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ABSTRACT. In this paper, we consider the L—generalized filters and
L—generalized nets on the non empty universal set X to be a natural
generalization of the crisp generalized filters and the crisp generalized nets
respectively. In each the crisp and L—generalized cases, the extended and
restricted filters (nets) will be obtained respectively. The construction
of convergence to limit points of the crisp generalized and L—generalized
filters (nets) will be studied respectively. We also show that any crisp
generalized net on the set X associates a unique L—generalized net on X,
and in general the converse is not true. In addition to that we also show
that for any given L—generalized filter there exists the L—generalized net,
and the vice-versa is true. Finally, the relations between the convergence
of the L—generalized filters and the L—generalized nets will be outlined.
Moreover, to support these concepts and relations, the construction of some
examples in all sections of paper will be studied.
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1. INTRODUCTION

Zadeh in his famous paper [23] introduced the concept of a fuzzy set A of the
non-empty universal set X as a mapping A : X — [0, 1]. Chang in [1] had first tried
to fuzzify the concept of a topology on a non-empty set X as a subfamily of [0, 1]%,
satisfying the same axioms of ordinary topology. Then Goguen in [10] replaced
the real interval [0,1] with an arbitrary complete infinitely distributive lattice L,
and introduced the concept of L—topology. After that Hohle in [11] introduced
the concept of an L—fuzzy topology as a mapping 7 : 2X — L, before replacing
its name with a fuzzifying topology, which was introduced by Ying Mingsheng in
[22]. Then Alexander Sostak in [21] introduced the concept of L—fuzzy topology
as a mapping 7 : LX — L with considering L = [0,1] in the same time which
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Tomasz Kubiak in [13, 14], introduced the concept of (L, M)—fuzzy topology as a
mapping 7 : LX — M, where L and M being complete lattices. Then in [20],
Ramadan introduced the concept of smooth topological space as a mapping 7 :
[0,1]% — [0,1]. A Csdszar in [6] introduced the concept of generalized topology on
the set X as a subfamily 7 of 2%, containing ¢ and closed under arbitrary union.
Many of concepts in mathematics are defined or characterized in terms of a limit.
In topological spaces the mathematicians introduced the limit concept in a most
general way for filters and nets. The definition and properties of filters can be
found in [1, 2, 5]. Filters in topological spaces help in studying many properties,
as the closure of a set A can be characterized by using convergent filters containing
A, and the continuity of a function on topological spaces can be characterized using
convergent filters. Lowen in [15] introduced the notions of prefilter and fuzzy uniform
space as extensions of filter and uniform space. In [7, 8, 9, 12, 19], the notion of a
fuzzy filter is introduced and studied for lattice I = [0, 1]. The concepts of fuzzy nets
and fuzzification of filters were studied by Muthukumari in [16] and [17], respectively.
After A. Csdszar in [6], introduced the concept of generalized topology on the set X,
the need for studying the limit concept in generalized topology was studied in [18]
by introducing generalized filters and in [3] by introducing generalized nets. The
aim of this paper is to consider the L—generalized filters and the L—generalized
nets on the non empty universal set X to be a natural generalization of the crisp
generalized filters and the crisp generalized nets respectively. Moreover, in each
the crisp and L—generalized cases, the extended and restricted generalized filters
(nets) will be obtained. Also, the construction of convergence to limit points of
the crisp generalized and L—generalized filters (nets) will be studied. We also show
that any crisp generalized net on the set X associates a unique L—generalized net
on X, and in general the converse is not true. Then, we show that for any given
L—generalized filter there exists the L—generalized net, and the vice-versa is true.
And then, the relations between the convergence of the L—generalized filters and
the L—generalized nets will be outlined.

This paper is organized as follows. In section 2, some basic concepts and notions
which will be used throughout this paper are listed. In section 3, some basic notions
of ordinary generalized filters are recalled and the definition of their convergence are
presented. In section 4, some basic notions of an L— generalized filters are introduced
and the definition of their convergence are also presented. In section 5, some basic
notions of an L— generalized nets are introduced and the relations between the
convergence of crisp generalized nets and L—generalized nets are studied. Finally,
in section 6, the relations between the convergence of L—generalized filters and
L—generalized nets are studied.

2. PRELIMINARIES

Let X be a given non-empty universal set, and let L be a given lattice. Then the
family LX is the set of all L—fuzzy subsets of X. Moreover, the family 2% is the
set of all ordinary subsets of X. Denote the smallest element of L by 0; and the
greatest element of L by 17. Also denote the smallest L—fuzzy subset in LX by 0x
and the greatest L—fuzzy subset in LX by 1x.

The support of any element A in L¥ is defined as supp(A) = {x € X : A(z) # 0}

446



G. A. Kamel /Ann. Fuzzy Math. Inform. 14 (2017), No. 5, 445-461

The fuzzy point p(zg,r) in X, where g € X,r € L — {0} is defined as:

r, Tr = 2o,

a0 ={ o T
The fuzzy point p(zg,r) is contained in A, denoted by A € LX, if A(xg) > r.

Definition 2.1 ([18]). Let X be a non-empty universal set. Then we call F C 2%
a generalized filter on X, if it satisfies the following conditions:

() ¢ ¢ F,

(i) YAeF,ACB= BeF.

A generalized filter on X is called a filter on X, if VA,BeF, AN B € F.
Definition 2.2 ([18]). Let X be a non-empty universal set. Then we call B C 2%

a generalized filter base of the generalized filter F on X, if ¢ ¢ B and for all B € F :
JAe€B,ACB.

It is clear that any non-empty subfamily B C 2% such that ¢ ¢ B generated a
generalized filter Fg =< B >={B C X : 34 € B, A C B}.

Definition 2.3 ([6]). Let X be a non-empty universal set. Then we call 7 C 2% a
generalized topology on X, if it satisfies the following conditions:

(i) ¢ €,
(i) V A; C X,i € A, if A; € 7, then |J;cp Ai € 7.

Definition 2.4 ([0]). Let (X, 7) be a generalized topological space and let z € X.
Then the neighbourhood generalized filter of =, denoted by N, is defined by:
N, =<{BCX:Ber,xe€B}>.

Definition 2.5 ([18]). The generalized filter F in the generalized topological space
(X, T) converges to a point z € X, if N, CF and we write F — «.

A generalized filter base B converges to x, if <B >— x.

Definition 2.6 ([3]). Let D be a partially ordered set under the relation < and let
X be a non-empty set. Then any mapping A : D — X is called a generalized net
or a crisp generalized net on the set X.

If D is a directed set under the relation <, then A : D — X is called a net or a
crisp net on the set X.

Definition 2.7 ([3]). Let (X, 7) be a generalized topological space. Then the gen-
eralized crisp net A : D — X on X converges to zg € X, if for each neighbouhood
U of zg in (X, 7T), there exists A\g € D such that A(X\) € U, for all A > \,.

Let X,Y be two non-empty ordinary sets, where ¥ C X and L be a complete
and completely distributive lattice.

Definition 2.8. For every U € LX, the restriction Uyy of U on LY is defined by:
Uy(z)=U(z); z€Y
Definition 2.9. For every A € LY the extension A1x of A on L% is defined by:

A(x), z€Y,
ATX(x):{oL(,) reX-Y.
447
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One can show that for every ¢ # Y C X every fuzzy point p(yo,7) in Y is a
fuzzy point in X, since p(yo,7)1x = p(yo,7). Moreover, every fuzzy point p(zg,r)
in X is a fuzzy point in Y if 2y € Y, since

p(xo, 7)1y = { 28290’0,7”), ig g éf(’ v
Proposition 2.10. Let V,U € LX,A,B € LY and ¢ # Y C X, then we have the
following operations:

(1) VSUﬁVLygU‘Ly,ASBéATXgBTx,

(2) (0x)1y = Oy, (Ix)yy = 1y,(0v)rx = Ox and (1y)rx = xy, where xy is
the characteristic function of the set Y,

B) Uy AVy =(UAV)y, Uy VViy =UVV)y,

(4) Atx A Byx = (AA B)rx, Atx V Byx = (AV B)sx,
(5) (Viy Jrx <V, (Asx)y = 4,
(6) (Viy) = Oy if and only if supp(V)NY = ¢.

The generalization of (3) and (4) of the above proposition is true, since if

{U;:ie Ay C LX {A;:i€ A} C LY, then
() VieallWi)yy) = (Vica Ui)rys Niea((Ui)yy) = (Njea Uiy
(4) Vieal(Ai)rx) = (Viea Ai)rxs Niea((Ai)rx) = (Njea Ai)rx-
From now to on in this article, in some times, we use the lattice of the form
P*(j0,1])) ={M C [0,1] : 0 € M}.

The algebraic structure (P*([0, 1]),U,N,”) forms a complemented, completely dis-
tributive and complete lattice with 0p- (1)) = {0} being the smallest element and
1p«((0,1) = [0, 1] being the greatest element.

The complementary operation is defined by:

/: P*(L) — P*(L),
where M’ = ([0,1] — M) |J{0}.
3. ORDINARY GENERALIZED FILTERS

It is known that for every topological space (X,7), and Y C X, there exists a
generalized subspace (Y, 7y ), where 7y is defined by: v = {ANY : A € 7}.

Now, one can show that there exists another generalized topological subspace
(Y, 7,y ), weaker than (Y, 7y ), and is defined by:

Ty ={Y,ACY:Aert}

Conversely, for every generalized topological space (Y,w),Y C X, there exists a
super generalized space (X, wyx), and wyx is defined by:

waz{AQX:AﬂYEw}.

Theorem 3.1. Let X,Y be given two non-empty ordinary sets, whereY C X. Then
(1) every generalized filter F on the set X restricted the generalized filter
Fiy ={Y,ACY : AcTF} on the set Y,
(2) every generalized filter G on the set Y extended the generalized filter
Grx =< G > on the set X.
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Proof. (1) It is clear that ¢ ¢ Fjy. f AC BCY and A € F}y, then A € F. and
BeF. Thus BeF,y.
(2) The proof is clear, since G is a generalized filter. O

Theorem 3.2. Let (X, 7) and (Y,w) be two generalized topological spaces, and let
Y C X. Then

(1) every neighbourhood generalized filter N, in the space (X,T), restricted a
neighbourhood generalized filter (N;)y = {Y,ACY : A € N} in the space (Y, 7,y ),
whenever x €Y,

(2) every generalized neighbourhood filter Ny, in the space (Y,w), extended a neigh-
bourhood generalized filter (N, )1x ={B C X : BNY € Ny} in the space (X, wyx).

Proof. (1) Let BCY,B € (N;);y. Then there exists C' € 7y such that z € C C B.
It is follows that C € N, and B € N,. Thus, B € {Y;A CY : A € N,}, and
(Nx)¢Y - {Y,A CY:Ae NI}

Now, let BCY,Be {Y;ACY :Ae€N,}. Then B € N, and there exists
O € tsuchthatr € O C B. Since O C Y, O € 1y and B € (N,);y. Thus,
{YACY : AeN,} C(N,),y. So the proof of (1) is obtained.

(2) Let A C X, A € (Ny);x. Then there exists H € wyx such that y € H C A. It
is follows that ye HNY C ANY. Thus ANY € Ny. So

(Ny)TXg{BgX:BﬂYENy}.

Now,let AC X and Ac {BC X :BNY € Ny}. Then ANY € N,. Thus there
exists K e w,y € K CANY. Since K CY, K € wyx. So K € (Ny)1x. Hence,
Ae (Ny)x and {BC X :BNY € Ny} C (Ny)4x. Therefore the proof of (2) is
obtained. O

Theorem 3.3. Let F and G be the two ordinary generalized filters on two the gen-
eralized topological spaces (X, 7) and (Y,w), respectively, and let  #Y C X. Then
WO)F —zin(X,7)=Fy —zin (Y,7y), wherez €Y,
(2) G—yin (Y,w) = Grx -y in (X, wrx).

Proof. (1) Let F — «z in (X, 7) and let N € (N;),y. Then there exists O € 7,y and
r€OCN. ThusOerand O e N, CF. So O € Fjy and thus N € F}y, which
implies that (N,);y C F|y. Hence Fy — z.

(2) Let G — y in (Y,w) and let M € (Ny)4x. Then there exists H € wyx and
yeHCM. Thusye HNY CMNY. SoMNY € N, and thus M NY € G,
which implies that M € GTX and (Ny)TX - GTX' Hence GTX — y in ()(7 wa). O

4. L—GENERALIZED FILTERS

Definition 4.1. Let X be a non-empt universal set. Then we call a non-zero
function § : 2% — L an L—generalized filter on X, if

(ii) VA, B C X, A C B = §(B) > 3(A).

An L—generalized filter § is called L—filter, if VA, B C X, §(ANB) > F(A)AF(B).
In general, an L—generalized filter may not be an L—filter as the following exam-

ple.
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Example 4.2. Let the set X = {a,b,c} and define a function § : 2% — P*([0,1])

by:
— [0’ 1]? A E {X7 {6}7{0’7 C}?{b7 C}’ {a" b}}’
s ={ fo RS0
Then § is a P*([0, 1])—generalised filter, but not a P*(]0, 1])—filter, since
$({a, e} 0{b,c}) = F({c} = {0} and F({a, c}) N F({b, c}) = [0, 1].

Definition 4.3. . Let X be a non-empty universal set. Then we call a non-zero
function o : 2X — L an L—generalized topology on X, if

(i) o(¢) = 1z,

(i) VA; € X, 0(Ujea A1) = Aica 0(A2).

An L—generalized topology o is called an L—topology or an L—fuzzifying topol-
ogy on X, if
VA,BC X,0(ANB) > o(A) Ao(B).

Definition 4.4. Let (X,0) be an L—generalized topological space and let x € X.
Then the neighbourhood L—generalized filter N, : 2% — L is defined by: for all
ACX,
[ Vgo(B); zeBCA,
NE(A)_ { OL; .7;¢A

Definition 4.5. The L—generalized filter § in the L—generalized topological space
(X, 0) converges to a point x € X, if N, (A4) < F(A), for all A C X and we write
F — x. If § does not converge to a point x € X, then we write § - «.

Example 4.6. Let the set X = {a, b, c} and define the P*([0, 1]) —generalized topol-
ogy o : 2% — P*([0,1]) as follows: for each A € 2%,

0,1];  Ae{X, ¢ ,{a} {a b}},
o(4) = { {0}; otherwise.

Also, define the P*([0, 1])—generalized filter § : 2X — P*([0,1]): for each A € 2%,
[ [0,1); Ae{X,{a,b} {a,c}},
§(4) = { {0};  otherwise.

Then,
Na(4) { [{%}1;]; A zzeeizi({sf}7{a’b}’{a’c}}’
- { B Aotz
Ne(4) = { O3 otheraise
Thus, § — b, § — cand § - a.

Remark 4.7. The above example shows that in general the limit of an L—generalized
filter need not be unique.

The following example shows that the limit of an L—generalized filter may be
unique.
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Example 4.8. Let the set X = {a,b}, and define the P*([0, 1])—generalized topol-
ogy
o:2% — P*([0,1]);0(A) = [0,1], for all A C X.

Also, define the P*([0, 1])—generalized filter § : 2¥ — P*([0,1]):
_J 0,1y Ae{X {a}},
s ={ {7 2SN
Then,
_ [ 01y Ae{X {a}},
N = o At

_f 0.1 Ae{X {b}},
e ={ oGS
Thus, § — a and § - b.

Theorem 4.9. Let X,Y be given non-empty ordinary sets, where Y C X. Then
(1) every an L—generalized topology o : 2X — L on the set X restricted an
L—generalized topology oy on the set'Y, defined by: for every A CY,

o1y (4) = o(4),

(2) every an L—generalized topology ¢ : 2¥ — L on the set Y extended an
L—generalized topology {1+x on the set X, defined by: for every V C X,

ng(V) = £(V n Y)
Proof. (1) o,y (¢) =0(¢) =11, and for all A; CY,i € A, then
ov(JA)=a(lJ4) > A\ o(d) = N ov (4.

i€A €A €A €A
(2) lyx(¢) = ¥(¢) =1, and for all B; C X,i € A, then
tx (| B) =0 B)nY)=¢JBinY)> A\ UB:inY)= \ t1x(B;).

ieA ieA ieA ieA ieA
O

The proof of the following theorem is obtained easily.

Theorem 4.10. Let X,Y be given ordinary sets, where Y C X. Then
(1) every L—generalized filter § on the set X restricted an L—generalized filter
Sy on the setY, defined by: for all ACY,

v (A) =5(4),

(2) every L—generalized filter H on the set Y extended an L—generalized filter
Hix on the set X, defined by: for all B C X,

HTX(B) = H(B N Y)
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Theorem 4.11. Let (X, 0) and (Y, £) be two L—generalized topological spaces, where
Y CX. Then

(1) every neighbourhood L—generalized filter N, in (X, o) restricted the neigh-
bourhood L—generalized filter (N;),y in (Y,o,y), where x € Y, defined by: for all
ACY,

(o) (4) = Ny(4),

(2) every neighbourhood L—generalized filter Ny, in (Y, 0) extended the neighbour-
hood L—generalized filter (Ny)+x in (X,lrx), where y € X, defined by: for all
BC X,

(N)ix(B) < Ny(BY).

Proof. (1) Let ACY,z € A. Then
Ny D)=\ ow(V)= \/ oV)=N,(A).

T€EVCA T€EVCA
Moreover, if A C Y,z ¢ A, then (N;);y(A) = Ny(A) = 0.
Thus, (N;);v(A) = N(A), forall ACY.
(2) Let BC X,y € B. Then
(Ny)TX(B) = \/yeUgB tx (U)
= vyeUgB (U nNYyY)
< Vyewnvic(pam LU NY)
< \/yng(BmY) £<K) = Ny<B N Y)~
Moreover, if B C X,y ¢ B, then (Ny)+x(B) =N,(BNY) =0g.
Thus, (Ny)+x(B) < N,(BNY), for all B C X. O

Theorem 4.12. Let §,H be two L—generalized filters on two L—generalized topo-
logical spaces (X,0) and (Y,£), respectively and let Y C X. Then

) F—zin(X,0)=>Fy —zin(Y,oy), wherex €Y,

2)H—-yin (Y, 0) = Hix =y in (X, lrx).
Proof. (1) Let § — « in (X,0). Then N,(B) < §(B), forall BC X. Let ACY.
Then

(Nz)yy (A) = No(4) < F(A) = Fuv (4).

ThUS, giy — x in (K (\xfiy).

(2) Let X — y in (Y, ¢). Then N, (A) < H(A), for all ACY. Let B C X. Then
(Ny)TX(B) < Ny(B ny

H(
) < H(B n Y) = HT)((B).
Thus, H4x — y in (X, b4x). O

Definition 4.13. The mapping S : 2% — L is called an L—generalized filter base
for an L—generalized filter § on the set X, if it satisfies the following conditions:
(i) S(¢) =0z,
(i) $(A) = Vpca S(B), for all A C X.

The above definition shows that any mapping S : 2X — L, where S(¢) = 0y, is
an L—generalized filter base for the L—generalized filter §g on the set X, which is
defined by:

Fs(A) =\ S(B).

BCA
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Definition 4.14. An L—generalized filter § on an L—generalized topological space
(X,0) converges to a point © € X at level o € L — {0}, if @ <N, (A) < F(A), for
all A C X such that N,(A) > 0f.

It is clear that an L—generalized filter § converges to = at level v, whenever, §
converges to x at level a, for all « > ~,v € L —{0.}.

Example 4.15. Let the set X = {a,b,c}, and define the P*([0,1])—generalized
topology o : 2X — P*([0,1]) as follows: for each A € 2%

0,1];  Ae{X ¢},
o(4) =4 [0,03]; A€ {{a},{b},{a,b}},
{0}; otherwise.

Also, define the P*([0, 1])—generalized filter § : 2X — P*([0,1]) as follows: for
each A € 2%,

[0,1]; A=X,
0,0.6]; A€ {{a},{a,b},{a,c}},

S =8 00l Ac{on ey,
{0} A=¢.

Then,

[0,1]; A=X,

Nu(4) = [0’0-3] ; A€ {{a}a{avb}’{avc}}>
{0}; otherwise,
[0,1]; A=X,

Ny (4) = 0,0.3]; A€ {{b},{a,b},{a,c}},
{0}; otherwise,

[ o1]; A=X,
Ne(4) = { {0};  otherwise.

Thus, § converges to a,b at level [0,0.3] and converges to ¢ at level [0, 1].

Theorem 4.16. Let 0,§ be L—generalized topology and L—generalized filter on the
non-empty set X, respectively and let « € L — {0r}. Then

(1) 00 = {A € 2% : 0(A) > a} is the generalized topology on X,

(2) To = {A € 2% : F(A) > a} is the generalized filter on X.

Corollary 4.17. Let N, be a neighbourhood L— generalized filter in an L— generalized
topological space (X,a). Then (N;)o = {A € 2% : N, (A) > a} is the neighbourhood

generalized filter in the generalized topological space (X, 04,).

Theorem 4.18. Let § be an L—generalized filter in an L—generalized topological
space (X,0). Then § — x at level a in (X, 0) if and only if o — = in (X, 04).

Proof. Let § — z in (X,0). Then @ < N, (A) < F(A), for all A C X.
Now, Let A € (N;)q. Then N, (A4) > « implies that a < F(A). Thus, A € F, and
(N2)o € Fo, which implies that §o — z in (X, 04).
Conversely, let F, — 2 in (X,04). Then (N;)o C Fo. Thus, @ < N,(B) < §F(B),
for all B C X. So, § — « at level o in (X, 0). O
453
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Definition 4.19. Let (X,0) be an L—generalized topological space and let ¢ #
A C X. Then the closure A of the set A is defined as follows:

x € Aifand only if BN A # ¢, for all B C X with N,(B) = 1.

It is clear that = ¢ A, if there exists B C X such that BNA = ¢ with N, (B) = 1.
Moreover, for all non-empty two sets A, B C X, one can show that A C Aand AC B
if AC B.

Definition 4.20. A C X in the L—generalized topological space (X, o) is called
closed set, if A = A.

Definition 4.21. A C X in the L—generalized topological space (X, o) is called
open set, if A is closed.

Theorem 4.22. Let (X,0) be an L—generalized topological space and let ¢ # A C
X. then x € A if and only if there exists an L—generalized filter § on the set X such
that § — x with F(AN B) =1y, for all BC X and N, (B) = 1,.

Proof. Let © € A. then BN A # ¢, for all B C X with N,(B) = 1. Define the
mapping S : 2X — L as follows: for each H € 2%,

1 ifH=ANG,N,(G) =1y,
S(H) = { N.(H); otherwise.

Since S(¢) = N, (¢) = 01, S generates an L—generalized filter § on the set X, which
is defined by:
F(K)="\/ S(H).
HCK

If N.(G) = 11, for some G C X, then GN A # ¢. Thus S(GN A) = 1, implies
that S(GOA) =1z. So %(G) =1z.

If N.(G) # 1, for some G C X, and G # ¢, then the definition of S implies that
F(G) > S(G) =N, (G). Thus, §(G) > N,(G), for all G C X. So, § — .

Conversely, let § be an L—generalized filter on the set X such that § — x with
F(ANB)=1g, forall BC X and N,(B) = 15. Let G C X such that N, (G) = 1;,.
Then F(ANG) =1p. Thus GNA# ¢. So x € A. O

Corollary 4.23. The nonempty set A is open in the L— generalized topological space
(X,0), if Ny(A) =1L, for all x € A.

Proof. Since N;(A) =1y, for all z € A and AN AC = ¢, from the above theorem,
r ¢ AC, for all z ¢ A which implies that A¢ C A®. Then AC = A®. Thus, AC is
a closed set in (X, o). So, A is an open set in (X, 0). O

Corollary 4.24. The nonempty set A is closed in the L—generalized topological
space (X, o) if and only if for all x € A, if there exists an L—generalized filter § on
the set X, § — x with F(GNA) =11 and N, (G) = 1, for all G C X, then x € A.

Theorem 4.25. The nonempty set A is open in the L—generalized topological space
(X, 0) if and only if §(A) = 1, for each an L—generalized filter § on the set X with
F—ox,xeA
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Proof. Let A be an open in the L—generalized topological space (X, o) and let § be
an L—generalized filter on the set X with § — o, 79 € A. Then, 7y ¢ A¢ = A“,
which implies that BN A = ¢ with N, (B) = 1z, for some B C X. Thus §(B) =
1;,, B C A, which implies that F(A) = 1.

Conversely, let §(A) = 11, for each an L—generalized filter § on the set X with
§ — x. Then x € A. Since N, is an L—generalized filter and N, — z,2 € X,
N.(A) = 1, for each # € A. Thus, Corollary 4.23 shows that A is open set in
(X,0). O

Corollary 4.26. Let A be the non-empty set in the L—generalized topological space
(X,0). Then N, (A) =1y, for all x € A, if A is an open set.

5. L—GINERALIZED NETS

Definition 5.1. Let D be a partially ordered set under the relation < and let X
be a non-empty set. Then any non zero mapping B : D x X — L is called an
L—generalized net on the set X.

If D is a directed set under the relation <, then B : D x X — L is called an
L—net on the set X.

Theorem 5.2. Any crisp generalized net on the set X associates a unique L— generalized
net on X.

Proof. Let A : D — X be a crisp generalized net on the set X. Define the
L—generalized net B : D x X — L to be associated with A and is defined by:

BW”)—{ 0r: A £ 1.

Now, we show that B is the unique L—generalized net on X associated with A.
Let A1, Ay be two crisp generalized nets on X such that A; # As. Then there
exists Ag € D such that A;(\g) # A2(Ag), which implies that there exist two associ-
ated L—generalized nets By, By with A;, As, respectively and By (Ao, z) # Ba(Ag, x).
Thus, By # Bs, which implies that B is the unique associated L—generalized net
with A. O

In general, an L—generalized net on the set X need not associate the crisp gen-
eralized net on X (See the following example).

Example 5.3. Let D = 3N, X = R, where N, R are two sets of all natural and real
numbers respectively. Define the L—generalized net 5 : 3N x R — [0,1], which is
defined by:

1; = =3n,
B(3n,z) = %; T =mn,
0; otherise.

Then, it is impossible to fined a crisp generalized net on R, which is associated with

B.

The following theorem shows the condition to find the crisp generalized net which
is uniquely associated with any given an L—generalized net on the set X.
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Theorem 5.4. Any L—generalized net B : D x X — L on the set X associates
the unique crisp net A: D — X on X, if the following condition is true:
for each \ € D, there exists a unique element x € X such that

s ={ o5 USE

0r; y# .
Proof. Define the crisp generalized net A: D — X on X as follows:
A(N) = z, whenever B(\, z) = 1. Then, A is uniquely associated with B. O

Definition 5.5. Let (X,0) be an L—generalized topological space. Then the
L—generalized net B on the set X converges to the element zg € X at level
a € L —{0p}, if for each U C X,N,(U) > «, there exists A\g € D such that if
B(A,x) > a, for all A € D, X\ > Ay, then z € U.

Example 5.6. Let Z, R be two sets of all integer and real numbers and let U be
the usual topology on R. Define the [0, 1]—generalized topology ¢ on R as follows:

1, Acl,
o(4) = { 0; otherise.

Then the neighbourhood [0, 1]—generalized filter at 0 € R is defined by:

[ 1; Aele,—¢], Ye>0,
Na(4) = { 0; otherise.

Moreover, define the [0, 1]—generalized net B: Z x R — [0,1] on R as follows:

win

n <o,

B(n,z)=4¢ 1; xz%,n>0,

0; z=# %,n > 0.
Let A C X, N,(4) > % and let ng € Z, ng > é > 0,n > ng and B(n, )
Then A =Je, —¢[,n > % > 0 and B(n,z) = 1, which implies that e > %, x =

z €le, —e[= A, and so B converges to 0 at level 3.

1
> 5
%. Thus,
For any topological space (X, 7), there exists the L—generalized topological space
(X,74), where

Tg(A){ 1, AerT,

0r; otherwise.

Moreover, for any neighbourhood system N, in (X, 7),

o ].L; Ae NM
(Na)y(A) = { Or; otherwise
is the neighbourhood L—generalized system in (X, 7,).

Theorem 5.7. Let A: D — X be a crisp generalized net on X in a generalized
topological space (X, T) and let B: D x X — L be an L—generalized net associated
with A on X. Then A converges to g € X in (X, 1) if and only if B converges to
xg at level o € L — {0} in (X, 7).
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Proof. Let A converge to 29 € X in (X, 7) and let G C X, (N;)g(G) > a, o €
L —{0r}. Then (N;)4(G) =11 and G € N,. Since A converges to o, there exists
Ao € D such that A(\) € G, for each A > A\g. Let B(\, z) > «, for each A > Ag. Then
the definition of B implies that B(\,z) = 15, * = A(\) € G. Thus, B converges to
zo at level a € L — {0} in (X, 7y).

Conversely, let B converges to xo at level &« € L — {0} in (X, 75) and let H C
X,H € N,. Then (N.)s(H) = 11 > a. Thus there exists \g € D such that if
B(X\, x) > a, for each A > Ao, then x € H. So, B(\,z) =11, = = A(\) € H, for each
A > Xo. Hence A converges to xo in (X, 7). O

Let X,Y be two non-empty ordinary sets, where Y C X. Then
(1) every an L—generalized net B : D x X — L on the set X restricted an
L—generalized net By : D x Y — L on the set Y, which is defined by:

Biy(A\y) =B(\y), foral \e D,y €Y,

(2) every an L—generalized net C : D x Y — L on the set Y extended an
L—generalized net Cyx : D x X — L on the set X, which is defined by:

Ch\z); zey,
CTX()"‘”):{OQ g igy.

Theorem 5.8. Let B,C be two L—generalized nets on the two L—generalized topo-
logical spaces (X, o) and (Y, L), respectively and let  #Y C X. Then

(1) B converges to o € X at level « € L—{0p} in (X, 0), implies By converges
to xo at level a € L— {0} in (Y,0,y), where zg €Y,

(1) C converges to yo € Y at level « € L — {01} in (Y, £), implies C+x converges
to yo at level o € L — {01} in (X, lrx).

Proof. (1) Let B converges to zg € X at level @ € L — {01} in (X,0) and let
H CY,(Ngy)v(H) > a. Since (Ng,)v(H) = Ny (H), Ny (H) > a, where Ny, is
the negibourhood L—generalized filter system in (X, o). Then there exists A\g € D
such that if B(A\,z) > a, for all A € D, X\ > Xg, then « € H. Thus B}y converges to
xo at level o € L — {0} in (Y, 0,y).

(2) Let C converges to yo € Y at level & € L — {0r} in (Y,¢) and let G C
X, (Ny)+x(G) > a. Since (N )1x(G) < N, (GNY), Ny (GNY) > a, where Ny,
is the negibourhood L—generalized filter system in (Y, ¢). Then there exists A\g € D
such that if: C(\,y) > «, for all A € D, A > Ao, then y € GNY C G. Thus Cyx
converges to yo at level @ € L — {0y} in (X, l4x). O

6. RELATION BETWEEN L—GINERALIZED FILTERS AND L—GINERALIZED NETS

Definition 6.1. Let B: D x X — L be an L—generalized net on the set X and

let Ao € D, @ € L — {01}. Then the subfamily T'(A\o, ) of X, which is defined as:
T(Mo,a) ={z € X : B(\,z) >, forall \&€ D,\> X}

is called a tail of B.

Remark 6.2. Since any given an L—generalized net B is a non-zero mapping, there

exists at least one tail, which is non-empty set. Moreover, in general, it may happen

that there exists a tail of B, which is empty set as the following example.
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Example 6.3. Let Z, R be two sets of all integer and real numbers. Define the
L—generalized net B: Z x R — [0, 1], which is defined by:

0; x<0,n<0,
B(n,z) =

%; xz>0,n>0.
Then B is the L—generalized net on R, and T'(A,1) = ¢, for all n € Z.

Theorem 6.4. Every an L—generalized net B on the set X, having the family of all
non empty tails induces an L—generalized filter §p on X.

Proof. Let T' = {T(A\,) : A € D, @ € L} be the family of all non-empty tails of the
given generalized net B on X. Define the non zero mapping S : 2X — L by:

[ 1p; AeTorA=X,

S(A) o { OL; A ¢ I.

It is clear that S(¢) = 0r. Then it generates an L—generalized filter §5 on X and
it is defined by:

Fs(B) = \/ S(A).

ACB
U

Example 6.5. Let X = {r,s,t},D C 2% where D = {{r}, {s}, {t}, {r, s}, {s,t}}.
Then D is a partially ordered set with respect to the inclusion relation C . Let
L = {0,1} and define the {0,1}—generalized net B : D x X — {0,1} on X, as
follows:

B(/\’x){ Lo (M) e {({r}r), ({s}, ), ({t, 1), ({r s}, ), ({s, 2}, 9) )

0; otherwise.

Thus,

T({T}v 1) = {T75}7T({8}’ 1) = {3}7T({t}7 1) = {t,s},T({r,s}, 1) = {8}’T({3’t}’ 1) = {S}
So,
sn-{ & At

It is clear that S is the {0, 1}—generalized filter. Hence the {0, 1} —generalized filter
induced by the {0, 1}—generalized net B is §g = S.

Theorem 6.6. Let (X,0) be an L—generalized topological space and let Fg be an
induced L—generalized filter of an L—generalized net B on X. Then B converges to
xo € X at level « € L — {0} in (X,0) if and only if s converges to xg € X at
levelaw € L —{0.} in (X, 0).

Proof. Let B converges to g € X at level « € L — {0} in (X, 0). Then for each

H C X,N,;,(H) > «a and there exists A\g € D such that if B(A,z) > «, for each

AE D, A > Ay, then z € H. Thus the definition of the tail of the net B shows that

T (Mo, ) C H, which implies that §g(H) = 1. So, a < N, (H) < §s(H), for each
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H C X such that N, (H) > 0. Hence §5 converges to g € X at level« € L—{0.}
in (X,0).
Conversely, let §p converges to g € X at level « € L — {0} in (X, o). Then

a < N, (H) < Fp(H), for each H C X such that N, (H) > 0. Let G C
X,Ny (G) > a. Then §5(G) > «, which implies that F3(G) = 1. Thus the def-
inition of the induced L—generalized filter §g shows that ¢ # T'(Ao,a) C G, for
some Ao € D and v € L — {01 }. So, for each A > Ao, B(A\,z) > «, it is follows that
x € T(Ao,) C G. Hence, B converges to xo € X at the level « € L — {0 }. O

Theorem 6.7. Every an L—generalized filter § on the set X, induces an L—generalized
net By on X.

Proof. Let § be an L—generalized filter on the set X. Define the set
D={(z,B)e X x2%X :2€ B,§B) =11}
and define the relation > on the set D as: (x1,B1) > (29, Bs), if By C Bs. Then,

the set D is a partially ordered set under the relation > . Define the mapping
Bz : D x 2X — L, to be an induced L—generalized net of an L—generalized filter

§ and is defined by:
1, ==y,
Bel(o. Bl ={ o 5LV
O

Example 6.8. Let X = {r,s,t}, L = P*([0,1]). Define the L—generalized filter
F:2% — P*([0,1] on X, as follows:

S(A>_{ [071]; AE{{?}S},{’I",t},X},

{0};  otherwise.
Moreover, the partially ordered set D C X x 2% is defined as follows:

D = {(r,{r;s}), (r; {r,t}), (r, X), (s, {r; 5}), (s, X), (¢, {r, t}), (¢, X) } .
Define the family T C D x X, where
T = {((r, 1,51, ) (£, 21), 1), (7, X), ), (5, {51, 9),
(5, %), 9), (& {7, D), ), (£, X), D).
Then, the induced L—generalized net Bz : Dx X — P* ([0, 1]) of the L—generalized
filter § is defined by:

_J01; HeT,
By (H) = { {0};  otherwise.

Theorem 6.9. Let (X,0) be an L—generalized topological space and let

By : D x X — L be an induced L—generalized net of an L—generalized filter
§:2X — L on X. then § converges to xg € X at level « € L — {01} in (X,0) if
and only if Bz converges to xo € X at level o € L — {0} in (X, 0).

Proof. Let § converge to xg € X at level & € L — {01} in (X, o). Then for each
G C X,Nu (G) > a. Thus zp € G, a < Ny, (G) < F(G).
Now, let (y,H) € D,(y,H) > (29,G). Then H C G,y € H and §(H) = 1,
which implies that §F(G) = 11, and (zo,G) € D. Let Bz((y, H), ) > . Then
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y€ HCG,Bz((y,H),z) = 1p. Thus, z = y € G,. So B converges to g € X at
the level o € L — {0} in (X, 0).

Conversely, let Bz converges to xg € X at the level « € L — {0} in (X,0) and
let U C X,N,,(U) > a. Then there exists (z, K) € D such that if Bz((¢,U),x) > a,
for each (¢, M) € D, (t,M) > (z,K), then x € U. Thus, from the definition of
the induced L—generalized net Bz of the L—generalized filter §, it is follows that
Bs((t,U),xz) = 11, and & = t € U, which implies that ¢ € U, for each t € M. So
M CU. Since (¢, M) € D, F(M) = 1. Hence, F(U) = 1. Therefore, « < N, (U) <
F(U), for all U C X such that N, (U) > 0r, and so § converges to zg € X at the
level « € L — {01} in (X, 0). O

7. CONCLUSION

From the above discussions, we can advocate that the L—generalized filters and
the L—generalized nets on the non empty universal set X are the natural gener-
alization of the crisp generalized filters and the crisp generalized nets respectively.
Moreover, the convergence of the L—generalized filters and the L—generalized nets
are the natural generalization of the convergence of the crisp generalized filters and
the crisp generalized net respectively.
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