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ABSTRACT.  The notion of (&, 8)-fuzzy subsemigroups in semigroups
is introduced, and related properties are investigated. Characterizations
of (g, € \/qg)—fuzzy subsemigroups are provided. Using a collection of
subsemigroups with some conditions, an (€, €V ¢3)-fuzzy subsemigroup is
constructed. An (€, € \/qg)-fuzzy subsemigroup generated by the given
fuzzy set with finite images is established.
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1. INTRODUCTION

Since the inception of the notion of a fuzzy set in 1965 which laid the foun-
dations of fuzzy set theory, the literature on fuzzy set theory and its applications
has been growing rapidly amounting by now to several papers (refer to References).
These are widely scattered over many disciplines such as artificial intelligence, com-
puter science, control engineering, expert systems, management science, operations
research, pattern recognition, robotics, and others. Due to the rapid development in
this new emerging line, many researchers are motivated to study fuzzy set theory in
diverse branches. Of course, fuzzy algebraic structures also play a remarkable role in
mathematics with wide ranging applications in automata theory, computer science,
coding theory, formal language and decision making problem etc. Rosenfeld’s idea
[L1] of fuzzy subgroup has played a sparking role for many researchers to investi-
gate the fuzzy set theory in many algebraic structures with more general type of
existing fuzzy subsystems. In [13], Yuan et al. introduced the definition of a fuzzy
subgroup with thresholds which is a generalization of Rosenfeld’s fuzzy subgroup
and Bhakat and Das’s fuzzy subgroup. Murali [9] proposed a definition of a fuzzy
point belonging to fuzzy subset under a natural equivalence on fuzzy subset. The
idea of quasicoincidence of a fuzzy point with a fuzzy set, which is mentioned in [10],
played a vital role to generate some different types of fuzzy subgroups. It is worth
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pointing out that Bhakat and Das [2, 3] gave the concepts of («a, §)-fuzzy subgroups
by using the “belongs to” relation (€) and “quasi-coincident with” relation (q) be-
tween a fuzzy point and a fuzzy subgroup, and introduced the concept of an (€,
€V q)-fuzzy subgroup. In particular, (€, €V ¢)-fuzzy subgroup is an important and
useful generalization of Rosenfeld’s fuzzy subgroup. Bhakat et al. applied the (€,
€V q)-fuzzy type to group and ring (see [1, 2, 3, 1]). Dudek et al. [5] characterized
different types of («, 8)-fuzzy ideals of hemirings. In [7] Jun and Song initiated the
study of («, 8)-fuzzy interior ideals of a semigroup. In [3] Kazanci and Yamak study
(€, €V q)-fuzzy bi-ideals of a semigroup. Shabir et al. [12] introduced the concept of
(o, B)-fuzzy ideal, (o, B)-fuzzy generalized bi-ideal, and characterized regular semi-
groups by the properties of these ideals. Jun et al. [6] considered more general form
of quasi-coincident fuzzy point.

In this paper, we deal with more general form of the fuzzy subsemigroups using
Jun et al.’s concept. We introduce the notions of (a, g)—fuzzy subsemigroups in
semigroups, and investigate related properties. We provide characterizations of (€,
€V ¢§)-fuzzy subsemigroups. We provide a condition for an (€, € V ¢$)-fuzzy sub-
semigroup to be an (€, €)-fuzzy subsemigroup. Using a collection of subsemigroups
with some conditions, we make an (€, € V ¢j)-fuzzy subsemigroup of S. Given a
fuzzy set with finite images, we establish an (€, € V ¢3)-fuzzy subsemigroup gener-
ated by the given fuzzy set.

2. PRELIMINARIES

For two fuzzy set A and v in S, we say A < v if A(z) < v(z) for all z € S. We
define A A v and AV v as follows:

ANAv: 8 —[0,1], 2 — min{\(z),v(x)}
and
AVr:S—0,1], x— max{A(z),v(z)}
respectively. The product Ao v of A and v is defined to be fuzzy set in S as follows:

V min{A(y),v(z)} if Jy,z € S such that z = yz,
(Nov)(z) =4 z=y=
0 otherwise.

A fuzzy set A in a set S of the form
te (0,1 if y=u,
(2.1) s = SO s
is said to be a fuzzy point with support x and value ¢ and is denoted by ;. It is clear
that z; o yr = (Y )minge,r} for all fuzzy points x; and y, in a set S.
For a fuzzy point z; and a fuzzy set A in a set .S, we say that
o x; €\ (resp. zrqA) (see [10]) if A(z) > ¢ (resp. A(z) +t > 1). In this case,
x4 is said to belong to (resp. be quasi-coincident with) a fuzzy set A.
o x; €V (resp. xx €AgA) (see [10]) if 2z € X or zrq A (resp. z: € X and
TeqA).
Let § € (0,1]. For a fuzzy point z; and a fuzzy set A in a set X, we say that
e 1, is a §-quasi-coincident with \, written z, g} A, (see [0]) if A(z) +t > 4,
360
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e 1, €V (vesp. my €AgHN) (see [6]) if 24 € X or @4 gd A (resp. x; € A and
Tt qg A).
Obviously, z; ¢ A implies 2, ¢gJ A\. If § = 1, then the é-quasi-coincident with X is
the quasi-coincident with A, that is, z; g§ A = ;¢ \.
For a € {€,q,€Vq,€E Nq,EV G}, € Ng)}, we say that z; @\ if z; X does not
hold.

3. GENERALIZED FUZZY SUBSEMIGROUPS

In what follows, let § be an element of (0, 1] and let S be a semigroup and & and
3 denote any one of €, ¢J, €V ¢} and € A ¢§ unless otherwise specified.

Definition 3.1. A fuzzy set A in S is called an (a, B)-fuzzy subsemigroup of S,
where & #€ A ¢, if

(3.1) (Vx,y € S) (Vt,r € (0,0]) (mt a\ yraX = xy oyrg)\> .

Let A be a fuzzy set in S such that A(z) < & for all 2 € S. Let z € S and
t € (0,6] be such that z; € Agy A\. Then A\(z) >t and \(z) +t > §. It follows that
§ < A(z) +t < 2\(z), so that A(z) > 3. This means that {z; | z; € Ag]\} = @.
Hence the case & =€ A ¢§ should be omitted.

Theorem 3.2. If \ is a nonzero (g3, €)-fuzzy subsemigroup of S, then the set
So:={z €S| \x) >0}
is a subsemigroup of S.

Proof. Let z,y € Sg. Then A(z) > 0 and A(y) > 0. Hence A(z) + ¢ > ¢ and
AMy) + 8 > 6, that is, x5 g3 A and ys g . Tt follows from (3.1) that x5 0 ys € A, i.e.,
A(zy) > 6 > 0. Thus ay € Sy. This completes the proof. O

Corollary 3.3 ([12]). If A is a nonzero (q, €)-fuzzy subsemigroup of S, then the set
So:={zx eS| Azx)>0}

is a subsemigroup of S.

Theorem 3.4. If \ is a nonzero (g3, q3)-fuzzy subsemigroup of S, then the set
So:={z eS| Az)>0}

is a subsemigroup of S.

Proof. Let xz,y € Sp. Then A(z) > 0 and A(y) > 0. Hence A(z) +J > 0 and

Ay) + 8 > 6, that is, x5 g3 A and ys g \. Tt follows from (3.1) that x5 o ys5 g3 A, i.e.,

A(zy) + 6 > §. Thus A(zy) # 0, and so xy € Sy. This completes the proof. O

Corollary 3.5 ([12]). If X is a nonzero (q, q)-fuzzy subsemigroup of S, then the set
So:={zx eS| A(z)>0}

is a subsemigroup of S.
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Theorem 3.6. For a subsemigroup L of S, consider a fuzzy set A in S as follows:

ifx € L,

9
)\.S—>[0,l],xn—>{ 0 ifz¢l

where € > g. Then X is both an (€, €V ¢3)-fuzzy subsemigroup and a (q5, €V ¢3)-
fuzzy subsemigroup of S.

Proof. Let z,y € S and t,r € (0, 4] such that ; € XA and y, € A. Then A\(z) =¢ =
A(y), and so z,y € L. Hence axy € L, and thus A(zy) =e. If t < g orr < g, then

Mzy) =€ > g > min{t, r}
and so zy oy, € \. If t > g and r > g, then
Azy) + min{t,7} = e + min{t,r} > $ + £ =,

and 50 x4 0 - g3 \. Therefore 2; 0y, €V gd X and X is an (€, €V ¢))-fuzzy subsemi-
group of S. Now, let z,y € S and ¢,r € (0,6] such that z; ¢ A and y, ¢ \. Then
Az)+t > 6 and A(y) + r > §, which imply that z,y € L. Hence zy € L and
Mzy) =e. Ift < $ or r < &, then

Azy) =& > 2 > min{t,r}
and so z; oy, € A If t > g and r > % then
Azy) + min{t,7} = e + min{t,7} > $ + 5 =6,

and so x; 0 ¥, g3 A\. Therefore z; oy, €V g ), and X is a (¢, €V ¢)-fuzzy subsemi-

group of S. O
Theorem 3.6 is a generalization of Theorem 8 in [12], that is, we have the following
corollary.

Corollary 3.7 ([12]). For a subsemigroup L of S, consider a fuzzy set A in S as
follows:

e ifxel,

)\:S—>[0,1],m'—>{ 0 ifz¢lL,

where e > 0.5. Then X is both an (€, €V q)-fuzzy subsemigroup and a (g, €V q)-fuzzy
subsemigroup of S.
We provide characterizations of (€, €V qg )-fuzzy subsemigroups.

Theorem 3.8. For any fuzzy set A in S, the following are equivalent.
(1) X is an (€, €V qQ)-fuzzy subsemigroup of S.
(i) (Vz,y € S) (A(zy) > min{A(z), A(y), §}) -

Proof. Assume that A is an (€, €V qg)—fuzzy subsemigroup of S. For any z,y € 5,
we consider two cases:

(1): min{A(z),\(y)} < $ and (2): min{\(z), A(y)} > 3.
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For the first case, suppose that A(zy) < min{\(z),A(y)} and take ¢ € (0, 3] such
that A\(zy) < t < min{A(z), A\(y)}. Then z; € X and y; € A but 2 oy, €V ¢§ X since
oy €N and A(zy) +t < 2t < §, that is, x; o ytg)\. This is a contradiction.
Hence A(zy) > min{A(z), A(y)} whenever min{\(z),\(y)} < 3. Now assume that

the case (2) is valid. Then x5 € A and ys € A, which imply that 5 oys €V g \.
2 2 2 2

If Mzy) < %7 then A(zy) + g < % + g = § and so A(zy) < g which shows that

zsoys EXand x5 oys gd . This is a contradiction, and thus A(zy) > g. Therefore
2 2 2 2

AMzy) > min{\(z), A(y), 3} for all z,y € S.

Conversely assume that (ii) is valid. Let xz,y € S and ¢,r € (0,4] such that
zy € XA and y,. € A\. Then A(z) > ¢ and A(y) > r. Suppose that x4 oy, €. Then
Azy) < min{t, r}. If min{A(z), A(y)} < &, then

May) = min{A(z), A(y), 5} = min{A(z), AM(y)} = min{t, r},

a contradiction. Hence min{\(z),A\(y)} > £, and so
A(zy) + min{t, r} > 2\(zy) > 2min{A(z), A(y), 3} = 6.

This shows that z; o ¥, ¢ \. Therefore X is an (€, € V ¢3)-fuzzy subsemigroup of
S. O

Theorem 12 in [12] is a special case of Theorem 3.8, that is,

Corollary 3.9 ([12]). A fuzzy set A in S is an (€, €V q)-fuzzy subsemigroup of S
if and only if it satisfies:

(3.2) (Vx,y € S) (A(zy) > min{A(z), A(y),0.5}).

Obviously, every (€, €)-fuzzy subsemigroup is an (€, €V ¢d)-fuzzy subsemigroup,
but the converse is not true in general as seen in the following example.

Example 3.10. Let S = {a,b,c} be a semigroup in which the multiplication - is
described by Table 1.

TABLE 1. Cayley table of the operation -

a b c
a a c b
b c b a
b a c
Define a fuzzy set A in S as follows:

04 ifz=naq,

A:S—=1[0,1], x—< 06 ifz=0b,

0.7 ifzxz=c

Then \ is an (€, € VqJ®)-fuzzy subsemigroup of S. But it is not an (€, €)-fuzzy
subsemigroup of S since A(bc) = A(a) = 0.4 < 0.6 = min{ (), A(c)}.
363



Y. B. Jun et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 4, 359-370

We provide a condition for an (€, € V ¢§)-fuzzy subsemigroup to be an (€, €)-fuzzy
subsemigroup.

Theorem 3.11. Let \ be an (€, €V ¢3)-fuzzy subsemigroup of S such that A(x) < %
for all x € S. Then X is an (€, €)-fuzzy subsemigroup of S.

Proof. Let xz,y € S and t,r € (0,d] be such that x; € XA and y,. € . Then A(z) >t
and A(y) > r. It follows from the hypothesis and Theorem 3.8 that

AMzy) > min{A(z), A\(y), %} = min{A(z), A(y)} > min{¢, r}

so that z; oy, € A\. Hence A is an (€, €)-fuzzy subsemigroup of S. g

Corollary 3.12. Let A be an (€, €V q)-fuzzy subsemigroup of S such that A\(xz) < 0.5
for allx € S. Then X is an (€, €)-fuzzy subsemigroup of S.

For a subset L of S, a fuzzy set X‘SL in S defined by

6 if zel,

J .
X1 8 = 10,1, z+— { 0 otherwise,

is called a d-characteristic fuzzy set of L in S (see [0]).

Theorem 3.13. For any subset L of S and the §-characteristic fuzzy set X‘SL of L
in S, the following are equivalent:

(i) L is a subsemigroup of S.
5

(ii) x9 is an (€, €V q))-fuzzy subsemigroup of S.
Proof. (i) = (ii) is straightforward.
Assume that xJ is an (€, € V ¢§)-fuzzy subsemigroup of S. Let ,y € L. Then
X3 (z) =6 = x%(y), and so x5 € x and ys; € x. It follows that z50ys €V qd A,
which yields x (zy) > 0. Hence 2y € L and L is a subsemigroup of S. O

Theorem 3.14. A fuzzy set A in S is an (€, €)-fuzzy subsemigroup of S if and only
if the set

Qa(Nt) = {z € 5|z gy A}

is a subsemigroup of S when it is nonempty for all t € (0,].

Proof. Assume that ) is an (€, €)-fuzzy subsemigroup of S and let z,y € Q3(\;t).
Then x;¢d A and y; ¢d A, ie., M)+t > 6 and A(y) +t > & Hence A xy) >
min{\(z), \(y)} > § —t, and so x; o y; g) \. Hence zy € Q3(\;t), and therefore
QS%(\;t) is a subsemigroup of S.

Conversely, suppose that Qg(/\;t) is a subsemigroup of S and take a,b € S and
t € (0,6] such that A(ab) +t < § < min{\(a), A\(b)} +¢t. Then a,b € Q4(\;t), and so
ab € Q4(A;t). Thus A(ab) +t > &, a contradiction. Hence A(xy) > min{\(z), \(y)}
for all z,y € S, that is, A is an (€, €)-fuzzy subsemigroup of S. O

Theorem 3.15. If \ is an (€, €V q))-fuzzy subsemigroup of S, then the set Q3(\;t)
is a subsemigroup of S when it is nonempty for all t € (g, 1].
364
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Proof. Assume that A is an (€, € V ¢})-fuzzy subsemigroup of S and let ¢ € (g, 1]
such that Q)(\;t) # @. Let x,y € Q3(\;t). Then z; ¢4 A and y; g3 A, i.e., A(z)+t > &
and A(y) +t > §. Using Theorem 3.8(ii), we have

(3.3) May) = min{A(z), A(y), 5}-

If min{\(z), A(y)} > &, then A(zy) > § > 6 —t by (3.3). If min{\(z),\(y)} < 3,
then A(zy) > min{\(x),\(y)} > 6 —t by (3.3). Hence zy € Q3(\;t), and QJ(\; 1) is
a subsemigroup of S for all t € (g, 1]. O

Corollary 3.16. If A is an (€, €V q)-fuzzy subsemigroup of S, then the set
QXt) :={z e S|zqA}
is a subsemigroup of S when it is nonempty for all t € (0.5,1].

Theorem 3.17. A fuzzy set X in S is an (€, €V ¢))-fuzzy subsemigroup of S if and
only if the set
UNt):={z eS| Azx) >t}

is a subsemigroup of S for allt € (0, g]

Proof. Assume that \ is an (€, €V ¢})-fuzzy subsemigroup of S. Let ¢ € (0, g] and
x,y € U(X;t). Then A(x) >t and A(y) > t. It follows from Theorem 3.8 that

AMzy) > mln{)\(x), Ay), g} > min{ta g =1

and so that xy € U(A;t). Therefore U(A;t) is a subsemigroup of S.
Conversely, let A be a fuzzy set in S such that U(\;¢) is a subsemigroup of S for
all ¢ € (0, g] Suppose that there are elements a and b of S such that

Aab) < min{A(a), \(b), 3,

and take ¢ € (0, 4] such that A(ab) < ¢ < min{A(a), A(b), $}. Then a,b € U(\;t) and
t < g, which implies that ab € U(A;t) since U(\;t) is a subsemigroup of S. This
induces A(ab) > t, and this is a contradiction. Hence A(zy) > min{\(z), A(y), §} for
all z,y € S, and therefore \ is an (€, €V ¢j)-fuzzy subsemigroup of S by Theorem

3.8. g

We say that the subsemigroup U(A;t) in Theorem 3.17 is a level subsemigroup of
S.

Corollary 3.18. A fuzzy set X in S is an (€, €V q)-fuzzy subsemigroup of S if and
only if the set

UNt) :={x eS| Az) >t}
is a subsemigroup of S for all t € (0,0.5].

Theorem 3.19. For any fuzzy set A in S, the following are equivalent.
(1) X is an (€, €V ¢3)-fuzzy subsemigroup of S.
(ii) The set US(\;t) = {x € S | 24 € Vgl A} is a subsemigroup of S for all
t € (0,6] with US(\;t) # @.
365
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Proof. Assume that A is an (€, € V ¢j)-fuzzy subsemigroup of S. Let t € (0,6] be
such that US(\;t) # @. Note that UJ(\;t) = U(X;t) UQS(A;t). Let 2,y € US(Ast
Then z; €V gd A and y; €V ¢) \, that is, A(x) >t or A(x) +¢ > J, and A(y) >
Ay) +t > 8. We consider four cases:
(i) Mz) >t and A(y) > t,

(ii) AM(z) >t and A(y) +t >4,

(iii) Mx)+¢>dand A(y) > t,

(iv) M)+t >0 and A(y) +t > 0.
For the first case, Theorem 3.8 implies that

’-S

Ma) > min{A(@). M), 3} > minfr, 3} = { 3 T1> %
zy) 2 minqA(z), A(y), 3} =2 minit, 5} = <3,
Hence (zy); € A or A(zy) +t =5+t >3 +2—6 It follows that zy € U(\;t) U
Q3(\;t) = US(\;t). For the second case, 1ft> then § — ¢ < 2. Hence

Azy) > min{A(y), %} >0t
AMz), and A(zy) > A(z) > t whenever min{\(y), 3} >
Q3(N;t) =US(A;t). If t < &, then § —¢ > £ and so
AMzy) > min{(z), g} >t
whenever min{A(z), 3} < A(y), and A(zy) > A(y) > & — t whenever min{A(z), 3} >
Ay). Hence xy € U(X;t) U QJ(\;t) = U(\;t). We have similar result for the third
case. For the final case, if t > g then § —t < g. It follows that

)‘(my) > min{)‘(x)v )‘(y)a g

_ { s > o—t %f m%n{)\(x), Ay)} > %,

min{A(z), A(y)} > —t if min{A(z),A\(y)} < 3,

and so that zy € Q)(\;t) CUS(A\it). If t < &, then § —¢ > 2 and thus
Azy) > min{A(x), AM(y), g

_ gzt if min{A(z), A(y )}2%
min{\(z),A(y)} >0 —t if min{\(z), \(y)} < 3.
Hence xy € U(\;t) UQS(\; t) =U ()\ t). Consequently, Ug();t) is a subsemigroup
of S for all ¢ € (0, 6] with UJ(\;t) #
Conversely, suppose that (ii) is Vahd and there exist a,b € S such that
A(ab) < min{A(a), A(b), $}.
Then A(ab) < r < min{A(a),\(b), $} for some 7 € (0,%]. It follows that a,b €
U(X;r) C US(X;7) so that ab € US(X\;r). Hence A(ab) > r or A(ab) 4+ 7 > §, which
is a contradiction. Therefore A(zy) > min{/\(x),)\(y),g} for all z,y € S. Using
Theorem 3.8, we know that A is an (€, €V ¢)-fuzzy subsemigroup of S. d

whenever min{\(y), g}
ot

<
A(z). Thus zy € U(A;t) U

)

Definition 3.20. For a fuzzy set A in S, we define two fuzzy sets A™ and A~ in S
as follows:
AT S —[0,1], 2~ max{\(z), $}
366
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and

A7 S —[0,1], = min{\(z), ¢

1o S
Proposition 3.21. For two fuzzy sets A and v in S, we have
AAY)"=X"Av , (AVry) =2 Vv, (Aov)" =" ov".

AAV)T=ATAvt, AVvy)T =AT Vet and Aov)T > AT ot
If every element = of S is expressible as v = yz, then (Aov)T = At ov™T.
Proof. First parts are straightforward. Assume that every element x of S is express-
ible as x = yz. Then

(Aov)(x) = max{(\ov)(z), g}

max{ \/ min{)\(y)v’/(z)hg}

T=yz

- \/ max {min{A(y), v(2)}, 3}

T=yz

= \/ min {max{\(y), g},maX{A(Z)a g}}

T=yz

\/ min {X”(y), )\+(z)}

T=yz
= (AT ov)(a).
This completes the proof. O

Theorem 3.22. If \ is an (€, €V ¢))-fuzzy subsemigroup of S, then A\~ is an (€,
€)-fuzzy subsemigroup of S.

Proof. For any x,y € S, we have
A (zy) = min{A(zy), 3} > min{min{A(z), A(y), $}, 3}

= min{min{A(x), %}, min{A(y), %}}

= min{A" (), A”(y)}-
Thus A\~ is an (€, €)-fuzzy subsemigroup of S. O

Using Theorems 3.22 and 3.14, we have the following corollary.
Corollary 3.23. If \ is an (€, €V ¢})-fuzzy subsemigroup of S, the set
QA5 = {z € S [zg A7}

is a subsemigroup of S when it is nonempty for all t € (0,4].

Theorem 3.24. The intersection of any family of (€, €V q})-fuzzy subsemigroups
of S is an (€, €V q})-fuzzy subsemigroups of S.

Proof. Let {\; | i € A} be a family of (€, €V ¢j)-fuzzy subsemigroups of S and let A

be the intersection of this family. We verify that z; oy, €V g A for all x,y € S and

t,r € (0,0] with 7, € X and y, € A\. Assume that a; € \, b, € X and a; 0 b, €V g A
367
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for some a,b € S and ¢,7 € (0,4]. Then A(ab) < min{¢t, r} and A(ab) +min{¢,r} < 4.
Hence A(ab) < g. Since each \; is an (€, €V ¢))-fuzzy subsemigroup of S, the family
{A\i | i € A} can be divided into two disjoint parts:
Ay = {Xi | Ai(ab) > min{t, r}}
and
Ao = {X; | Ai(ab) < min{t, r} and A;(ab) + min{t,r} > 0}.

If A\j(ab) > min{t,r} for all A;, then A(ab) > min{t,r} which is a contradiction.
Hence X;(ab) < min{t,r} and \;(ab) + min{¢,r} > ¢ for some A;. It follows that
min{t,r} > &, whence A;(a) > A(a) >t > min{t,r} > 3 for all \; € A. Similarly,
Ai(b) > % for all A\; € As. Now suppose that ¢; := \;(ab) < g for some J;, and let
r; € (0, %) such that ¢; < r;. Then \;(a) > % > r; and A;(b) > % > i, ie., ap, €N
and b, € A\;. But \;(ab) = t; < r; and \;(ab) + r; < . Hence a,, o by, E\/qg YR
This contradicts that \; is an (€, €V ¢3)-fuzzy subsemigroup of S. Thus \;(ab) > %
for all \;, and so A(ab) > g. This is impossible, and therefore z; oy, €V ¢d A for all
x,y € S and t,r € (0,6] with z; € X and y,. € \. O

Corollary 3.25. The intersection of any family of (€, €V q)-fuzzy subsemigroups
of S is an (€, €V q)-fuzzy subsemigroups of S.

Theorem 3.26. For any chain Ly C Ly C Ly C --- C L, = S of subsemigroups of
S there exists an (€, €V q})-fuzzy subsemigroup of S for which level subsemigroups
coincide with this chain.

Proof. Let to,t1,- - ,t, be a finite decreasing sequence in [0, 4]. Consider the fuzzy
set A in S defined by A(Lg) = to and A(Ly \ Lx—1) = t; for 0 < k < n. Let
x,y € S. If x,y € Ly \ Li_1, then zy € Ly and so A(zy) > t = min{A(z), A\(y)}.
Now let « € L; \ L;—1 and y € L; \ Lj_1 where i # j. We may assume that
i > j without loss of generality. Then L; C L;, AMz) = t; < t; = A(y) and
xzy € L;. It follows that A(zy) > t; = min{\(z), A\(y)}. Therefore X is an (€, €)-
fuzzy subsemigroup of S, and so it is an (€, €V qg )-fuzzy subsemigroups of S. Note
that A has the values tg,t1, - ,t, only, and thus the level subsemigroups form a
chain: U(X\;t9) C U(A;t1) C --- CU(Nt,) = S. We now prove that U(A;t;) = Ly
for 0 < k < 4. Indeed, U(X;tg) = Lg. Moreover, Ly C U(A;ty) for k # 0. If
x € U(A;ty), then A(z) > ¢ and so « ¢ L; for i > k. Hence A(x) € {to,t1, - ,tk},
which implies * € L; for some 7 < k. Since L; C Ly, it follows that x € L.
Consequently, U(\;t;) = Ly, for every k = 1,2,--- ,n. This completes the proof. O

Theorem 3.27. Let {L; |t € A C (0, 3]} be a collection of subsemigroups of S for
which their union is S and for any s,t € A, s <t if and only if Ly C Ls. Then a
fuzzy set A defined by

A:S—=[0,1], x—sup{reA|zeL,}
is an (€, €V qQ)-fuzzy subsemigroup of S.

Proof. According to Theorem 3.17, it is sufficient to show that the nonempty set
U(X;t) is a subsemigroup of S for all t € (0, §]. We consider two cases:

(i) t =sup{s € A | s <t} and (ii) t #sup{s € A | s < t}.
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The case (i) implies that

zeUNt) & (xeLlyVs<t) & xz€ ()Ls.
s<t

So, U(X\;t) = () Ls, and it is a subsemigroup of S. For the second case, if x € | Ls,
s<t s>t

then x € L, for some s > t. Hence A(x) > s > t, and so € U(A;t). Now let

x ¢ \JLs. Then = ¢ Ly for all s > t. Since t # sup{s € A | s < t}, there exists
s>t

g > 0 such that AN (t —e,t) = &. Thus © ¢ L, for all s >t — ¢, and so if x € Ly

then s <t —e. It follows that A(z) <t —e < t, and that « ¢ U(\;¢). Therefore

U(X\;t) = U Ls, which is clearly a subsemigroup of S. Consequently, \ is an (€,
s>t

€V ¢))-fuzzy subsemigroup of S. O
Let \ be a fuzzy set in S. An (€, €V ¢j)-fuzzy subsemigroup v in S is said to be
an (€, €V q))-fuzzy subsemigroup generated by X\ in S if

(i) A<,

(ii) For any (€, €V ¢))-fuzzy subsemigroup « in S, if A < v then v < 7.
Theorem 3.28. Let A be a fuzzy set in S with finite images. Define subsemigroups
L; of S as follows:

Lo = ({z € S| () > §}),

Li={(Li-1U{z e S| \z)=sup{A(z) | z€ S\ Li—1})
fori=1,2,--- n wheren < [Im(\)| and L, = S. Let \* be a fuzzy set in S defined
by

)\*(l‘) o )\(l‘) ifx e Lo,
sup{A(z) | z€ S\ L;—1} ifze L\ Li_;.
Then \* is the (€, €V q))-fuzzy subsemigroup generated by \ in S.
Proof. Note that the L;’s form a chain
LyCcLyC---CL, =8

of subsemigroups ending at S. We first show that \* is an (&, € V g})-fuzzy sub-
semigroup of S. Let x,y € S. If x,y € Lo, then x xy € Ly and so
N (xxy) = e+ y) > min{A(2), A(y), §} = min{X*(2), A" (y), 5 }.
Let x € Ly \ Ly—; and y € L; \ Lj_;. We may assume that ¢ < j without loss of
generality. Then z,y € L; and so x xy € L;. It follows that
N wy) = supfA(2) | 2 € S\ L1}
> min{sup{\(z) | z € S\ Li—1},sup{A(2) | z € S\ L;_1}, 3}
= min{\* (), \*(y), §}-

Hence A\* is an (€, €V qg )-fuzzy subsemigroup of S whose €V qg—level subsemigroups

are precisely the members of the chain above. Obviously, A C A\* by the construction

of A*. Now let v be any (€, €V ¢3)-fuzzy subsemigroup of S such that A C v. If x €

Lo, then \*(z) = AM(z) < v(x). Let {By,} be the class of €V gJ-level subsemigroups
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of vin S. Let © € Ly \ Lo. Then \*(z) = sup{\(z) | 2 € S\ Lo} and L; = (K3)
where
Ki=LoU{z eS| Az)=sup{A(z) | z€ S\ Lo}}.
Let € K1\ Lo. Then A(x) =sup{A(2) | z € S\ Lo}. Since A C v, it follows that
sup{\(2) | z € S\ Lo} <inf{v(z) |z € K1\ Lo} < v(x).

Putting t;; = inf{v(z) | x € K1 \ Lo}, we get € By,, and hence K7 \ Ly C By,,.
Since Ly C By,,, we have Ly = (Ky) C By,,. Thus v(z) > t; for all z € L.
Therefore

A (x) =sup{A(2) | z € S\ Lo} <tin <v(x)
for all z € Ly \ Lo. Similarly, we can prove that \*(z) < v(z) for all x € L; \ L;—
where 2 < i < n. Consequently, \ is the (€, € V ¢3)-fuzzy subsemigroup generated
by Ain S. g
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