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ABSTRACT. The notions of anti fuzzy ideals, bi-ideals and interior ideals
of Partially Ordered I'-Semigroups(POI'S) have been proposed in this pa-
per. We characterize some properties of POI'S in terms of anti fuzzy ideals
(AFI). We obtain equivalent statements on composition of AFI using the
characteristic function and anti fuzzy bi-ideal(AFBI). Also we study the re-
lationship between anti fuzzy product and union of AFI in a POI'S. Finally,
we deliberate the necessary and sufficient condition of PO-I'-semigroups.
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1. INTRODUCTION

T'he idea of fuzzy set was first considered by Zadeh [26]. The AFI of lie algebras
was considered by Akram [1]. Fuzzy subgroups and anti fuzzy subgroups were con-
sidered by Biswas [2]. The notion of left regular PO-T'-semigroups were studied by
Lee et al.[11]. The notion of AFI in ternary semirings was considered by Nagaiah
[14]. The notion of fuzzy ideal extension of ordered semigroups was considered by
Xie [25]. AFT of I'-rings was considered by Ozturk et al.[15]. Fuzzy groups were
considered by Rosenfeld [17]. T-semigroups were considered by Sen [18]. Later on
Sen et al.[19] considered only one sided I'-semigroups. Moreover, POI'S (Partially
Ordered I'-semigroups) studied by Kwon et al.[10].

The notion of AFT in semigroups, characterizations of different classes in semi-
groups and the properties of their AFIs were considered by Khan et al.[8] and Shabir
et al.[20]. Recently, Srinivas et al.[22] has been studied the concept of the notion of
I-near-rings in terms of AFI and its properties. Further Nagaiah et al.[13] extended
varies properties of PO-I'-semigroups. Prime radicals of I'-Semigroup were studied
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by Dutta et al.[3]. Bi-ideals in ordered I'-Semigroups were considered by Thawhat
[24] and fuzzy bi-ideals in semigroups were considered by Kuroki [9]. Moreover,
properties of PO-I"-semigroups in terms of fuzzy ideals were studied by Majumder
et al.[12]. After that Pal et al.[16] studied the characterization of I'-semigroup in
terms of AFI. Kehayopulu et al.[7] introduced the regular ordered semigroups in
terms of fuzzy sets. Many more researchers studied the different types of fuzzy
ideals in ordered I'-semigroups and its properties of PO-I'-semigroups,for example
see [4, 5, 6, 21, 23].
In this direction we study the Partially Ordered I'-semigroups in terms of AFI.

2. PRELIMINARIES

Definition 2.1 ([1]). Let S and I' be two non-empty sets. Then S is called a I'-
semigroup, if there exists a mapping from S xI' x S — S, written as (a, a, b) — aab
satisfying the identity (aab)Bc = aa(bBc), for all a,b,c € S and for all a, 8 € T".

Definition 2.2 ([12]). Let S be a I-semigroup. By subI-semigroup of S, we mean
a non-empty subset A of S such that AT'A C A.

Definition 2.3 ([4]). A I'-semigroup S is called a PO-T'-semigroup, if for any a, b, ¢ €
S and for a € T',a < b implies aac < bac and caa < cab.

Definition 2.4 ([21]). Let S be a PO-T-semigroup. A non-empty subset A of S is
said to be right (resp. left) ideal of S, if

(i) ATS C A (resp. STAC A),

(ii) if x € A and y € S such that y < z, then y € A.

Definition 2.5 ([21]). Let S be an PO-TI'-semigroup. A sub I'-semigroup A of S is
said to be bi-ideal of S, if

(i) ATSTA C A,

(ii) if z € A and y € S such that y < z, then y € A.

Definition 2.6. A fuzzy subset p of a non-empty set X is a function p: X — [0, 1].

Definition 2.7. A function Q : S — S, where S and S are POT'Ss, is said to be
homomorphism, if Q(zvyy) = Q(x)yQ(y), for all z,y € S and v € T

Definition 2.8 ([16]). Let S be a POTI'S and p, A be two fuzzy subsets of S. Then
their anti product uI'\ of y and A is defined as

| inf{max{u(y),A(2)}} ifzx=yazfory,z€SandaeT,
(HTA) () = { 1 otherwise.

Definition 2.9. Let f : X — Y be a function. For a fuzzy set u in Y, we define
F7(w)(x) = p(f(x)) for every x € X. For a fuzzy set X in X, f()) is defined by

(fO))(y) = { supA(z) if f(z) =y, v€ X

0 if there is no such z,
for each y € Y.
Definition 2.10 ([16]). Let ¥ be a fuzzy subset of X and a € [0, 1 —sup{u(x): z €

X}, B €[0,1]. A mapping Vg, : .S — [0,1] is called a fuzzy magnified translation of
226
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v, if U5, (z) = B.¥(2) + o for all z € X. UT (obtained by putting 8 =1) and \Ilg
(obtained by putting o = 0) are fuzzy translation and a fuzzy multiplication of V.

Definition 2.11 ([16]). A PO-I'-semigroup S is called left zero (right zero), if
xyy = x (resp. xyy =vy), for all x,y € S,y € I.

3. ANTI FUZZY IDEALS

In this section we define an anti fuzzy sub I'-semigroup, anti fuzzy left(right)
ideal, anti fuzzy bi-ideal, anti fuzzy interior ideal of Partially Ordered I'-semigroup
and discuss an example of anti fuzzy ideal of Partially Ordered I'-semigroup.

Definition 3.1. A fuzzy subset p of a POI'S S is called an anti fuzzy sub I'-
semigroup of S, if
w(zay) < max{u(z), u(y)}, for all z,y € S and a € T

Definition 3.2. A fuzzy subset p of a POI'S S is called an anti fuzzy right(resp.
left) ideal of S, if

(i) z <y = p(r) < p(y) for all z,y € S,

(i) p(zay) < p(z) (resp. plzxay) < p(y)), for all z,y € S and a € T

A fuzzy subset p of a POI'S S is called an AFT of S, if it is both an anti fuzzy
left ideal and anti fuzzy right ideal.

Example 3.3. Let S = {@,{a},{b},{c},{a,b},{b.c},{a,c},{a,b,c}} and T =
{{a,b,c}}. If for all A,C € Sand B € IABC = AnBNC and A < C &
A C C, then in [23] Subrahmanyeswara Rao etc shown that S is partial order I'-
semigroup(shortly POT'S).

Now we find AFTI of S. Let u be fuzzy subset of S defined as follows:

0.6  if order of A=3
w(A) =< 0.2 if order of A=2
0.1 otherwise,

for each A € S.
It is easy to prove that u is an AFI of the POI'S S.

Example 3.4. Let S be the set of all negative integers and I" be the set of all negative
even integers. Then S is a I'-semigroup where xay denote the usual multiplication
of integers =, a, y with z,y € S and « € I'. Then S is a POTI'S. Let p be fuzzy subset
of S defined as follows;

0.8 if x=1
wr)=< 04 if z=-2
02 if < -2,

for each x € S.
It is easy to verify that p is an AFI of a POI'S S.

Definition 3.5. A fuzzy sub I'-semigroup p of a POI'S S is called an anti fuzzy
bi-ideal of S, if
() <y = p(x) < p(y), for all z,y € S,
(ii) p(zayBz) < max{u(x),u(z)} for all x,y,z € S and o, B € T.
227
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Definition 3.6. A fuzzy sub I'-semigroup p of a POI'S S is called an anti fuzzy
interior ideal of S, if

(i) # <y = p(z) < ply), for all 2,y € S,

(ii) p(zaaBy) < p(a), for all z,y,a € S and o, B € T

Definition 3.7. An AFT p of a POI'S S is said to be normal, if x(0) = 1.

Definition 3.8. An AFI i of a POT'S S is said to be complete, if it is normal and
there exist z € S such that p(z) = 0.

4. MAIN RESULTS

In this section we study several properties of partially ordered I'-semigroups in
terms of AFTs.

Theorem 4.1. Every AFI of a POU'S is an anti fuzzy bi-ideal of a POT'S.

Proof. Let pu be AFI of a POT'S S. For any z,y € S with z <y, u(z) < pu(y).
case(i): Suppose p is an anti fuzzy left ideal of a POT'S S. Then p(zay) < u(y),
for all z,y € S and a € I'. Thus for any x,y,z € S and «, 8 € ', we have

wrayBz) = p(xza(yBz)) < p(yfz) < p(z).

Case(ii): Suppose u is an anti fuzzy right ideal of a POI'S S. Then pu(zay) < u(x),
for all x,y € S and a € I'. Thus For any z,y,z € S and «, 3 € I', we have

wrayBz) = p(ra(yBz)) = p((zay)Bz) < plzay) < p(x).

From the both cases,

p(zay) < p(x) v ply) = max{p(z), p(y)}
and
p(wayBz) < max{u(z), p(z)},
for all z,y,z € S and o, 5 € I'. So p is an anti fuzzy bi-ideal of S. d

Example 4.2. The examples 3.3 and 3.4 are AFIs of POI'S S. We can easily verify
that p is an AFBI of a POI'S S.

Proposition 4.3 ([6]). Let S be a POT'S and {;}icr a non-empty family of fuzzy

subsets of S. Then \;c; i is a fuzzy subset of S.

Proposition 4.4. Let S be a POT'S and {;}icr a non-empty family of fuzzy subsets
of S. Then \/,c; S is a fuzzy subset of S.

Proof. Let © € S. Then the set {Q;(z)};cr is a non-empty bounded above subset
of R. By the Completeness axiom, there exists the sup{€;(z)}icr in R. Since
0 < Qix) < 1, for each ¢ € I, we have 0 < sup{Q;(z)}ier < 1. Thus 0 <
(Vier Qi)(z) < 1. If 2,y € Sissuch that x <y, then {Q;(x)}ier = {Q:(y) }ier. Thus
sup{Qi(x) }ier = sup{Qi(y)}ier- So (Vie; Qi) (x) = (Viep )(y). Hence Vi, Qi s
a fuzzy subset of S. O

Proposition 4.5. Let S be a POT'S and {Q;}icr a family of anti fuzzy T-semigroup
of S. Then \/,.; Qi is an anti fuzzy sub T'-semigroup of S.
228
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Proof. By the proposition 4.4, we have (\/ €2;) is fuzzy subset of S. Let z,y € S

and o« € I'. Then “
(\/ Qi)(ray) = sup{Qi(zay)}ier
il
< sup{max{Q;(z), Qi(y)}}ier
= max{sup{Q;(x)}icr,sup{Q:i(y) bicr}
= max{(\/ %)), (\/ %))}
iel i€l
Thus \/ Q; is anti fuzzy sub I'-semigroup of S. O

iel
Theorem 4.6. Let S be a POU'S. Then the following statements are true.
(1) For any collection {Q;}icr of an anti fuzzy left (resp. right) ideals of S,
Vier Qi is an anti fuzzy left (resp. right) ideal of S.
(2) For any collection {Q;}icr of an AFBIs of S, \/,c; Qs is an AFBI of S.
(3) For any collection {;}icr of an anti fuzzy interior ideals of S, \/,.; Qi is an
anti fuzzy interior ideal of S.

icl

Proof. (1) By proposition 4.4, we have \/;.; ; is a fuzzy subset of S.

Now, let z,y € S be such that x < y. Since §; is a fuzzy left ideal of S,
Q;(z) < Qi(y), forall i € I. Then sup{Q:i(y)}icr > Q(y) > Q;(z), for alli € I. Thus
sup{Q;(y) }ier is an upper bound of {;(x)}ier. So sup{Q;(y) bier > sup{Q(z)}ier.
Hence (Ve Qi)(2) < (Vg ) ().

Let z,y € S and o € T'. Since €; is an anti fuzzy left ideal of S, we have
Qi (zay) < Q;(y), for all i € I. Then

(V Qi)(zay) = sup{Qi(zay)}ier

iel
< sup{€(y)}ies
= (\V2)w).
iel
Thus \/ Q; is an anti fuzzy left ideal of S.

iel
(2) By proposition 4.5, we have \/,.; Q; is an anti fuzzy sub I'-semigroup of S.
From (a), let x,y € S be such that x <y. Then (\/,c; Q) (7) < (Ve Q) (y)-
Let z,y,2 € S and o, € T'. Since §; is an AFBI of S, we have Q;(zayfz) <
max{Q;(x),Q;(2)}, for all ¢ € I. Thus
(\/ Q) (waypz) = sup{Qi(zayBz)}ics
iel
< sup{max{Q;(x), 2 (2)}}ier
= max{sup{Q; () }icr,sup{Qi(2) }icr}
= max{(\/ Q)(2), (\/ 2)(2))}.
i€l iel
So V €, is an AFBI of S.

i€l
229
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(3) By proposition 4.5, we have \/,.;Q; is an anti fuzzy sub I'-semigroup of S.
From (1), let z,y € S be such that x <y. Then (\/,c; Q)(z) < (V,;e; Q) (y).

Let z,y,a € S and «, 8 € I'. Since €; is an anti fuzzy interior ideal of S, we have
Q;(xaapfy) < Qi(a), for all ¢ € I. Thus

(\/Qi)(xaaﬂy) = sup{Q;(zaaBy)}ier

iel
< sup{Qi(a)}ies
= (V)
i€l
So V €, is an anti fuzzy interior ideal of S. O

iel

Theorem 4.7. Let Q: S — S be an epimorphism on POI'Ss S and S . If pis an
anti fuzzy sub I'-semigroup of S, then Q~Y(u) is an anti fuzzy sub T-semigroup of
S, provided Q=1 (1) is a non-empty.

Proof. Let 2,y € S. Then Q(z),Q(y) € S. Since p is an anti fuzzy sub D-semigroup
of S,

1((Q2))a(Qy))) < max{p(Q(z)), w(Qy))} = max{Q ™" (u)(x), 2 (1) (y)}-
Thus
Q7 () (zay) = p(Uzay)) = w(Q(x)aQ(y) < max{Q " (u)(x), 2 (1) (y)}-

So Q71(u) is anti fuzzy sub I'-semigroup of S. O

Theorem 4.8. Let Q: S — S be an epimorphism on POT'Ss S and S . If 1 is an
anti fuzzy left (resp. right)ideal of S', then Q=(y) is an anti fuzzy left (resp. right)
of S, provided Q=1 (i) is non-empty.

Proof. By theorem 4.7, we have, Q71 () is an anti fuzzy sub I'-semigroup of S. Let
z,y € S. Then Q(z),Q(y) € S". For any a € T, we have

QM (p)(zay) = w(Q(zay))
= w(QUx)ay)))
< w(QUy))
= Q' (w)(y).

Let x,5 € S be such that z < y. Then Q(x), Qy) € §" with Q(z) < Q(y). Since
p is an anti fuzzy left ideal, u(Q(z)) < u(Q(y)). Thus Q= (u)(z) < Q@ 1(u)(y). So
Q7 1(u) is anti fuzzy left ideal of S. O

Theorem 4.9. Let Q: S — S be an epimorphism on POI'Ss S and s’ If s an
AFBI of S', then Q=Y (u) is an AFBI of S, provided Q= (p) is non-empty.

Proof. By theorem 4.7, we have Q~1(1) is an anti fuzzy sub I'-semigroup of S.
230
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Let 1 be an AFBI of S'. Let x,y € S. Then Q(z),Q(y) € S'. Thus for any
a,B €T, we have

Q7 () (vayz)

Il
/H\
Q
2 <
D™
X

A
=3
"
—~—
E\

Let 2,y € S be such that  <y. Then Q(z),Q(y) € ith Q(z) < Q(y). Since
wis an AFBI, u(2(x)) < pu(2(y)). So Q= L(u)(x) < Q- 1(,u)( ). Hence Q~*(p) is an
AFBI of S. U

CQ
=l

Theorem 4.10. Let Q: S — S be an epimorphism on POI'Ss S and s’ If pis an
anti fuzzy interior ideal of S’, then Q~1(u) is anti fuzzy interior ideal in S, provided
Q~Y(u) is non-empty.

Proof. Straight forward O

Theorem 4.11. Let U be an anti fuzzy left (resp. anti fuzzy right, anti fuzzy)ideal
of a POU'S S. Then so is ¢, for every real number o > 0, where ¥* defined by
U(x) = (U(x))®, forallz € S.

Proof. Let ¥ be an anti fuzzy left ideal of a POI'S S. For any x,y € S and v € T,
we have U(zvyy) < W(y). Now U*(zyy) = (¥(z7y))* < (Y(y)* = ¥(y), for all
z,y € Sand yeT.

Let 2,y € S be such that < y. Since U is anti fuzzy left ideal, ¥(z) < ¥(y), for
all z,y € S. Then (¥(x))* < (¥(y))?, for all @ > 0. Thus ¥*(x) < ¥*(y). So ¥
is an anti fuzzy left ideal of S. g

Theorem 4.12. Let ¥ be an anti fuzzy interior ideal of a POU'S S. Then so is U,
for every real number o > 0, where < defined by V*(z) = (V(x))%, for allxz € S.

Proof. Let ¥ be an anti fuzzy interior ideal of a POI'S S. Let x,y € S and v, 58 € T.
Then we have U(zyaBy) < ¥(a). Thus

U (zyafy) = (¥(zyafy))® < (¥(a))® = ¥ (a),

for all z,y € Sand 7,3 €T.

Let x,y € S be such that z < y. Since U is anti fuzzy interior ideal, ¥(z) < ¥(y),
for all z,y € S. So (¥(x))* < (¥(y))* for all @ > 0. So ¥¥(x) < ¥*(y). Hence U*
is an anti fuzzy interior ideal of S. g

5. COMPOSITION OF ANTI FUZZY IDEALS

In this section we prove equivalent statements on composition of AFIs using the
characteristic function and AFBI. Also we study the relationship between anti fuzzy
product and union of AFIs in a POI'Ss.

Theorem 5.1. A fuzzy subset u of a POU'S S is an anti fuzzy sub I'-semigroup of
S if and only if ul'p O w.
231
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Proof. Let pu be an anti fuzzy sub I'-semigroup of S. Then for any x € S, we have

B inf{max{u(y), u(z)}} ifz=yazfory,zeSandaecl,
(Llp)(z) = { otherwise.
inf{u(yaz)} if z=yazfory,z€Sand a €T,
- 1 otherwise.
_ jues
1
>
Thus pl'p O p.

Conversely, suppose that 4 C puI'u. Then for any x € S, a € ', we have
p(ray) < plu(zay)
< max {u(z), u(y)}-

Thus p is an anti fuzzy sub I'-semigroup of S. 0

Theorem 5.2. In a POU'S S, the following statements are equivalent:

(1) pis an AFBI of S,

(1) pTp 2 p, AT D p, and for any x € S, x <y implies p(z) < u(y), where
A is the characteristic function of S.

Proof. Assume that p is an AFBI of S. Then p is an anti fuzzy sub I'-semigroup of
S. So by a theorem p C ul'u. Let a € S. Suppose there exists x,y,p,q € S,a, 8 €T
such that a = xay and = = pfBq. Since p is an AFBI of S, we obtain u(pBgay) <
max{ju(z), p(y)}. Then

(pLALp)(a) = inf {max{(uI'A)(2), u(y)}}
= 1nf {max[ mf {max{,u( ) A@) 1, m(y)}

a=ray

= inf {max[xmf {max{,u( ), 01}, n(y)}

a=zay
= int{max{u(r), 1))
> p(pBaay) = plzay) = p(a).
Thus we have uI'AT'u D p. Otherwise (uI'AT'w)(a) = 1. So uI'ATp 2

Conversely, let us assume that (2) holds. Since p C pI'y, p is an anti fuzzy sub
I'-semigroup of S. Let z,y,z € S and o, 8 € I'. Then we have

wraypz) = pla) < (uFAp)(a)
= i fma{ (N (way), u()})
< maX{(uFA)( ), 1(z)}(let p = zay)
= max{ it {max{p(2), \)}} (=)}
< max{max{u(z), 0}, u(2)}
= max{u(z), p(2)}.
Since any z,y € S,x <y implies u(z) < p(y). Thus p is an AFBI of S. O

Theorem 5.3. Let Uy be an anti fuzzy right ideal and Yo be an anti fuzzy left ideal
Of a POI'Ss Of S. Then ‘I’lr\llg ) \Ill @] \I/Q.
232
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Proof. Let Wy be an anti fuzzy right ideal and ¥4 be an anti fuzzy left ideal of S.
Then for any x € S, we have

_ inf{max{¥(y), ¥2(2)}} ifzxr=yazfory,zeSandaecT
(La0es)(z) = { 1 otherwise

inf{max{¥;(yaz), Va(yaz)}} if x=yazfory,z€Sanda el
= 1 otherwise

_ {max{\lll(x),\l’g(a:)}
1

{ (77 UTy)(x)

1.
Thus \Ifqufg :_) \Ifl U \IJQ. O

6. NORMAL ANTI FUZZY IDEAL

In this section we study the normal, complete AFIs of partially ordered I'-semigroups.
Also we characterize fuzzy magnified translation.

Theorem 6.1. Let U be an anti fuzzy left ideal (resp. anti fuzzy right ideal, AFI)

of a POT'S of S and t be a fized element of S such that U(0) # ¥(t). Define a fuzzy
set U* in S by U*(z) = % for allx € S. Then ¥* is a complete anti fuzzy
left ideal (resp. anti fuzzy right ideal, AFI) of S.

Proof. Let ¥ be an anti fuzzy left ideal of S and z,y €S, v € I'. Then

* v (x —W(t
U*(zyy) = %@)
Y(y)-w(t
HORIQ)

U (y).

I IA

Let z,y € S be such that z < y. Then ¥(z) < ¥(y) implies ¥(z) — ¥(t) <

U(y) — ¥(¢). Thus g%;:ﬂg < gggi:ggg So U*(z) < U*(y). Hence U* is an anti

fuzzy left ideal of S. Since U*(0) = % =1, ¥* is normal anti fuzzy left ideal
of S. Since t € S, U*(¢t) = % = 0. Therefore ¥* is a complete anti fuzzy left

ideal of S. O

Theorem 6.2. Let U be an anti fuzzy left (resp. right)ideal of a POT'S of S and
Ut be a fuzzy set in S given by ¥t (z) = V(x)+1—¥(0), for allz € S. Then U*
is a normal anti fuzzy left (resp. right) ideal of S.

Proof. Let z,y € S, « € T and ¥ be anti fuzzy left ideal of S. Then T (zay) =
U(zay)+1—T(0) < ¥(y)+1—¥(0) = ¥(y). Thus U is anti fuzzy left ideal of S.
Also U (0) = ¥(0) +1— ¥(0) =1. So U" is normal anti fuzzy left ideal of S. O

Theorem 6.3. Let U be an AFBI of a POI'S S and * be fuzzy subset of S, defined
by U*(z) = \I\Ijgg, for all x € S. Then ¥* an AFBI of S.
233
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Proof. Let ¥ be an AFBI of a POI'S. For any x,y € S and o, 8 € I'. Then

U*(zayfBz) = 7\1’(37{)&)
maxE\Il(x),\I/(z)}
(1

U(x) ¥
= a3 240

= max{¥*(x),¥*(y)}.

IN

Let z,y € S be such that x < y. Since ¥ is an AFBI, ¥(z) < ¥(y), for all

z,y € S. Thus ggf; < % So U*(z) < ¥*(y). Hence ¥* is an AFBI of S. O

Proposition 6.4. Let U be an anti fuzzy left (resp. anti fuzzy right, anti fuzzy)ideal
of a POU'S S. Then the fuzzy magnified translation W5, of W is an anti fuzzy left
(resp. anti fuzzy right, anti fuzzy) ideal of S.

Proof. Let U be an anti fuzzy left ideal of POI'S S. Let z,y € S be such that

x <y. Then ¥(z) < U(y), for all z,y € S. Since 5 € [0,1] .¥(x) < 5.¥(y). Thus

BY(r)+a < B.Y(y)+a, forall a € [0,1—sup{u(z) : € S}]. So UG (z) < UG, ().
Again let z,y € S,y € ', we have

Ui (zyy) = BY(xyy) + o
< Boply) + o
Hence U5, is an anti fuzzy left ideal of S. g

Proposition 6.5. Let U be an anti fuzzy left ideal (anti fuzzy right ideal) of a left
zero (right zero) POT'S S. Then the fuzzy magnified translation U of U is constant
function.

e}

Proof. Let S be a left zero PO-I'-semigroup S. Then zvyy = z(resp. zyy = y), for
all z,y € S,v € I'. Thus for any z,y € S,v € I, we have

\IICBa (SL’)

[
=

IIVANI

A

B
B
v
U, (y) = B
B
B
v

Thus VG, (z) = ¥§,(y). Hence ¥, is a constant function. O
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