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ABSTRACT. In this paper we give several characterizations for fuzzy
ideals, fuzzy homomorphisms, and fuzzy congruences of an almost dis-
tributive lattice. In addition, the quotient of an almost distributive lattice
induced by a fuzzy congruence is also presented in the paper. Furthermore,
we obtain a kind of fuzzy congruences for which their quotient is a distribu-
tive lattice and for which it is not. Mainly, we construct a monomorphism
of the lattice of fuzzy ideals into the lattice of fuzzy congruences of almost
Boolean rings, and we give a necessary and sufficient condition for this
monomorphism to become a lattice isomorphism.
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1. INTRODUCTION

The concept of an almost distributive lattice(ADL) was first introduced by U.M.
Swamy and G. C. Rao [9] in 1980 as a common abstraction to most of the existing
ring theoretic and lattice theoretic generalization of Boolean algebras. An ADL is an
algebra with two binary operations V and A which satisfies almost all the properties
of a distributive lattice with smallest element 0 except possibly the commutativity
of V, the commutativity of A and the right distributivity of V over A. It was also
observed that any one of these three properties converts an ADL into a distributive
lattice. The study of ideals, and congruence relations on ADLs was initiated in [9]
and later studied by many authors. In most of algebraic structures the concept
of congruences is closely related with structures such as; normal subgroups (in the
case of groups), ideals (in the case of rings), and quotient algebras. This makes the
study of congruences more important both from theoretical stand point and for its
applications in many fields. In this view, the concept of filter congruences and factor
congruences was introduced in an ADL analogous to that in a distributive lattice by
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U.M. Swamy et al. [8]. Following this, Y. S. Pawar et al. [4] further studied on the
class of congruences on ADLs induced by multiplicatively closed sets.

On the other hand, the study of fuzzy sets was done in 1965 by L. A. Zadeh [11].
Since then many authors have been studying fuzzy subalgebras of several algebraic
structures. Rosenfeld [5] in 1971 developed the concept of fuzzy subgroup. W. J.
Liu [2] in 1982 initiated the study of fuzzy subrings, and fuzzy ideals of a ring. D.S.
Malik et al. [3] studied fuzzy homomorphisms of rings. In 1990, Y. Bo et al. [10]
introduced the concept of fuzzy ideals and fuzzy congruences of distributive lattices
and showed that if L is relatively complemented distributive lattice with zero, then
there is a one-to-one correspondence between the lattice of fuzzy ideals and the

lattice of fuzzy congruences of L. Later in 1998 U. M. Swamy et al. [7] studied
properties of L-fuzzy ideals and L-fuzzy congruences of lattices.
More recently, U. M. Swamy et al. [0] initiated the study of L-fuzzy ideals of

ADLs. They particularly proved that the class of L-fuzzy ideals of an ADL forms
a complete distributive lattice. In this paper, we extend the results in [6] and give
several characterizations for fuzzy ideals, fuzzy homomorphisms, and fuzzy congru-
ences of ADLs. Quotient ADLs induced by fuzzy congruences are also presented
in the paper. In addition, we obtain a kind of fuzzy congruences for which their
quotient is a distributive lattice and for which it is not. Furthermore, we give the
smallest fuzzy congruence on an ADL A such that its quotient is a distributive lat-
tice. Finally, we construct a monomorphism of the lattice of fuzzy ideals and the
lattice of fuzzy congruences of almost Boolean rings and we give a necessary and
sufficient condition for this monomorphism to become an order isomorphism.

Most of the results in the paper seem analogous to those results in distributive
lattices, though the proofs are different due to the absence of the commutativity of
V and A.

2. PRELIMINARIES

In this section we recall some definitions and basic results on almost distributive
lattices.

Definition 2.1 ([9]). An algebra (A,V,A,0) of type (2,2,0) is called an almost
distributive lattice, abbreviated as ADL, if it satisfies the following axioms:
(i) aV0=a,
(i) 0Aa =0,
(iii) (avVb)Ac=(anc)V(bAc),
(iv)an(dVe)=(aAb)V(aNc),
(V)av(bAc)=(aVb)A(aVc),
(v) (aVvb)Ab=0, for all a,b,c € A.

Lemma 2.2 ([9]). For any a € A, we have

(1) an0=0,
(2) 0Va=a,
(3) ana=a,
(4) avVa=a.

Lemma 2.3 ([9]). For any a,b € A, we have
316
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(1) (anb)Vb=0,

(2) aV(anb)=a=aA (aVDb),

(3) av(dbAha)=a=(aVb)Aa,

(4) A is associative and a NbAc=bAaAc.
Corollary 2.4 ([9]). For any a,b € A, we have

(1) avb=a if and only if a Nb=b,

(2) avVb="bif and only if a Nb = a.
Definition 2.5 ([9]). For any a,b € A, we say that a is less than or equals to b and
we write a < b, if a A b = a or equivalently a V b = b.

Theorem 2.6 ([9]). For any a,b € A, the following are equivalent:

) an(bVa)=a,

) (bAa)Vb=b,

) bA(aVb)=b,

) anb=DbAa,

) avb=>bVa,

) the supremum of a and b exists in A and equals to a V' b,
) there exists x € A such that a <z and b < z,

Definition 2.7 ([9]). A nonempty subset I of an ADL A is called an ideal of A, if
aVbaNzel,forall a,be I and for all z € A.

It can be observed that x Aa € I for all a € I and all z € A. For any subset
S C A, the smallest ideal of A containing S is called the ideal of A generated by S
and is denoted by (S]. Note that:

(S]={(Vzi)Na:a€ Az, €8S,i=1,..,nforsomenec Z;}.
If S = {a}, then we write (a], for (S]. In this case, (a] ={a Az :z € A}.

3. Fuzzy IDEALS AND FUZzZY HOMOMORPHISMS ON ADLS

In this section, we give several characterizations for fuzzy ideals and fuzzy homo-
morphisms of ADLs. Some of the results on fuzzy ideals are due to [6]. Remember
that, for any set A, a function p: A — [0, 1] is called a fuzzy subset of A. For each
t €10,1], the set

pe={z € A:p(x) >t}
is called the level subset of p at ¢ [11].
Definition 3.1. A fuzzy subset u of A is called a fuzzy subADL of A, if:
p(@Vy) Ap(e Ay) = p(e) Aply), forall ,y € A.
Definition 3.2 ([6]). A fuzzy subset p of A is called a fuzzy ideal of A, if:
1(0) =1 and p(z Vy) = p(z) A p(y), for all z,y € A.

We denote the class of all fuzzy ideals of A by FI(A).

Example 3.3. Let A = {0,a,b,c} and let V and A be binary operations on A
defined by:
317
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V|i0|ja|b]|c AlO0jlal|b]|c
0/0|lal|b|c 0[{0|0|0]O
alalalala al|0|lal|b]|c
b|lb|b|b|b b|O0|la|b|c
cleclal|b|c c|0lc|c]|c
Then (A, V, A,0) is an ADL(a discrete ADL) [9]. Now define a fuzzy subset p of A

by:
1(0) =1, p(a) = 0.6 = p(b) and p(c) = 0.8.

Thus pu is a fuzzy ideal of A.
Lemma 3.4. [6] A fuzzy subset u of A is a fuzzy ideal of A if and only if

(1) p(0) =1,

(2) plzVvy) > p(@) Ap(y),

() wlaAy) = )V ply), for all z,y € A,
Lemma 3.5. Let p be fuzzy subADL of A. Then u is a fuzzy ideal of A if and only
if

w(0)=1and aNb=">b= p(a) < u), for alla,b e A

Lemma 3.6 ([6]). Let p be fuzzy subset of A. Then u is a fuzzy ideal of A if and
only if pt is an ideal of A, for all t € [0,1].

Lemma 3.7. The intersection of any family of fuzzy ideals of A is a fuzzy ideal.

Remark 3.8. Note that the union of a family of fuzzy ideals of A is not in general
a fuzzy ideal of A. We verify this in the following example:

Example 3.9. Let A = {0,a,b,c} and let V and A be binary operations on A de-
fined by:

VIiO|lal|b|ec AlOlal|b]|c
0(0|lal|b|c 0(0]0|0]O
alalalala al0lal|b]|c
blbla|bl|a b|10|b|b|O
clclalalc c|0lc|0]c
Then it is clear that (A,V,A,0) is an ADL. Now define fuzzy subsets u and o of A

by:
1(0) =1, p(a) = 0.5 = p(b) and p(c) = 0.7,
o(0) =1, o(a) = 0.6 = o(c) and o(b) = 0.8.
Thus both i and o are fuzzy ideals of A but p U o fails to be a fuzzy ideal of A.

Lemma 3.10 ([6]). A nonempty subset I of A is an ideal of A if and only if the
characteristic function xy of I is a fuzzy ideal of A.

Definition 3.11. Let p be fuzzy subset of A. The smallest fuzzy ideal of A con-
taining p is called a fuzzy ideal of A induced by p and is denoted by (u] .

Lemma 3.12. For any fuzzy subset p of A,

(u] =M{o € FI(A): pCa}.
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Lemma 3.13. Let S be any subset of A and xgs its characteristic function. Then
(xs] = x(s1-

Proof. To prove that (xs] = x(s], we show that x(g] is the smallest fuzzy ideal of A
containing xs. Since (S] is an ideal of A containing S, it is clear that x (g is a fuzzy
ideal of A containing ys. It remains to show that it is the smallest fuzzy ideal of A
containing xs. Let u be any fuzzy ideal of A containing xg, that is, xs(z) < p(z),
for all x € S, then p(x) =1, for all z € S.

Now consider y € (S]. Theny = (\/ z;)Aa, forsomea € A,z; € S,i=1,...n;n €
Z . Then, for each y € (S], we have

w(y) = n((\/ 2:) Aa) > p(\/ =) v pla) > p(\ 2:) > N\ plai) = 1.
Thus x(s)(y) < p(y), for all y € A. So x5 € p. Hence the result holds. O

For any fuzzy subset p of A, it is clear that
w(z) = Sup{a € [0,1] : © € py}, for all z € A.
In the following theorem, we characterize a fuzzy ideal induced by fuzzy sets.

Theorem 3.14. Let u be a fuzzy subset of A. Then a fuzzy subset i of A defined
by:

p(z) = Sup{a € [0,1] : & € (ua]}, for allz € A
is a fuzzy ideal of A induced by p.

Proof. Tt is enough if we show that f is the smallest fuzzy ideal of A containing u.
Clearly @ is a fuzzy subset of A. Also i(0) = Sup{a € [0,1] : 0 € {1a]}. Since (1q]
is an ideal of A, for all & € [0,1], 0 € (uqa], for all & € [0,1]. Then it follows that
12(0) = Sup{a € [0,1]} = 1.
Next we show that fi(x Vy) > fi(x) A f(y), for all x,y € A. For;
p(x) Ap(y) = Supf{a € [0,1] : w € (pal} A Sup{f € [0,1] : y € (up]}
= Sup{min{ca, B} : @ € (ual ,y € (psl}-
If we put A = min{a, 8}, then A < a and A < g, which implies that (11o] C (ua] and
(g] € (un]. That is, if © € (ue] and y € (ug], then z,y € (ux]. Thus 2V y € (u,].
So
A(x) A Rly) = Sup{min{a, B} © € (el v € (3]}
< Sup{A € [0,1] : z Vy € (ua]}
=z Vy).
Next we show that fi(z Ay) > f(z) V i(y). It follows from the definition of
i that f(b) > fi(a), whenever a Ab = b, for all a,b € A. Using this fact, Since
zA(xAy) =zAyand yA(xAy) =z Ay, for all x,y € A, we get that u(zAy) > p(x)
and fi(x Ay) > f(y) which implies that fi(z A y) > fi(x) V ii(y). Then [ is a fuzzy
ideal of A.
Next we show that u C fi. For any « € A, put u(x) = X\. Then = € py C {(u,].
Thus z € (uy]. So A € {a € [0,1] : = € (]}, that is,

fi(x) = Sup{a € [0,1] : x € (pal} = A = p(x).
Hence u C fi.
Now it remains to show that @ is the smallest fuzzy ideal such that p C . Let
v be any fuzzy ideal of A such that p C . Then pu, C 74, for all a € [0,1]. For;
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T E po = u(x) > a= y(r) > o= x € 4. Since v is a fuzzy ideal of A, we have 7,
is an ideal of A, for all a € [0,1]. That is, 7, is an ideal of A containing p,. Thus

(o] € 7a-
Now for any = € A, consider

p(x) = Sup{a € [0,1] : @ € (ual} < Sup{a € [0,1] : z € v} = v(2).
Hence the result holds. U

Theorem 3.15 ([6]). The class FI(A) of all fuzzy ideals of A forms a complete
lattice where the infimum and supremum of any family {pe : « € A} of fuzzy ideals
is given by:

/\,ua = Nita and \/Ma = <U/1‘a] .

In the remaining part of this section we define fuzzy homomorphisms on ADLs
and we present some results on fuzzy homomorphisms in connection with fuzzy
ideals.

Recall from [1] that, for any sets A and B a mapping f : A x B — [0,1] is
called a fuzzy relation of A into B. A fuzzy relation f of A into B is called a
fuzzy mapping if for each x € A there exists a unique element y, € B such that
f(x,y;) = 1 in this case we call this unique element y, a fuzzy image of x under f.
We write f : A --» B, for a fuzzy mapping f of A into B. Image of f is the set
{ys, :x € A} ={y € B: f(z,y) = 1}. Moreover, for any y € B,

fFly)y={zcA:y,=yl={xcA: fz,y) =1}.

As usual, f is said to be onto, if for each y € B, there exists z € A such that y, =y
and f is said to be one-one, if for each a,b € A, y, = yp = a = 0.

Definition 3.16. Let A and B be ADLs. A fuzzy mapping f : A --+ B is called a
fuzzy homomorphism of ADLs, if the following are satisfied, for all a,b € A :
(i) yo = 0 (a zero element in B),

(ii) f(z1 V 22,y) > sup{f(x1,y1) A f(x2,92) 1y =y1 V y2,91,%2 € B},
(ili) f(z1 Aw2,y) > sup{f(x1,y1) A f(x2,y2) : ¥ = y1 Ay2,¥1,Y2 € B}.

Lemma 3.17. Let f : A --» B be a fuzzy homomorphism of ADLs. Then we have
the following:

(1) Yave) = Ya V Yb,

(2) Y(anb) = Ya A Ybs
for all a,b € A.
Proof. We have y, and y;, are the unique elements in B such that f(a,y,) =1 and
f(b,yp) = 1. We show that f(aVb,y,Vys) = 1. Put z = y, Vy, for simplicity. Then

flavd, z) = Sup{f(a,z1) A f(b,z0):2z=12V 29,21,20 € B}

flasya) A f(b,ys)
- 1.

v

Since y(qvp) is the unique element in B such that fla Vb, y(avb)) = 1, we get that
Y(avb) = Ya V Yo. Similarly, it can be verified that yaar)y = Ya A Yo- O
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Lemma 3.18. Let A and B be ADLs and f a fuzzy homomorphism of A onto
B. Let u be a fuzzy subADL(respectively a fuzzy ideal) of A and o be a fuzzy sub-
ADL(respectively a fuzzy ideal) of B . Then

(1) f(p) is a fuzzy subADL(respectively a fuzzy ideal) of B,

(2) f~Y(0) is a fuzzy subADL (respectively a fuzzy ideal) of A.

Theorem 3.19. Let A and B be ADLs and f : A — B a mapping. Then f is a
homomorphism if and only if its characteristic mapping xr s a fuzzy homomorphism
of A into B, where xy: Ax B —[0,1] is defined as:

r(ab) = {1 if fla)=

0 otherwise,

for all (a,b) € A x B.
Theorem 3.20. Let f be a fuzzy homomorphism of A into B. Then a subset f* of
A defined by

ff={zxed: f(x,0)=1}
is an ideal of A.
Proof. Clearly, f(0,0) = 1. then 0 € f*. Let a,b € f*. Then f(a,0) =1 = f(b,0).
We show that f(aVb,0) =1, for;

flaVvb,0)=sup{f(a,y1) A f(b,y2) : 0 =y1 Vy2 and y1,y2 € B}
> f(a,0) A £(b,0) = 1.

That is, f(aVb,0) = 1. Thus aV b € f*. Also let a € f* and © € A. Then
f(a,0) = 1. Now consider

flanz,0) = Sup{f(a,y1) A f(z,y2) : 0=y1 Ay2} > f(a,0) A f(z,y.) =1,
that is, f(a Az,0) = 1. Thus a Az € f*. So f* is an ideal of A. O
Theorem 3.21. Let [ be a fuzzy homomorphism of A into B. Then a fuzzy subset
wyr of A defined by
pup(z) = f(z,0), forallz € A
is a fuzzy ideal of A.
Proof. Clearly py(0) = 1. For any a,b € A, consider the following:
prlaVe) = favno)

= sup{f(a,y1) A f(b,y2) : y1V y2 = 0 and y1,y2 € B}
> fla,y1) A f(byy2) Yyi,y2 € B, with y1 Vys =0.

0. That is, pr(a Vd) > f(a,0) A f(b,0) =

\%

In particular, for y3 = 0 and y, =

pp(a) A pugp(b).
Also,

flanbd,0)
= sup{f(a,y1) A f(b,y2) : 0 = y1 Ayeandyi,ys € B}

fla,y1) A F(b,y2) Yyr1,y2 € B, with yi Ays = 0.
321
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In particular, for y1 = 0 and y» = y». That is, pr(a Ab) > f(a,0) A f(byyp) =
f(a,0) A1 = f(a,0) = pys(a). Similarly, doing we get pr(a Ab) > ps(b) which
implies that py(a Ab) > py(a) V psp(b). Thus uy is a fuzzy ideal of A. O

4. Fuzzy CONGRUENCES ON ADLSs

In this section we define fuzzy congruence relations on ADLs and we give several
characterizations for fuzzy congruences in terms of fuzzy ideals and fuzzy homomor-
phisms.

Recall that for any set A a fuzzy subset © of A x A is called a fuzzy relation on A.

Definition 4.1. A fuzzy relation ©® on an ADL A is a called fuzzy congruence
relation on A, if the following are satisfied:

(i) B(a,a) =1, for all a € A,

(i) ©(a,b) = O(b,a), for all a,b € A,

(iii) ©(a,c) > O(a,b) A O(b,c), for all a,b,c € A,

(iv) ©(aVe,bVd)ABO(aAe,bAd) > O(a,b) AO(c,d), for all a,b, c,d € A.

We denote the set of all fuzzy congruence relations on A by FC(A).

Example 4.2. Let A be an ADL as in Example 3.3. Define a fuzzy relation © on
A as follows:
a,a ) ) ( 76) =1,

0(0,0) = ©(
0(0,¢) = 6(c,0)
O(b, ¢) =0(c,a) = O(b,c) = O(c,b)
= 9(0 a) = @(a 0) = ©(0,b) = O(b,0) = 0.7.

O(a,b) = O(b,a) =
Then O is a fuzzy congruence relation on A.

o(b,
0.8,
O(a,

Lemma 4.3. Let 0 be an equivalence relation on A. Then 0 is a congruence relation
on A if and only if its characteristic function xg is a fuzzy congruence on A.

Lemma 4.4. A fuzzy relation © on A is a fuzzy congruence on A if and only if
every level subset ©; of © at t € [0,1] is a congruence relation on A.

Theorem 4.5. Let © be a fuzzy congruence relation on A. A fuzzy subset uo defined
by pe(x) = ©(x,0) for all x € A is a fuzzy ideal of A.

Proof. The proof is analogous to that of Theorem 3.21. O

Theorem 4.6. Let O be a fuzzy congruence relation on A. A fuzzy subset vg defined
by vo(z) = Inf{O(aAz,z):a € A}, for all x € A is a fuzzy ideal of A.

Proof. vo(0) = Inf{©(aN0,0):a€ A} =Inf{6(0,0):a € A} = ©(0,0) = 1. For
any x,y € A, consider
vo(zVy)=Inf{O(aA(xVy),zVy):a€c A}
=Inf{Ol(anz)V(aAy),xVy]:ac A}
>Inf{O(aAz,2) NO(aNy,y):ac A}
=Inf{OaNz,x):a€ A} ANInf{O(aNy,y):a € A}
=ve(z) Nve(y).
Also consider
vo(x ANy)=Inf{O(aN(xAy),zAy):a€ A}
=Inf{OllaNz)ANyl,z A Ny):ac A}
322
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>Inf{O(aAz,2) NO(y,y) :a € A}
=Inf{O(aNz,z):a€ A}

=vo(x).
In the similar fashion, we get vg(x Ay) > vo(y). Then ve(zAy) > vo(x) Ve (y).
Thus vg is a fuzzy ideal of A. a

Theorem 4.7. Let © be a fuzzy congruence relation on A. Then peo = ve.

Proof. For any fuzzy congruence relation on A, we claim to show that yue = veg. For
any x € A, we have vg(x) = Inf{©(a Ax,z) : a € A}. Then vg(z) < O(a Az, ),
for all a € A. In particular, for a = 0,
vo(x) <O Az,z) =0(0,z) = O(x,0) = pe(x).
On the other hand, for any a € A, consider
O(aNz,x) =Olanz,(aNx)V x|

>0O(aNz,anz)NO(0,x)

= 0(z,0) = pe(x).
Thus O(a Az, ) > pe(z), for all a € A. So

vo(x) =Inf{O(aNzx,x):a € A} > ue(x).

Hence po = veo. O

Theorem 4.8. Let f: A --+ B be a fuzzy homomorphism. Define a fuzzy kernel of
f denoted by Ky : Ax A:—[0,1] as follows:

K (a b) — 1 Zf ya = yb
A 0 otherwise,

for all a,b € A. Then this Ky is a fuzzy congruence relation on A.

Corollary 4.9. f is a fuzzy monomorphism if and only if its kernel Ky is the
characteristic function of the diagonal of A.

Theorem 4.10. Let © be a fuzzy congruence relation on A. For any x € A, define
a subset ©, of A by

O, ={ye A:0(z,y) =1}.
Then ©q is an ideal of A.

Remark 4.11. This O is a level subset of a fuzzy ideal ug (given in Theorem 4.5)
at t = 1. Let © be a fuzzy congruence on A. For any x € A consider a subset ©, of
A given by ©, = {y € A: O(x,y) = 1}. Then we have the following properties:

(1) For any =,y € A either 0, N0, = or O, = O,,

(2) = € O, if and only if ©, = ©, or equivalently if O(z,y) = 1.

A A
Put 6= {©, : © € A} and define operations A and V on o follows:

O, NOy =0y, and O, VO, = O,y (*)
A
Then (=, A,V,0q) becomes an ADL with O as its zero element and it is called a
quotient ADL induced by the fuzzy congruence © on A.

Definition 4.12. A fuzzy subset p of A is said to be multiplicatively closed, if
323
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wlx Ay) > p(x) A ply), for all z,y € A.

Let A be a multiplicatively closed fuzzy subset of A with Sup{A(z):z € A} =1.
Define fuzzy relations U* and ®* on A induced by X as follows:
U (z,y) = Sup{\(a) :x Na=yAa,a € A} and
Oz, y) = Sup{A(b) :bAx =bAy,be A}. for all x,y € A.

Then we have the following results.

A
Theorem 4.13. U is a fuzzy congruence relation on A and the quotient A2 1

A
a distributive lattice. Moreover if A has mazximal elements then the quotient —

becomes bounded with the class of all mazimal elements, its unit element and {0} its
least element.

Proof. We first show that ¥ is a fuzzy congruence on A. For; for any z,y,z € A,
consider the following:
(1) Az, 2) = Sup{\(a) :x Aa=z Na,a € A} = Sup{A(a) :a € A} =1,
(2) UMz, y) = Sup{\(a) sz Na=yANa,a€ A} = Uy, z),
(3) for any a,b € A, if tAa = yAa and yAb = zAb, then we get xA(aAb) = yA(aAb)
and y A (a Ab) = z A (a Ab) which implies that z A (a Ab) = z A (a A D).
Now consider
A (z,y) A Ay, 2)
= Sup{A(a):zha=yANa,a€ A} ANSup{\(b) :yAb=2zAbbe A}
= Sup{Aa) AXDD):zha=yANaandy ANb=zAb,a,be A}
< Sup{AaAb):xANa=yAaandyANb=2zAb, a,be A}
< Sup{Ac):zAhc=yAc, c€ A}
= Uz, 2).
(4) similarly, it can be verified that

U@ V22,41 Vo) = U (w1, 1) A U (32, 92)
and
TNzy Awa, y1 Aya) > ONay,y1) A N2, y2).
Thus ¥* is a fuzzy congruence relation on A.
Next we show that the quotient % is a distributive lattice. Clearly, it is an ADL
together with binary operations V and A defined as in (*). It suffices to show that

A
either A or V is commutative on S For any z,y € A, consider

TNz Ay, yAz) = sup{(a) : (xAy)Aa = (yAz)Aa,a € A} = sup{\(a) :a € A} = 1.

Then \IIQAy = \1’2/\:10 which says that A is commutative. Thus the quotient 2 is a
distributive lattice. O

Remark 4.14. It is clear that ®* is a fuzzy congruence on A. But the quotient

2 is not in general a distributive lattice. We verify this by giving the following
example.
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Example 4.15. Let A be a discrete ADL with |A| > 3 (see [9] and [1]). Let A be a
fuzzy subset of A defined by:

/\(x):{o if =0

1 otherwise.

Then ) is a multiplicatively closed fuzzy subset of A and ®* is a fuzzy congruence
on A. We show that o >~ A. For; consider the canonical map f: A — % defined
by:
f(z) = @, for all z € A.
Then it is clear that f is an epimorphism. It remains to show that f is one-one. For
any x,y € A
f@)=fly) = ex=2,

= dMax,y) =1

= Sup{A(a):arhz=aAy}=1.
Since I'mgX = {0,1}, there exists a nonzero a € A such that a Ax = a Ay. By

the fact that every nonzero element in A is maximal, it follows that x = y. Thus
f is one-one and hence an isomorphism. Since A is a discrete ADL with at least 3

A
elements, it is not a lattice. So the quotient o is not a distributive lattice.

In the next theorem, we give the smallest fuzzy congruence on A for which its
quotient is a distributive lattice.

Theorem 4.16. A fuzzy relation n on A defined by
1 i (a]|=(b

0 otherwise,

for all a,b € A, is a fuzzy congruence relation on A and it is the smallest such that

the quotient — is a distributive lattice.

Proof. Clearly, 1 is a fuzzy congruence on A. It is also clear that {(a Ab] = (bAa],
for all a,b € A. Then n(aAb,bAa) = 1. Thus 9ap) = N(bra) Which implies that the
A

quotient o is a distributive lattice. Now let ©® be any fuzzy congruence on A such

that the quotient % is a distributive lattice. We claim to show that n C ©. For any
a,b € A, consider the following.
If (a] # (b], then n(a,b) =0 < O(a,b). Otherwise,

(a] =] = anb=bbAha=a

O(anb) = O, Ora) = O4

0, = 0} (since g is a lattice)
O(a,b) =1 =mn(a,b).

Thus n C O. 0
325
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Definition 4.17. An ADL A is said to be associative, if the binary operation V in
A is associative.

Theorem 4.18. Let A be an associative ADL and i a fuzzy ideal of A. Let us
define fuzzy relation ¢, on A by:

Ou(z,y) = Sup{u(a) :aVae=aVy,ac A}, foralz,y € A
Then ¢, is a fuzzy congruence relation on A.

Proof. For any x,y,z € A, consider

(1) ¢p(x, ) = Sup{p(a) :aVe=aVe,ac A} = Sup{u(a) :a € A} =1,

(2) dul(z,y) = Sup{p(a) :aVe=aVy,ac A} = ¢,(y, ),

B)ifave=aVyand bVy =bV z, for a,b € A, then as A is an associative
ADL, we get (aVb)Va = (aVb)Vyand (aVb)Vy=(aVb)Vz which implies that
(avb)Ve=(aVbd)V z.

Now consider

= Sup{p(a):aVr=aVy,aec A} ANSup{u(d):bVy=>bVzbec A}
= Sup{p(a) Ap(d):aVe=aVyand bVy=>bVz a,bec A}

= Sup{p(a) Au(d): (avVb)Ve=(aVb)Vz abec A}

< Sup{p(aVbd):(avVb)Vz=(aVb)Vzabec A}

< Sup{p(c):eVez=cVz ce A}

:¢M<.’E,Z).

(4) Similar to (3), we can verify that

Gu(x1 Va2, y1 Vy2) > du(r,y1) A dp(a,y2)
and
Gu(z1 A2, y1 Ay2) = du(1,y1) A du(@2, y2).
Thus ¢, is a fuzzy congruence relation on A. 0

Theorem 4.19. ¢, is the smallest fuzzy congruence on A containing the product
fuzzy ideal p x p, of A x A, where the product of any two fuzzy subsets pu and v of
A and B respectively is defined as:

(ux v)(z,y) = p(x) Av(y), for all (z,y) € A x B.

Proof. We see in the above theorem that ¢, is a fuzzy congruence on A. We first
show that p x p € ¢,,. For; for any z,y € A, we have (u x p)(z,y) = p(x) A ply) =
w@Vy). Put B={pu(a):aVe =aVy,a € A}. Since (xVy)Ve =zVy = (zVy)Vy,
p(xVy) € B. Then pu(xVy) < Sup B = ¢, (x,y). That is, px p € ¢,,. Let ' be any
fuzzy congruence on A such that yu x p C T'. For any x,y € A, let a € A such that
aVx = aVy. Since I is a fuzzy congruence on A, we have I'(z, y) > I'(z, 2) AT (2, y),
for all z € A. In particular, for z=aVz =aVy, I'(z,y) > T(z,aVz)ATl(aVy,y).
But

I(z,aV x) (aNz)Va,aVe)
aAz,a) NT'(z,x)

T HHSD

AVAR INAVAN VAR
~—T <. <
- X

=

)

>

8

&
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Similarly, we have I'(a V y,y) > p(a). Then I'(z,y) > p(a), for all a € A with
p(a) € B. Thus Sup B < T'(z,y). So ¢u(z,y) < T'(x,y), for all 2,y € A. Hence the
result holds. 0

5. Fuzzy IDEALS AND FUZZY CONGRUENES IN ALMOST BOOLEAN RINGS

Definition 5.1 ([9]). An algebra (A, +,-,0) is called an almost Boolean ring abbre-
viated as ABR, if for any a,b,c,d € R, it satisfies the following:

(i) a + 0 = a,

(i) a+a=0,

(iii) (ab)e = a(bc)

(iv) a(b+ ¢) = ab + ac,

(v) (a+b)c = ac+ be,

(vi) {a+ (b+¢)}d = {(a + b) + c}d.

Definition 5.2 ([9]). An ADL (A, V, A,0) is said to be relatively complemented, if
every interval is a Boolean algebra.

Lemma 5.3 ([9]). An ADL A is relatively complemented if and only if for any
a,b € A, there exists © € A such that aVb=aV x and a ANx = 0. In this case, x is
unique which we denote by a’.

Theorem 5.4 ([9]). Let (A,V,A,0) be a relatively complemented ADL. Define bi-
nary operations ”-” and "+” on A by a-b = aAb and a+b = a’Vb®. Then (A, +,-,0)
is an almost Boolean ring. Furthermore, aAb=a-b andaVb=a+ (b+a-b).

Theorem 5.5 ([9]). Let (A, +,-,0) be an almost Boolean ring. Define binary oper-
ations A and V byaAb=a-bandaVvVb=a+ (b+a-b). Then (A,V,A,0) is a
relatively complemented ADL. Furthermore, we get a-b=aAb and a+b = a’ Vv b®.

The above two theorems give us a duality between the class of relatively comple-
mented ADLs and the class of almost Boolean rings analogous to the well known
Stone’s duality between the class of relatively complemented lattices with 0 and the
class of Boolean Rings.

Definition 5.6. Let A be an almost Boolean ring. A fuzzy subset u of A is called
a fuzzy ideal of A, if the following are satisfied:

w(0) =1, pula+0b) > p(a) A p(b) and p(a - b) > p(a) vV u(d), for all a,b € A.
Moreover, a fuzzy relation © on an almost Boolean ring A is said to be a fuzzy
congruence relation on A, if

O(a+c,b+d)AB(a-c,b-d) > O(a,b) AB(c,d), for all a,b,c,d € A.

As a result of the duality in [9] between the class of relatively complemented ADLs
and the class of almost Boolean rings, one can easily verify that a fuzzy subset u of
A is a fuzzy ideal of A as an ADL (i.e., considering A as a relatively complemented
ADL) if and only if it is a fuzzy ideal of A as an almost Boolean ring (i.e., considering
A as an almost Boolean ring). Similarly, a fuzzy equivalence relation 6 on A is a
fuzzy congruence on A as an ADL if and only if it is a fuzzy congruence on A as an
almost Boolean ring.
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Theorem 5.7. Let A be an almost Boolean ring and p be a fuzzy ideal of A. Then
a fuzzy relation ©,, defined by:

©,(a,b) = pla+0b), for alla,be A

18 a fuzzy congruence relation on A.

Proof. For any a,b,c € A, consider the following.
(1) ©y(a,a) = pla+a) = u(0) = 1.
(2) ©u(a,b) = ala+ b) = (b + a) = O,(b,a)
(3) For any a,b,c € A, let us first see that a+c¢= ((a +b) + (b+ ¢))(a + ¢). For;
atc=(at+c)a+c)=(a+b+b+c)la+c)=((a+b)+ (b+c))(a+c).
Then

Oula,¢) = wla+c) = p{((a +b) + (b + ¢))(a+ c)}
> p((a+0)+ (b+c)) Vplatc)
> p((a +b) + (b +¢))
> p(a+0) Ap(b+c)
=0,(a,b) AO,(b,c).

(4) Using similar techniques as in (3), one can verify that
Ou(aVe,bVvd)>0,(a,b) ANO,(c,d)

and
O.(aNc,bAd) > 0O,(a,b) NO,(c,d).

Then O, is a fuzzy congruence relation on A. g

Now let us denote ©,, by C(u) to say that it is induced by the fuzzy ideal p. On
the other hand, for any given fuzzy congruence © on an almost Boolean ring A, we
can define a fuzzy ideal pg on A by ue(z) = O(z,0), for all © € A (see Theorem
4.5). Let us denote ug by I(0) to say that it is induced by ©. Then we have the
following results.

Lemma 5.8. Let A be an almost Boolean ring. If p is any fuzzy ideal of A, then
I(C(p)) = p-

Proof. For any z € A, consider I(C(u))(x) = C(u)(z,0) = p(x + 0) = u(z). Then
I(C(p)) = p- O

Theorem 5.9. There is a monomorphism of the lattice FI(A) of all fuzzy ideals of
an almost Boolean ring A into the lattice FC(A) of all fuzzy congruences on A.

Proof. Consider a mapping p — C(u) of FI(A) into FC(A). It follows from the
above lemma that this mapping is a lattice monomorphism. O

Theorem 5.10. The monomorphism p — C(u) of the lattice FI(A) into the lattice
FC(A) is an isomorphism if and only if A is a generalized Boolean algebra (or simply
a Boolean Ring).

Proof. It is observed in [10] that if A is a generalized Boolean algebra, then the
mapping p — C(u) is a lattice isomorphism.

Conversely, suppose that the mapping p — C(u) is a lattice isomorphism of

FI(A) into FC(A). We claim to show that A is a distributive lattice. Now it
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”

suffices to show that the binary operation is commutative on A. Let © and ®

be fuzzy relations on A defined by:

1 if z=y
O(x,y) =
2 0 otherwise
and
1 if {(z|=
B, y) = (z] = (4]

0 otherwise,

for all x,y € A. Then it can be easily verified that both ©,® € FC(A). Since
the mapping p — C(u) is an isomorphism, there exists p,v € FI(A) such that
C(p) = © and C(v) = ® which will give us that both p and v are the characteristic
function of {0}. That is, 4 = v which implies that © = ®. Thus (z] = (y] if and only
ifx =y, for all z,y € A. Tt follows from the fact (x - y] = (y - ] that -y = y -z, for
all z,y € A. This says that A is a generalized Boolean algebra (or simply a Boolean
ring). O
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