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1. INTRODUCTION

Atanassov [1] introduced the idea of intuitionistic fuzzy sets using the notion
of fuzzy sets. Coker [3] introduced intuitionistic fuzzy topological spaces using the
notion of intuitionistic fuzzy sets. M. Saranya and D. Jayanthi [9] introduced in-
tuitionistic fuzzy (8 generalized continuous mappings. In this paper we introduce
the notion of intuitionistic fuzzy completely 5 generalized continuous mappings and
studied some of their properties. We provide some characterizations of intuitionistic
fuzzy completely S generalized continuous mappings.

2. PRELIMINARIES

Definition 2.1 ([1]). An intuitionistic fuzzy set (IF'S for short) A is an object having
the form

A={{z,pa(z),va(z)) : z € X},
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where the functions pa : X — [0,1] and v4 : X — [0,1] denote the degree of
membership (namely pa(z))and the degree of non-membership (namely v4(x))of
each element x € X to the set A, respectively, and 0 < pa(z) + va(x) <1 for each
x € X. Denote by IFS(X), the set of all intuitionistic fuzzy sets in X.
An intuitionistic fuzzy set A in X is simply denoted by A = (x, ua,v4) instead
of denoting A = {{x, pa(z),va(z))/xz € X}
Definition 2.2 ([1]). Let A and B be two IFSs of the form
A= {<$,MA($),VA($)> HEES X}
and
B = {(z,up(z),vp(z)) 1z € X}.
Then
(i) AC Bif and only if pa(x) < pp(z) and va(x) > vp(z), for all z € X,
(il) A= B if and only if A C B and A D B,
(iii) A° = {(z,va(z),pa(x)) -z € X},
(iv) AUB = {(z,pa(z) V up(z),va(z) Ave(z)) : x € X},
(v) AN B = {{z,pa(z) A pp(x),valz) Vvp(z)) :z € X}.
The intuitionistic fuzzy sets 0. = (x,0,1) and 1. = (x,1,0) are respectively the
empty set and the whole set of X.

Definition 2.3 ([3]). An intuitionistic fuzzy topology (IFT in short) on X is a
family 7 of IFSs in X satisfying the following axioms:

(i) 0,1 € T,

(ii) G1 NGy € 7, for any G1,G3 € T,

(i) U G; € 7, for any family {G;/i € J} C 7.

In this case the pair (X, 7) is called intuitionistic fuzzy topological space (IFTS in
short) and any IFS in 7 is known as an intuitionistic fuzzy open set (IFOS in short)
in X. The complement A° of an IFOS A in an IFTS (X, 7) is called an intuitionistic
fuzzy closed set (IFCS in short) in X.

Definition 2.4 ([7]). An IFS A in an IFTS (X, 7) is said to be an intuitionistic
fuzzy B generalized closed set (IFSGCS, for short), if Scl(A) C U, whenever A C U
and U is an IFB0S in (X, 7).

Definition 2.5 ([3]). If every IFSGCS in (X, 7) is an IFSCS in (X, 7), then the
space can be called as an intuitionistic fuzzy (8 generalized T} /o space (IFS,T} /2, in
short).

Definition 2.6 ([9]). A mapping f : (X,7) — (Y, 0) is called an intuitionistic fuzzy
B generalized continuous (IFBG continuous, for short) mapping, if f~1(V) is an
IFBGCS in (X, 1), for every IFCS V of (Y, 0).

Definition 2.7 ([5]). Let X and Y be two IFTSs. Let A = {(z, pa(z),va(z)):z €
X} and B = {{y,us(y),ve(y)) : y € Y} be IFSs of X and Y, respectively. Then
A x Bis an IFS of X x Y defined by:

(A x B)(z,y) = ((z,y), min(pa(z), pp(y)), max(va(z), ve(y)))-

Definition 2.8 ([5]). Let f1 : X3 — Y7 and f2 : X5 — Y5. The product f1 x fa :
X1 X X9 = Y7 X Y5 is defined by:
(f1 x f2)(z1,22) = (fi(z1), f2(w2)), for every (z1,22) € X1 X X5 .
216
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Definition 2.9 ([3]). Let X and Y be two non empty sets and f : X — Y be a
function. If B = {(y, us(y),vs(y))/y € Y} is an IFS in Y, then the preimage of B
under f is denoted and defined by:

f7UB) = {(z, f~H(up) (@), f(vB)(x)) : v € X},
where f~1(up)(z) = up(f(z)), for every z € X.

3. MAJOR SECTION

In this section we introduce intuitionistic fuzzy completely S generalized contin-
uous mappings and study some of their properties.

Definition 3.1. A mapping f: (X,7) — (Y, 0) is said to be an intuitionistic fuzzy
completely 8 generalized continuous (IF completely SG continuous mapping, for
short) mapping, if f=1(V) is an IFRCS in X, for every IFBGCS V in Y.

We use the notation A = (x, (tta, ), (Va, )) instead of A = (x, (a/1q,b/p),
(a/va,b/vp)) in the following examples.

The relation between various types of intuitionistic fuzzy continuity is given in
the following diagram. In this diagram ’cts.” means continuous and IFcom.SGcts.
means [F completely SG continuous.

IFocts. IFcts.

/ N\ a

IFScts. g IFCom.pGets. » IFPGots.
IFSPcts. TFapGets.

\- Fpets /

The reverse implications are not true in general in the above diagram. This can
be seen from the following examples.

Example 3.2. Let X = {a,b},Y = {u,v} and G; = (x,(0.64,0.8p), (0.44,0.2;)),
G2 = (y,(0.6,,0.8,),(0.4,,0.2,)). Then 7 = {0~,G1,1.} and 0 = {0.,G2,1.} are
217
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IFTs on X and Y, respectively. Define a mapping f : (X,7) — (Y,0) by f(a) = u
and f(b) = v. Then,
IFBC(X) = {0~, 1, fta € [0,1], p € [0,1], v € [0,1], 13 € [0,1] : either pg < 0.6
or pup < 0.8,0 < pg+v, <land0 < pp+v <1},
IFSO(X) = {0~, 1, ta € [0,1], up € [0,1], v, € [0,1], v € [0,1] : either p, > 04
or pp >0.2,0 < pg+v, <land0 < pp+vp <1},
IFBC(Y) = {0~, 10, py € [0,1], iy € [0,1], vy, € [0,1], vy € [0,1] = either p,, < 0.6
or fy < 0.8,0 < piy + 1 <land 0 < py, + v, < 1},
IFBO(Y) = {0, 1o, pty € [0,1], st € [0,1], v, € [0,1], v € [0,1]: either p, > 0.4
or iy > 02,0 < py, +vy <land 0 < p, +v, <1}
Then f is an IF continuous mapping, IFS continuous mapping, IFP continuous
mapping, IFSP continuous mapping, IFS continuous mapping and IFa continuous
mapping but not an IF completely G continuous mapping, since G§ is an IFSGCS
in Y, but f71(G5) = (x,(0.44,0.2), (0.6,,0.8y)) is not an IFRCS in X. Since
c(int(f~1(GS))) = cl(0.) = 0~ # f~1(GS). Thus f is not an IF completely 3G
continuous mapping.

Example 3.3. Let X = {a,b},Y = {u,v} and G; = (x,(0.54,0.4p), (0.54,0.65)),
G2 = (y,(0.6,,0.7,),(0.4,,0.3,)). Then 7 = {0~,G1,1.} and 0 = {0, G2, 1.} are
IFTs on X and Y, respectively. Define a mapping f : (X,7) — (Y,0) by f(a) = u
and f(b) = v. Then
IFBC(X) = {0~, 1o, pa € [0,1], iy € [0,1], vy € [0,1], 1, € [0,1] :
0<pg+ve<land 0 < pp+wvy <1},
IFBO(X) = {0, 1+, pq € [0,1], up € [0,1], v € [0,1], v € [0,1] :
0< pta+v, <land 0 < py+ vy < 1},
IFBC(Y) = {0~, 1, pt € [0,1], 1 € [0,1], vy € [0,1], vy € [0,1] : either p, < 0.6
or fy < 0.7,0 < piy + v, < 1land 0 < py, + v, < 1},
IFBO(Y) = {0, 1o, pry € [0,1], o € [0,1], vu € [0,1], v € [0,1] : either 1, > 0.4
or iy, > 03,0 < py, +v, <land 0 < p, +v, <1}
Now G§ = (y,(0.4,,0.3,),(0.6,,0.7,)) is an IFCS in Y. Then

FHGS) = (x,(0.44,0.33), (0.64,0.73)).

Thus we have Bcl(f~1(GS)) = f~HGS). So f~1(GS) C G1. Hence Bel(f~1(GS)) C
G4, where Gy is an IFB0S in X. This implies that f~1(G%) is an IFBGCS in X.
Therefore f is an IFSG continuous mapping.

Since GS is an IFCS in Y, it is an IF3GCS in Y but f~1(GS) = (z, (0.44,0.3;),
(0.64,0.75)) is not an IFRCS in X, since cl(int(f~*(GS))) = cl(0~) = 0. # f~H(GY).
Then f is not an IF completely SG continuous mapping.

Example 3.4. Let X = {a,b},Y = {u,v} and G; = (z,(0.84,0.95), (0.24,0.15)),
Go = (2,(0.64,0.7), (0.44,0.3,)) and G5 = (y, (0.54,0.3,), (0.54,0.7,)). Then 7 =
{0~,G1,G2,1.} and 0 = {0.,G35,1.} are IFTs on X and Y, respectively. Define a

mapping f: (X,7) = (Y,0) by f(a) =wu and f(b) = v. Then
IFAC(X) = {00, 1o, e € [0,1], 1 € [0,1], v € [0,1], 13 € [0,1] : either jq < 0.6
or pup < 0.7,0 < pg+ v, <land 0 < pp +1vp < 1},
IFB0(X) = {0, 1o, pta € [0,1], pp € [0,1], v4 € [0,1], v € [0,1] : either g > 0.4
or pp > 03,0 < pg+v, <land 0 < pup+1vp < 1},
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IFBC(Y) = {0~, 1, pu € [0,1], py € [0,1], v, € [0,1], v, € [0,1] : either u, < 0.5

or fy < 0.3,0 < piy + 1 <land 0 < py, + v, < 1},

IFBO(Y) = {0~, 1, iy € [0,1], st € [0,1], v € [0,1], vy € [0,1] : either p, > 0.5

or fy > 0.7, 0 < piyy + 1, < land 0 < pyy, + v, < 13

Now G§ = (y,(0.5,,0.7,),(0.5,,0.3,)) is an IFRCS in Y, since cl(int(GS)) =
cl(G3) = G§. Then we have

FHGS) = (z,(0.54,0.73), (0.5,,0.3,)) € G4

and
FHGS) = (2,(0.54,0.74), (0.54,0.3;)) C Go.
Thus Bcl(f~1(GS5)) = f1(GF). So Bel(f~1(GF)) € G1 and Bel(f~1(GF)) C Go.
Hence f~1(G%) is an IFBGCS in X and thus f is an IFaBG continuous mapping.
Since G§ is an IFCS in Y, it is an IFSGCS in Y. But

f_l(G§> = <$, (0'5a7 O-7b)’ (0-5a7 03b)>

is not an IFRCS in X, since cl(int(f~1(GS))) = cl(0~) = 0~ # f~1(GS). Therefore
f is not an IF completely SG continuous mapping.

Theorem 3.5. If f: (X,7) — (Y,0) is an IF completely BG continuous mapping,
where X is an IFBT > space, then Bel(f~1(A)) C f=(cl(A)), for every IF30S
ACY.

Proof. Let A be an IFSOS in Y. Then cl(A) is an IFRCS in Y. Thus cl(A) is an
IFBGCS in Y. By hypothesis, f~1(cl(A)) is an IFRCS in X. So it is an IFSCS in
X. Hence fel(f~1(A)) € fel(f 1 (cl(A))) = f~(cl(A)). .

Theorem 3.6. Let f : (X,7) — (Y,0) be a mapping. Then the following are
equivalent:

(1) fis an IF completely S G continuous mapping,

(2) f1(V) is an IFROS in X, for every IFBGOS VinY,

(3) for every IFP p(o ) € X and for every IFBGOS B in Y such that f(p.p)) €
B, there exists an IFROS in X such that p,,p) € A and f(A) C B.

Proof. (1) < (2) is obvious.

(2) = (3): Let pa,5) € X and B C Y such that f(p,p))) € B. Then p, ) €
f7Y(B). Since B is an IFBGOS in Y, by hypothesis, f~!(B) is an IFROS in X. Let
A = f7Y(B). Then pa,py € f~(f(P(a,p)) € f71(B) = A. Thus pap € A and
F(A) = F(/~1(B)) € B. So f(4) C B.

(3) = (1): Let B C Y be an IFBGOS. Let p(a,p) € X and f(p(a,s)) € B. Then
by hypothesis, there exists an IFROS C' in X such that p(, g € C and f(C) C B.
Thus C C f~1(f(C)) € f71(B). So p(a,p) € C C f~1(B). Hence

f_l(B) = Up(ayg)ef_l(B)p(a,B) g Up(a_ﬂ)ef_l(B)C g f_l(B)
This implies f~(B) = Uy, , ef-1(3)C- Since the union TFROSs is IFRO, f~'(B)
is an IFROS in X. Therefore f is an IF completely SG continuous mapping. O

Theorem 3.7. If a mapping f: (X, 7) — (Y, o) is an IF completely BG continuous
mapping then for every IFP p, gy € X and for every IFN [11] A of f(p(a,p)), there
exists an IFROS B C X such that pa.g) € B C L(A).
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Proof. Let pa,3) € X and let A be an IFN of f(p(,3)). Then there exists an
IFOS C in Y such that f(p.,z) € C € A. Since every IFOS is an IF3GOS, C
is an IFBGOS in Y. Thus by hypothesis, f~(C) is an IFROS in X and D(a,8) €
T Pap)) S F7HC) € f7HA). So pag) € f71(C). Now let f~1(C) = B.
Then p(,5) € B C f1(A). O

Theorem 3.8. A mapping f: (X, 7) — (Y, o) is an IF completely S G continuous
mapping then for every IFP p, gy € X and for every IFN A of f(p(a,p)), there exists
an IFROS B C X such that p,p) € B and f(B)C A.

Proof. Let pia,py € X and let A be an IFN of f(p(a,5)). Then there exists an IFOS
C in Y such that f(pn,p) € C C A. Since every IFOS is an IF3GOS, C is an
IFBGOS in Y. Thus by hypothesis, f~1(C) is an IFROS in X and P(a,B) € o).
Now let f~1(C)) = B. Then p(a,5) € B C f~1(A). Thus f(B) C f(f~*(A4)) C A. So
f(B) C A O

Theorem 3.9. A mapping f: (X, 7) — (Y, o) is an IF completely S G continuous
mapping then int(cl(f~ (int(B)))) C f~*(B), for every IFS B in Y.

Proof. Let B CY. Then int(B) is an IFOS in Y. Thus it is an IFGOS in Y. By hy-
pothesis, f~1(int(B)) is an IFROS in X. So int(cl(f~1(int(B)))) = f~(int(B)) C
f~YB). O

Theorem 3.10. For any two IF completely G continuous functions fi , fo :
(X, 7) = (Y, o), the function (fi , f2) : (X, 7) = (Y X Y, 0 x o) is also an
IF completely BG continuous function, where (fi , f2) (z) = (i (z), f2 (z)), for
every r € X.

Proof. Let A x B be an IFFGOS in Y x Y. Then
(fi f2)" (A x B)(x)
— (A% B)((2), fo())
— (z,min(ua(fi (2)), m(f2(2))), maz(va(Fu (@), v (fo(2))
— (ymin(f (1a) (@), 3 (un (@) maz(fT (va) @), f3  (vs) (@)
= (TH(A) A A (o).
Since f; and f, are IF completely SG continuous functions, f; *(A) and f, ' (B) are
IFROSs in X. Since intersection of IFROSs is an IFROS, f;*(A) N fy (B) is an
IFROS in X. Thus (fi, f2) is an IF completely SG continuous mappings.
O

Theorem 3.11. Let a mapping f: (X, 7) — (Y, o) be an IF completely S G contin-
wous mapping. Then the following are equivalent:

(1) For any IFBGOS A in Y and for any IFP p ) € X, if f(D(a,8)) ¢ A, then
Pa,B) q Znt(fil(A)%

(2) For any IFBGOS A in Y and for any IFP p. ) € X, if f(p(a,8)) ¢ A, then
there exists an IFOS B such that pa.g) ¢ B and f(B) C A.

Proof. (1) = (2): Let A CY be an IFSGOS and let p(o gy € X. Let f(pia,p))qA-
Then pia.p) ¢ fH(A). (1) implies that p gy ¢ int(f1(A)), where int(f~1(A)) is
an IFOS inX. Let B = int(f~1(A)). Since int(f~1(4)) C f~1(A) , B C f~1(A).
Thus f(B) C f(f(4)) € A.
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(2) = (1): Let A CY be an IFBGOS and let p(, ) € X. Suppose f(p(a,g))qA-
Then by (2), there exists an IFOS B in X such that p(, gy (B and f(B) C A. Now
B C f~Yf(B)) € f~Y(A). That is B = int(B) C int(f~'(A)). Thus p g B
implies p(a,5) ¢ int(f~(A)). O

Theorem 3.12. A mapping f: (X, 7) = (Y, 0) be a function and g: X - X x Y
the graph of the function f. Then fis an IF completely BG continuous, if g is so.

Proof. Let B be an IFBGOS in Y. Then f~}(B) = f~ (1. x B) =1.N f~B) =
g 1(1. xB). Since B is an IFBGOS in Y, 1. x B is an IFAGOS in X x Y. Also, since
g is an IF completely 3G continuous mapping, g~ !(1. x B) is an IFROS in X. Thus
f~Y(B) is an IFROS in X. So f is an IF completely 3G continuous mapping. [

Definition 3.13. A mapping f : (X,7) — (Y, 0) is called an intuitionistic fuzzy g
generalized irresolute (IF3G irresolute) mapping, if f~*(V) is an IFBGCS in (X, 7),
for every IFBGCS V of (Y, 0).

Theorem 3.14. Let f: (X, 7) — (Y, o) be an IFBG irresolute mapping. Then f is
an IFBG continuous mapping but not conversely.

Proof. Let f be an IFSG irresolute mapping. Let V be any IFCS in Y. Then V
is an IFBGCS and by hypothesis f~1(V) is an IFBGCS in X. Thus f is an IF3G
continuous mapping. O

Example 3.15. Let X = {a,b},Y = {u,v} and Gy = (x,(0.6,,0.8p), (0.24,0.15)),

Gy = (2,(0.34,0.35),(0.2,,0.2;)) and G35 = (y, (0.5,,0.6,),(0.5,,0.4,)). Then 7 =

{0~, G1,Go, 1.} and 0 = {0.,G3, 1.} are IFTs on X and Y, respectively. Define
a mapping f: (X,7) = (Y,0) by f(a) =u and f(b) = v. Then

IFBC(X) = {0~, 10, pg € [0,1], up € [0,1], v, € [0,1], v € [0,1] : either p, < 0.3

or up < 0.3,0 < pg+v, <land 0 < pp+1vp <1},

IFBO(X) = {0, 1o, pta € [0,1], py € [0,1], v4 € [0,1], v, € [0,1] : either pg > 0.2

or pup > 0.2,0 < pg+v, <land0 < pp+vy <1},

IFBC(Y) = {0, 1, pty, € [0,1], ptoy € [0,1], v, € [0,1], 1, € [0,1] : either p,, < 0.5

or fy < 0.6,0 < piy + 1 <land 0 < py, +v, < 1},

IFBO(Y) = {0~, 1, 1y € [0,1], st € [0,1], v € [0,1], vy € [0,1] : either p, > 0.5

or fly > 04,0 < pyy + v, <land 0 < pyy + v, < 13

Let A = (y,(0.54,0.3,),(0.2,,0.1,)) in Y. Now A C 1... Then we have Scl(A) =

AC1.. Thus A is an IFBGCS in Y. But f~1(A) = (x,(0.54,0.3p), (0.24,0.1)) C

G1 and Bel(f~1(A)) = 1. € Gi. So f~1(A) is not an IFBGCS in X. Hence f is

not an IFSG irresolute mapping.

Theorem 3.16. Let f: (X, 7) — (Y, 0) be a mapping from an IFTS X into an IFTS
Y. Then the following conditions are equivalent, if X and Y are IFB,Ty /5 spaces:
1) fis an IFBG irresolute mapping,

2) fY(B) is an IFBGOS in X for each IFBGOS in Y,
3) f1(Bint(B)) C Bint(f1(B)) for each IFS B of Y,
4) Bel(f*(B)) C fY(Bcl(B)) for each IFS B of Y.

Proof. (1) = (2) is obvious.

NN S N
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(2) = (3): Let B be any IFS in Y and Bint(B) C B. Also f~1(Bint(B)) C
f~Y(B). Since Bint(B) is an IFBOS in Y, it is an IFBGOS in Y. Then f~1(Bint(B))
is an IFBGOS in X, by hypothesis. Since X is an IFS,T} o space, f~!(Bint(B)) is
an IFB0S in X. Thus f~1(Bint(B)) = Bint(f~(Bint(B))) C Bint(f~*(B)).

(3) = (4) is obvious by taking complement in (3).

(4) = (1): Let Bbean IFSGCSin Y. Since Y is an IF3,T 5 space, B is an IF3CS
in Y and Bcl(B) = B. Then f~Y(B) = f~1(Bcl(B)) 2 Bcl(f~*(B)) 2 f~YB).
Thus Bel(f~1(B)) = f~1(B). So f~1(B) is an IFBCS. Hence it is an IFGCS in X.
Therefore f is an IFSG irresolute mapping. g

Theorem 3.17. Let f: (X, 7) — (Y, o) be an IFSG irresolute mapping. Then
fY(B) C Bint(f Y (cl(int(cl(B))))), for every IFBGOS B in Y, if X and Y are
IFB,T 5 spaces.

Proof. Let B be an IF3GOS in Y. Then by hypothesis, f~1(B) is an IF3GOS in
X. Since X is an IF 34T /5 space, f~1(B) is an IFB0S in X. Thus Bint(f~!(B)) =
fY(B). Since Y is an IFB,T} /2 space, B is an IF30S in Y and B C cl(int(cl(B))).
So f~Y(B) = Bint(f~1(B)) implies f~1(B) C Bint(f~(cl(int(cl(B))))). O

Theorem 3.18. Let f: (X, 7) — (Y, o) be an IFBG irresolute mapping from
an IFTS X into an IFTS Y. Then f~Y(B) C Bint(cl(int(cl(f~*(B))))), if X is an
IFB,T, /5 space.

Proof. Let B be an IF3GOS in Y. Then by hypothesis, f~!(B) is an IFBGOS in
X. Since X is an IF3,Ty /5 space, f~*(B) is an IFBOS in X. Thus Bint(f~!(B)) =
f71(B) and f~1(B) C cl(int(cl(f~H(B)))). So f~H(B) < Bint(cl(int(cl(f~(B)))))-

O

Theorem 3.19. The composition of any two IF completely BG continuous mapping
is an IF completely G continuous mapping.

Proof. Let f : X = Y and g : Y — Z be any two intuitionistic fuzzy completely
B generalized continuous mappings. Let B be an IFSGOS in Z. Since g is an IF
completely 3G continuous mapping, g~!(B) is an IFROS in Y. Since every IFROS is
an IFBGOS, g~!(B) is an IFBGOS in Y. Since f is an IF completely 3G continuous
mapping, (g7 (B)) = (9o f)~}(B) is an IFROS in X. Then go f is an IF
completely SG continuous mapping. O

Theorem 3.20. Let f: X — Y and g: Y — Z be any two functions. Then the
following properties are hold:

(1) If f is an IF completely BG continuous mapping and g is an IFBG irresolute
mapping, then g o fis an IF completely BG continuous mapping,

(2) If fis an IF completely BG continuous mapping and g is an IFGG continuous
mapping, then g o fis an IFSG continuous mapping.

Proof. (1) Let B be an IFSGOS in Z. Since ¢ is an IFSG irresolute mapping,
g Y(B) is an IFBGOS in Y. Also, since f is an IF completely 3G continuous
mapping, f~!(g71(B)) is an IFROS in X. Since (go f)"Y(B) = f~Y(¢7*(B)), go f
is an IF completely G continuous mapping.
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(2)Let B be an IFOS in Z. Since g is an IF3G continuous mapping, g~ (B)

is an IFBGOS in Y. Also, since f is an IF completely SG continuous mapping,
(g7 *(B)) is an IFROS in X. Then f~!(¢g71(B)) is an IFBGOS in X. From the
fact that (go f)~*(B) = f~1(g~*(B)), it follows that g o f is an IFSG continuous

mapping.
d
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