = 1, and
j=1

let £ = {ej,ea, - ,es} be a set of s decision makers, whose weight vector is

w = {wy,wa, - ,ws}, with w,, € [0,1], k =1,2,---,s, and Y wy = 1. Let Ay =
k=1
(k) (k) (k)>

s

1] lulj ) 1] P Y]

is an attribute value provided by the decision maker e; , denoted by an IFN, where

pg ) indicates the degree that the alternative x; satisfies the attribute G, while yi(f)

mdlcates the degree that the alternative x; does not satisfy the attribute G;, and
)

'L

that MEJ), z(jk), Z( ) € [0,1], u(k)+1/(k)+7r(k) =1,i=12,---,n;5=1,2,--- ,m. If
all the attributes G;(j = 1,2, - ) are of the same type, then the attribute Values
do not need normahzatlon V\/hereas7 there are generally benefit attributes (i.e.,
the bigger the attribute values the better) and cost attributes (i.e., the smaller the
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indicates the uncertainty degree of the alternative x; to the attribute Gj, such
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attribute values the better) in multiple attribute decision making. In such cases, we
may transform the attribute values of cost type into the attribute values of benefit

type, then Ay = (0%(?)) can be transformed into the intuitionistic fuzzy decision
nxm

matrix Ry = (7"4

i ) , where
nxm

) v, ) 1] .
" KA af.;“), for cost attribute G;.

(5.1) (k) _ (M(k) (k) (k)) _ { 041(-;?), for benefit attribute G},

(k) (&) (k)

and a( ) is the complement of aw), such that al(f) = ( Vii s Mg s T ), clearly,

(k) _ (k) (k) _ (k) (k)
ey _1_:uij — Vi _l_yij — M5

Then, we utilize the IFWNG operator to develop an approach to multiple at-
tribute group decision making with intuitionistic fuzzy information, which involves
the following steps.

Step 1 Obtain the normalized intuitionistic fuzzy matrices Ry = ( l(]k)) (k =
nxm

1,2,--+,s) by Eq. (5.1).

Step 2 Aggregate all the individual intuitionistic fuzzy decision matrices Ry into
the collective intuitionistic fuzzy decision matrix R = (1), .., by the IFWA
operator (3.4):

(6.2) ry; =IFW A, ( Ty ,’I"Z(JQ), ST > (Zwk,uw ,Zwkuw ,Zw 7T(k)>,

or the IFWNG operator (4.4):
® (2 (s)
i =IFWNGE (w,mj,u,”)

s k)w k)w kyw kyw
(1= T #®"%) ] u®™ (1= 1—[ ® k)l—[ I o
(5 3) _ B=1 B=1 H 7_[_(k)
. - S S R ) N I 17
I ugf)w“rkl_[ v H uff’""+ H S e |
=1 =1

Step 3 Aggregate all the preference IFNs r;; (j = 1,2,--- ,m) into the collective
IFNs r; (i =1,2,...,n) by the IFWA operator (3.4):

m m m
(5.4) 1 =IFWNGE (ri1,mi2, s Tim) = ( D Wikigy D Wilig, D Wi ) ,
=1 =1 =1

or the IFWNG operator (4.4):
7 =IFWNGE (ri1,750, -+, Tim)

(Pﬂmﬁﬂmfﬂ—ﬂﬁlﬁ”

(55) - 9 m X m: wj H
jl;ll Hi'j +jl;[1 Uij H H” H j:

Step 4 Calculate the scores and accuracy degrees of r; (i =1,2,--- ,n) respectively
and rank r; (i =1,2,--- ,n) in descending order by Definition 2.2.
Step 5 Select the best alternative according to the ranking of r; (i =1,2,--- ,n).
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Example 5.1. [27] Now we consider a software selection problem in which alterna-
tives are the software packages to be selected, and criteria are those attributes under
consideration (adapted from Wang and Lee [24]). A computer center in a university
desires to select a new information system in order to improve work productivity.
After preliminary screening, four alternatives z; (i = 1,2,3,4) have remained in
the candidate list. Three experts e (k = 1,2,3), from a committee to act as de-
cision makers, whose weight vector is w = (0.4,0.3,0.3)7. Four attributes need to
be considered: (1) costs of hardware/software investment (G1); (2) contribution to
organization performance (Gz); (3) effort to transform from current systems (Gs);
and (4) outsourcing software developer reliability (G4). The weight vector of the at-
tributes G; (j = 1,2,3,4) is w = (0.30,0.25,0.25,0.20)7". The experts ej, (k = 1,2,3)
evaluate the software packages x; (i = 1,2,3,4) with respect to the attributes G;
(j =1,2,3,4), and construct the following three intuitionistic fuzzy decision matri-

ces A, = (Oé’('f))4x4 (k =1,2,3) (see Tables 1-3). We select the software packages

TABLE 1. Intuitionistic Fuzzy Decision Matrix A,

G1 Go G Gy
1 (0.5,0.4,0.1) (0.5,0.5,0.0) (0.7,0.3,0.0) (0.3,0.6,0.1)
o (0.4,0.5,0.1) (0.6,0.4,0.0) (0.2,0.5,0.3) (0.5,0.3,0.2)
3 (0.8,0.2,0.0) (0.7,0.3,0.0) (0.4,0.6,0.0) (0.5,0.2,0.3)
24 (0.5,0.3,0.2) (0.6,0.2,0.2) (0.5,0.1,0.4) (0.8,0.1,0.1)
TABLE 2. Intuitionistic Fuzzy Decision Matrix As
Gl G2 G3 G4
1 (0.6,0.3,0.1) (0.3,0.5,0.2) (0.5,0.2,0.3) (0.4,0.5,0.1)
o (0.3,0.4,0.3) (0.5,0.3,0.2) (0.2,0.6,0.2) (0.6,0.4,0.0)
3 (0.9,0.1,0.0) (0.5,0.2,0.3) (0.4,0.4,0.2) (0.4,0.3,0.3)
4 (0.6,0.2,0.2) (0.7,0.3,0.0) (0.4,0.2,0.4) (0.7,0.1,0.2)
TABLE 3. Intuitionistic Fuzzy Decision Matrix As
G1 Go Gs Gy
1 (0.4,0.5,0.1) (0.5,0.4,0.1) (0.6,0.2,0.2) (0.3,0.5,0.2)
o (0.4,0.6,0.0) (0.7,0.3,0.0) (0.3,0.5,0.2) (0.5,0.5,0.0)
s (0.7,0.3,0.0) (0.6,0.4,0.0) (0.3,0.5,0.2) (0.6,0.2,0.2)
24 (0.7,0.2,0.1) (0.5,0.3,0.2) (0.9,0.1,0.0) (0.6,0.4,0.0)

by the following steps:

Step 1 Among the considered attributes, G; is of cost type, and G; (j = 2,3,4)
are of benefit type, i.e., the attributes have two different types, and thus we
need to transform the attribute values of cost type into the attribute values
of benefit type by using Eq. (5.1), then Ay = (az(-f)) (k =1,2,3) are

4x4
transformed into Ry = (rfjk)) (k=1,2,3) (see Tables 4-6):
4x4
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TABLE 4. Intuitionistic Fuzzy Decision Matrix Ry

G1 GQ Gg G4
7 (0.4,0.5,0.1) (0.5,0.5,0.0) (0.7,0.3,0.0) (0.3,0.6,0.1)
o (0.5,0.4,0.1) (0.6,0.4,0.0) (0.2,0.5,0.3) (0.5,0.3,0.2)
3 (0.2,0.8,0.0) (0.7,0.3,0.0) (0.4,0.6,0.0) (0.5,0.2,0.3)
x4 (0.3,0.5,0.2) (0.6,0.2,0.2) (0.5,0.1,0.4) (0.8,0.1,0.1)
TABLE 5. Intuitionistic Fuzzy Decision Matrix Ro
G1 GQ G3 G4
1 (0.3,0.6,0.1) (0.3,0.5,0.2) (0.5,0.2,0.3) (0.4,0.5,0.1)
2 (0.4,0.3,0.3) (0.5,0.3,0.2) (0.2,0.6,0.2) (0.6,0.4,0.0)
s (0.1,0.9,0.0) (0.5,0.2,0.3) (0.4,0.4,0.2) (0.4,0.3,0.3)
4 (0.2,0.6,0.2) (0.7,0.3,0.0) (0.4,0.2,0.4) (0.7,0.1,0.2)
TABLE 6. Intuitionistic Fuzzy Decision Matrix R
G1 Ga G3 G4
1 (0.5,0.4,0.1) (0.5,0.4,0.1) (0.6,0.2,0.2) (0.3,0.5,0.2)
2 (0.6,0.4,0.0) (0.7,0.3,0.0) (0.3,0.5,0.2) (0.5,0.5,0.0)
23 (0.3,0.7,0.0) (0.6,0.4,0.0) (0.3,0.5,0.2) (0.6,0.2,0.2)
24 (0.2,0.7,0.1) (0.5,0.3,0.2) (0.9,0.1,0.0) (0.6,0.4,0.0)

Step 2 Utilize the IFWA operator (3.4) to aggregate all the individual intuitionistic
fuzzy decision matrices Ry = (rfjk)) (k = 1,2,3) into the collective
4x4
(see Table 7):

intuitionistic fuzzy decision matrix R = (ri;),,,

TABLE 7. Intuitionistic Fuzzy Decision Matrix R

G1 GQ G5 G4
1 (0.40, 0.50, 0.10) (0.44, 0.47, 0.09) (0.61, 0.24, 0.15) (0.33, 0.54, 0.13)
T2 (0.50, 0.37, 0.13) (0.60, 0.34, 0.06) (0.23, 0.53, 0.24) (0.53, 0.39, 0.08)
x3  (0.20, 0.80, 0.00)  (0.61,0.30, 0.09)  (0.37,0.51,0.12)  (0.50, 0.23, 0.27)
T4 (0.24, 0.59, 0.17) (0.60, 0.26, 0.14) (0.59, 0.13,0.28) (0.71, 0.19, 0.10)

Step 3 Aggregate all the preference values r;; (i = 1,2,3,4) in the ith row of R
by using the IFWNG operator (4.4), and get the overall preference value r;
corresponding to the alternative x;:

r1 = (0.4546, 0.4318,0.1136) , 5 = (0.4622,0.4245,0.1133) ,
r5 = (0.4592,0.5408, 0.0000) , 4 = (0.5355,0.2995, 0.1650) .

Step 4 We calculate the scores of r; (i = 1,2,3,4), respectively:

s(r1) =0.4546 — 0.4318 = 0.0228, s(ry) = 0.4622 — 0.4245 = 0.0377,

s(rs) =0.4592 — 0.5408 = —0.0816, s(r4) = 0.5355 — 0.2995 = 0.2360.
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Step 5 Since s(r4) > s(re) > s(r1) > s(rs), we have r4 = ro = 11 > r3, that is, x4
is the best software package.

TABLE 8. Ranking order obtained by different combination of the
IFWA operator and the IFWNG operator

Operator used in Step 2. Operator used in Step 3. Ranking order
IFWA [ ] IFWNG T4 >=T2 >=T1 >~ T3
IFWA[] IFWA[] T4 >=T2 >=T1 T3
IFWNG IFWA [ ] T4 >=T2 >=T1 >~ T3
IFWNG IFWNG T4 T2 >T1 > T3
SIFWG [30] SIFWG [30] T4 T2 >=T1 T3
SIFWG [ ] SIFWG [ ] T4 >=T2 >=T1 7~ T3
We find that the obtained result is identical with that of Xu [27]. Furthermore,

in order to make a comparative study to the aggregated results, we also give the
ranking order by different combinations of the IFWA operator and the IFWNG
operator, the SIFWG operator [30] and the SIFWG operator [18] in Steps 2 and 3
(see Table 8). These operators are all neutral to to the membership degrees and the
non-membership degrees of the aggregated IFNs and can obviously be divided into
two cases: some of them are immune to the appearance of zero in the components
of the IFN such as the IFWA operator [4], other possess shortcoming when zero
appears in the components of IFN as has been stated before such as the IFWNG
operator, SIFWG [30] and SIFWG [18]. All the methods yield the same ranking
order, that is, 74 = 7o > 71 = r3. But the IFWNG operator can consider the
interactions between membership degrees and non-membership degrees of different
IFNs with an interaction coefficient. Therefore, the method proposed by this paper
is effective and valid.

6. CONCLUSIONS

By analysing the existing neutral operations and the IFWNA operator on the
IFNs proposed in Ref. [11], we have presented a neutral geometric operation on the
IFNs based on the interaction coefficient determined by the membership degrees,
the non-membership degrees and the hesitancy degrees of the IFNs under multi-
attribute decision making environment. Moreover, we have developed the IFWNG
operator and the IFOWNG operator and investigated their properties. Compared
to the existing neutral operators in Ref. [4, 18, 30], the principal advantages of the
proposed operators consider not only the neutral attitude to the intuitionistic fuzzy
information of the decision makers, but also the interactions of the components of
the IFNs. Finally, an approach to multiple attribute group decision making based
on the proposed operators have been given under intuitionistic fuzzy environment,
and an example has been provided to show the feasibility and validity of the new
approach to the application of group decision making. In the future, Associated
with the proposed operations and operators, we will investigate the compatibility
measures and consensus models for group decision making with intuitionistic fuzzy
preference relations as that in Ref. [I18, 19, 20, 28, 29].
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