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ABSTRACT. The extension of the uniformity on the family of fuzzy sub-
sets LY to a uniformity on the family of fuzzy subsets L*; Y C X and
the restriction of the uniformity on LY to a uniformity on LY are defined
and studied. The induced (fuzzy) quasi-uniformity on P*(L)* for each
given (fuzzy) quasi-uniformity on L¥ is defined. Moreover, the induced
(P*(L), M)—fuzzy quasi-uniformity on P*(L)¥, for each (L, M)—fuzzy
quasi-uniformity on L% is studied. In each case, the relation between their
interior operators is obtained. Finally, the relation between the category
Qunif(L, M) of all (L, M)—fuzzy quasi uniformity spaces and all quasi-
uniformly continuous functions, and the category FQunif(P*(L), M) of
all (P*(L), M)—fuzzy quasi uniformity spaces and quasi-uniformly contin-
uous fuzzy functions is outlined. It is remarked that all kinds of categories
of quasi-uniform spaces and quasi-uniformly continuous functions can be
derived from the category FQunif(P* (L), M).
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1. INTRODUCTION

"T'he notion of a uniform space was introduced by Andre Weil [23] in 1937. The
first systematic exposition of the theory of uniform spaces was given by Bourbaki
[2] in 1940. The quasi-uniformity is a very important concept and a convenient
tool for investigating topology. The L-quasi-uniformity, introduced by Hutton [11],
has been accepted by many authors and has attracted wide attention in the litera-
ture [9, 15, 16, 17, 18, 19, 27]. Rodabaugh in [20, 21] introduced a theory of fuzzy
uniformities with applications to the fuzzy real lines. The extension of Hutton’s
quasi-uniformities and [0, 1]—fuzzy uniformity were considered in [8]. Later, in [22],
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fuzzy uniformities for lattices more general than [0, 1], namely (L, M)—fuzzy uni-
formities were considered. Further, in [21], there is a significant extension of Hut-
ton’s approach for quasi-uniformities without using filters explicitly, without any
distributivity and with general tensor products generating the intersection axiom.
In [24, 25, 26], the relationship between (L, M)—fuzzy topologies and (L, M )—fuzzy
quasi-uniformities was investigated. The uniform operator approach of Rodabaugh

[21] as generalization of Hutton [11] is based on powersets of the form (L¥ )LX. In
[5], the (P*(L),2)-fuzzy topology on the fuzzy space P*(L)~ was studied, which is
induced by an (L, 2)-fuzzy topological space on LX, where the lattice P*(L) is de-
fined by P*(L) = {M C L: 0y € M}. Interesting relations between the (P*(L),2)—
fuzzy topology on P*(L)X and the (L, 2)-fuzzy topology on LX were obtained. These
results have been a motivation to study the quasi-uniformity spaces on P*(L)X to
find out its relation with the quasi-uniformity spaces on LX, where L is a complete
lattice.

The outline of this paper is as follows: In section 2, the basic concepts and useful
results which will be used in the sequel are given. In section 3, the extension of the
uniformity on the fuzzy space LY to a uniformity on the fuzzy space LX; Y Cc X
and the restriction of the fuzzy uniformity on LX to a fuzzy uniformity on LY
are defined and studied. In each case, the relation between their interior operators
is obtained.In section 4, the induced quasi-uniformity on P*(L)X for each given
quasi- uniformity on L¥ is defined and a fundamental relation between their interior
operators is obtained. In section 5, the induced (P*(L), M)—fuzzy quasi-uniformity
on P*(L)~ for each given (L, M)—fuzzy quasi-uniformity on L¥ is studied and
the relation between their interior operators is obtained. Moreover, the relation
between the category Qunif (L, M) of all (L, M)—fuzzy quasi uniformity spaces and
all quasi-uniformly continuous functions, and the category FQunif(P*(L), M) of
all (P*(L), M)—fuzzy quasi uniformity spaces and quasi-uniformly continuous fuzzy
functions is outlined. Finally, it is remarked that all kinds of categories of quasi-
uniform spaces and quasi-uniformly continuous functions can be derived from the

category FQunif (P*(L), M).
2. PRELIMINARIES

Let X be a given universal set and L be a given lattice. Denote the smallest
element of L by Opand the greatest element of L by 1. Also denote the smallest
fuzzy subset of LX by Ox and the greatest fuzzy subset of LX by 1x. In [4,

, 6, 7], the lattice of the form P*(L) = {M C L : 0 € M} was used. The
algebraic structure (P* (L),U,N,") forms a complemented, completely distributive
and complete lattice with Op«(zy = {0r} being the smallest element and 1p+() = L
being the greatest element. The complementary operation is defined by 7 : P*(L) —
P*(L), where M' = (L — M) J{0.}

Definition 2.1 ([, 5, 6, 7]). (Algebra of P*(L)—fuzzy subsets) Let V,U € P*(L)X,
then the operations on P*(L)—fuzzy subsets of X are defined as follows:
i) VcU,if V(z) CU(x), for all z € X,
(il) (VNnU)(z) =V(x)NU(z), for all z € X,
(iii) (VuU)(z) =V(x) UU(z), for all x € X,
144
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(iv) (V=U)(z) = (V(z) = U(z)) U{0L}, for all z € X,
(v) Co(V)(z) = (L —V(z))U{0L}, for all x € X.

Remark 2.2. Tt is important to note that on the P*(L)—fuzzy subsets the difference
operation is defined. The difference operation does not depend on the existence of
any complementary operation on L. Moreover, the operations on the P*(L)—fuzzy
subsets are defined through the corresponding operations on the set of membership
values.

Definition 2.3 ([6, 7]). A P*(L)—fuzzy subset p(x, A) is said to be a fuzzy point
of X, if
{0, A}, z =,
P(l”o,)\)(w)—{ {0}, z # 30,
where A € L —{0.}.
The fuzzy point p(z,\) of X belongs to V € P*(L)X,ifx € {x € X : V(x) #
{0.}} and A € V().

The concept of fuzzy topology on a set X was introduced by C. L. Chang in [3]
as a collection of fuzzy subsets of I (where I = [0,1] is the closed unit interval
of real numbers), satisfying the known axioms of the topology. This definition is
extended to L—topology, where L is a complete lattice. Kubiak in [14] generalized
the L—topology by introducing the (L, M )—fuzzy topology.

Definition 2.4 ([14]). Let L, M be complete lattices. A mapping 7 : LX — M is
called an (L, M)— fuzzy topology on X, if it satisfies the following conditions:

(i) 7(0x) = 7(1x) = Lar,

(i) 7(AA B) > 7(A) A 7(B), for every A, B € L,

(iii) 7(\V/; Ai) > A\,; 7(A;), for every {A;;i € a} C L¥.
In this case, 7 is called (L, M)—fuzzy topology, (X, L, M, 7) is called fuzzy topolog-
ical space and 7(A) is called the degree of openness of A, for each A € LX.

Uniformity is an important concept in topology, and the history of uniform spaces
goes back to the late thirties.
An important class of functions ¢ : LX — L satisfing the following properties:
I. A< p(A), for all A e LX,
IL ©(V;en Ai) = Viea ¢(Aj), for all families {A;;i € A} C Lx.
In this article, the set of all mappings, satisfying conditions (I),(II) in LX will be
denoted by H(LX).

Definition 2.5 ([12]). An L—quasi uniformity on X is a subset D of H(L*) such
that
(LFU1) D # @,
(LFU2) ¢ € D,p <w € H(LX) = w € D,
(LFU3) p,w € D = ¢ Aw € D, where (p Aw)(A) = A4, ya,-4(P(A1) Vw(A2)),
(LFU4) ¢ € D = there exists w € D such that wow < ¢.
An L—quasi uniformity D on X is called L—uniformity, if it satisfies the condition:
(LFU5) ¢ € D = ¢! € D, where p=1(A) = A{B: p(B') < A’}.
The pair (X, D) is called an L—uniform space.

Proposition 2.6 ([12]). f < g if and only if f~! < g~'.
145
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Remark 2.7 ([9]). Let (X,D) be an L—quasi-uniform space. The interior map is
defined as follows:
(1) Int : LX — LX, where

Int(V) = \/{U € LX . f(U) <V forsome f € D}.

(2) If Int : L* — L¥ is an interior map, then 7 = {V € LX : Int(V) =V} is a
fuzzy topology.

Definition 2.8 ([17, 26]). An L—fuzzy quasi-uniformity is a mapping
U : H(LX) — M such that
(FQU1) U(f1) = 1pr, where f; denotes the biggest element of H(LY), i.e.,

OX : A= Ox,
h(4) = { 1x : otherwise,
(FQU2) U(f \g) =U(f) NU(g), for all f,g € H(LY),
(FQUS) U(F) = V oy U(g), For all f € H(L).
The pair (L*,U) is called an L—fuzzy quasi-uniform space. Then any L—fuzzy
quasi- uniformity is called an L—fuzzy uniformity if it also satisfies the following
condition:

(FQU4) U(f) = VU(f1), for all f € H(LY).
The interior operator is defined as follows.

Definition 2.9 ([13]). Let (L*,U) be an L—fuzzy quasi-uniform space.
Define Vr € L — {15}, A € L, the interior operator

Inty (A) = \/{B € LX : f(B) < A,U(f) > r}.

This interior operator given by Kim [13] is different from Héle and Sostak L—fuzzy
interior operator [10] in order to make it suitable to L—fuzzy uniformities.

Theorem 2.10 ([13]). Let (LX,U) be an L— fuzzy quasi-uniform space. The func-
tion 7y : L — L is defined by: for all A € LX,

Tu(A) = Vv{r € L: Inty ,(A) > A}
is an L— fuzzy topology on X.

3. EXTENDED AND RESTRICTED L-UNIFORMITIES

Let X,Y be given ordinary sets, where Y C X and L be a complete and completely
distributive lattice. In this section, we discuss how to extend a given L—uniformity
on LY to an L—uniformity on L*X. And conversely, we show that every L—uniformity
on L¥X induces an L—uniformity on LY. Through this article we shall consider only
the families D C (LX )Lx which satisfy conditions (I) and (IT).

Notation 3.1. Let X,Y be given ordinary sets, where ¥ C X and L be a given
lattice. In this article, we shall use the following notations:
(1) For every U € L¥| the restriction U}y of U on LY is defined by:

Uy(z) =U(z);z €Y.
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(2) For every A € LY the extension Ayx of A on LY is defined by:

A(z), z €Y,
ATX(I){ OL(,) reX Y.

It is easy to notice that if Ayx = UV V for some U,V € L%, then there exists
B,C € LY such that Byx = U and Cyx =V

(3) For every f € D C (LX)LX7
tion of f on LY which is defined by: fy(A) =

the notation f|y € (LY)LY denotes the restric-
(f(Atx))yy, A € LY or simply

(f(Arx))y = f(Arx),y- The function fyy is well defined, since f € H(LYX).

(4) For every g € G C (LY)E

of g on L* which is defined by:

grx(U)(z) = { %-(gri)f)(x)’ i S/(’, v

It is clear that U < g+x (U).

" the notation g1x € (LX)LX denotes the extension

Lemma 3.2. Let X, Y be given ordinary sets, where Y C X and L be a given lattice.

Then

(1) f € HLX) = fiy € H(LY),
(2) g € H(LY) = grx € H(LY).

Proof. (1) Let f € H(LX). Then

(I) ATX S f(ATX)a implies A= (ATX)i
(ID) fiv (Vi 4) = (F((V; Ai)rx)y

v .
= (Vi f((A)rx))y =V, fry (Ai).

(2) g € H(LY). Then
(I) It is clear that U < g+ x (U).

(IT)

Lemma 3.3. For every f,h € (LX)LX and for every g,k € (LY)LY,

= { Vi(g(Ui))(@), =€,
\/iUz(x), reX-Y
(9(Ui),y)(x), ze€Y,
:\/i U%(-'L')’LY reX-Y

relations are true:
(1) g1x Nkrx = (g A F)rx, 91x Vkix = (9V k)1x,

(2)
(3)
(4)
()

fw/\hw = (f AR)y, fiyVhy =(f Vh)y,
gvke( )L 7gTX_kTX:>g_k7
(QTX)W =9,

grx 0 grx = (g0 g)rx,
147
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(6) fivofiy=(fof)y,
7

() (91x)™" = (97 )1x = gix»

8) (fiy)t= (f71)¢y = le_Yl
Proof. (1)

(grx \ krx)(U) (@)

A

Uy \ Us=U

(91x(U1) \/ krx (U2))(x)

_ g (Uryy) (z), z€Y, k(Usyy) (z), z€Y,
_U1V/1>2=U(<{ Ul(xﬁ/ xeX—Y)\/({ Ug(x)ﬁ,/ reX-Y
- A { (9 (U1y) Vk (Uayy))(2), z€Y,
uiVU=U | (U1 Us) (), reX-Y
— { /\Uuy \/Uziy_Uu/(g (Uliy) \/k(UQiY))(x)7 reY,
reX-Y
{ 9/\k (Uyy)(z), z€Y,
reX-Y
= (g /\1C 1x (U
(fiv /\ )@ =N, (A0 V by (42)

A

AL\ Ay=A

A

Argx V Aspx=Arx

= ((f \W(Ax),

(3) The proof of (3) can be obtained dlrectly
(4) (91x),y (Arx) (2) =

(i
-

Arx (2),

Arx (z),

() (91x 0 91x) (U) (2) = g1x (91x (U) (2))

g (Uyy) (z),
U(x),

9(g(Uyy)) (z),

N
-
-

Ul(z),

Ul(z),
148

9(4) (2),

(909) (Upy) (2),

(f(AlTX)iy \/ h(A2TX)Ly)

((f (A11x) \/ h (AMX))W)
= (AR, (4)

[91x (Arx) (2)]yy
g ((ATX)@/) (2),

ey, >
reX-Y w
€Y, )
reX-Y W

r ey,
reX-Y
ey,
reX-Y

Tz ey,
reX-Y

)
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=(9°9);x (U) (z).
(6) (fiy o fiv) (A) = fiy (Fiv (A) = fiv (F (Arx), )
= (A )yl
< [F(F Ay = (Fo fluy (4).
(M (o) () (@)
= A\{V@):gx (V') U}

e (L S )

{ AV (@) :g(V'yy) () <U'yy (2) = Uy (2))'}, z€Y,
/\{V() V'(z) <U' (2)}, reX-Y
{ L (Uyy) (2), z €Y,

ANV (z) :U@) <V (z)}, zeX-Y

:{ 'Uy) (z), z€eY;
U(x), reX-Y

=g\ x (4) (@)
®) A= *1<A¢X>
= (MU s =@y
=N\ {Uy : F(U) <(A0)'}
= Ao - ) <@}
=N\ {Uw = A=Ay POy = (F0),)

Ao (O, < F0) <) = ) ().

h%
O

Theorem 3.4. Each L—uniformity D on LY; Y C X can be extended to an
L—uniformity D* on LX as follows: D* = {f : f > g1x,9 € D}.

Proof. (i) Since D # @, there exists g € D. Then g1x € U* # @.
(ii) Let f,h € D*. then there exists g,k € D such that f > g+x and h > krx.

Thus
(F A\ (@) (@)
aRYAVRYPRR G CORVICANIC)
Ny, y v, 05 @)V Erx (02))(@)

(/\UILY VU2 y=U,y (g(UUY) Vk(U?LY)))($)7$ ey
(/\U1 \/U2:U(U1 VU)(z),zre X -Y
149
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{ (gN\k) Uy) (), €Y,
UxreX-Y

=g\ P, (O)().

So g Ak €D. Hence f ANh € U*.

(i) Let h > f € D*. Then there exists g € D such that h > f > grx. Thus
h € D*.

(iv) If f € D*, then there exists g € D and f > gyx. Since g7! € D and
1> (gx) ' = 9 hx, fThe D

(v) Let f € D*. Then there exists g € D and f > gyx . Thus there exists k € D
such that ko k < g. It follows that kyx o krx = (ko k))rx < grx < [. O

Theorem 3.5. If Intp and Intp- are the interior operators on the L—uniformity
D on LY and the extended L—uniformity D* on LX respectively, then

(Intp-(U))y = Intp(U,y); U € L¥.

Proof. Let B € {C € LY : g(C) < U,y; for some g € D}. Then there exists g € D
such that g(B) < Uy . Using the definition of extension of functions, we get

sxBro)@) = { 4P TSN <

Since grx € D*, Brx € {V € L* : f(V) < U; for some f € D*}. Thus,

IntD(Uiy) < (Intp* (U))iy.

Conversely, let W € {V € LX : f(V) < U; for some f € D*} . Then there exists
f € D* such that f(W) < U. And for every f € D*, there exists g € D such that
f > grx. Thus, if g1x (W) < f(W) < U, then we have:

s = { G- T8 <v).

So, we get g(W,y) < U,y which implies that
Wiy € {CeL” :g(C)<U,ys; for some g€ U}.
Hence (Intp-(U)),y < Intp(Uy). O

Theorem 3.6. Let D be an L—uniformity on LY and D* be the extended an
L—uniformity on LX. If U € LX is D*—open fuzzy subset, then Uy is D—open
fuzzy subset.

Corollary 3.7. Let D be the L—uniformity on LY , D* be the extended L—uniformity
on LX and Y C X. Then 7p = {Uiy elY:Ue TD*}, where Tp and Tp~ are
the induced topologies by L—uniformity D on LY and L—uniformity D* on L,
respectively.

Theorem 3.8. Each L—uniformity D on LX defines a restricted L—uniformity D*
on LY as follows: D* = {fy : f € D}, where Y C X.
150
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Proof. (i) Since D # @, there exists f € D such that g = fjy € D* # @.
(ii) Let g,k € D*, then there exists f,h € D such that

g=fiy € D", k=hyy € D".
Then, f A h € D. Thus

g/\k = fiy/\EJ(y = (f/\E)iY e D*.
(iii) Let g > k € D*. Then, there exists f € D such that k = f|y.
Define h € (LX)LX as follows:

(U )(z), z€Y,
h(U)(””):{ T, rex-v

Then it is clear that h > f € D. Thus h € D,g = (h),;y € D*.

(iv) If g € D*, then there exists f € D such that g = f|y € D*. This implies
that f~' € D. Thus ¢! = (fiy)~' = fy € D".

(v) Let g € D* then there exists f € D such that g = f;y € D*. Then there
exists h € D such that hoh < f. Thus,

h¢yoh¢y = (hoh)iy §f¢Y =4d.
O

Theorem 3.9. If Intp and Intp- are the interior operators on the L—uniformity
D on LX and the restricted L—uniformity D* on LY, then

(IntD(U))iy = Intp-« (Uiy), U e LX.

Proof. Let V€ {W : f(W) <U for some f € D}. Then there exists f € D such
that f(V) < U. It follows that
fiy(Viy) < (f(V)yy < Upys fiy €D

Thus

Viv € {B:g(B) <U,y for some g € D*},
where g = fiy. So, (Intp(U)),y < Intp-(Uyy).

Conversely, let
Be{C :¢9(C)<Uyy for some g € D*}.

Then, there exists g € D* such that g(B) < U;y. Thus, there exists f € D such that
g(B) = fiy(B) < Uyy. Using the definition of the restriction of functions, we get
(f(Brx))yy < Upy. So, f(Byx) < U, Byx < Intp(U). Hence B < (Intp(U)),y.
Therefore, Intp«(Uyy) < (Intp(U)),y and the theorem is proved. O

Corollary 3.10. If Intp and Intp« are the interior operators on the L—uniformity
D on LX and the restricted L—uniformity D* on LY, then

(Int’D(BTX))¢Y = Intp~ (B)7 B e LY.

Theorem 3.11. Let D be an L—uniformity on LX and D* be the restricted L—uniformity
on LY. If U € LX is a D—open fuzzy subset, then Uy is a D*—open fuzzy subset.
151
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Corollary 3.12. Let D be an L—uniformity on LX and D* be the restricted L—uniformity
on LY, Y C X. Then tp« = { Uy € LY :U e T’D} ,2where Tp and Tp« are the in-
duced topologies by the L—uniformity D on LX and the L—uniformity D* on LY

4. THE INDUCED L—UNIFORMITY ON THE FAMILY P*(L)* DUE TO A GIVEN
L—UNIFORMITY ON THE FAMILY L%

Let U,V € P*(L)X and A, B € L. We shall say that A € U, if A(z) € U(x),
for every z € X. It is clear that U =V, if A € U if and only if A € V.

Definition 4.1. Every A € LX defines Uy, Ua, Ugy € P (L)X as follows:
(i) Ua(z) = {0, A(z)},
(ii) Ugy(z) = [0r, A(z)] ={r € L :0p <r < A(z)} which is equivalent to

Uy =|J{Uc:C <A CeLX},

(iii) Uap(x) = [0z, A(z)[={r € L :0r <r < A(z)} which is equivalent to
Uay = J{Uc:C <A CeLX})

One can show that the following lemma is valid.

Lemma 4.2. If A, A;,B,B;,C,C; € LX and U,V,U; € P*(L)*, then the following
properties are satisfied:

(1) A=\{B:BeUx},

(2) AV Be¢ UAUUB, ANBe UAUUB;

(3) for every Ac U and BeV, AVBeUUYV,

(4) if A€ U, Ui, then A can be written in the form

A= \/ieaAi’ A; €U, forallieca,

where A;(z) = A(x), if A(z) € Ui(z) and A;(z) =0y, if A(z) ¢ U;(z),
(5) if B < Vo Ci, then B can be written in the form

B = \/Bi, B; <y, forallie€a,
i€a
where Bi(z) = B(x), if B(z) < Ci(x) and B;(x) =0y, if B(x) > C;(x).
Definition 4.3. Every function f: LX — LX induces the function
Fy:PY(L)Y — P*(L)"; Fy(U)=|J{Us : B< f(A), AcU}; U e P*(L)".
In this case, Fy is called the induced function by f in P* (L)~

Lemma 4.4. If f € H(LX), then
(1) The induced functions Fy € H(P*(L)%X),
(2) FyoFy = Fpog,
(3) Fy NGy = Nypg,
where Ngpg is the induced functions by f A g in P*(L)X.
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Proof. (1) (I) Fy satisfies property (I). Since A < f(A), A€ L*. Then
U=|J{Ua :AcU}C Fp(U)=| J{Us: B< f(A),AcU}.

(IT) Fy satisfies property (II). Since
Fr(Ujea Ui) = U {UB 1B < f(A), A€ U, Ui}
DU{Up : B< f(A), A€ U}
= F(U;), i € .
Then, Ff(UiEa Ui) D) UiEa F;(UZ)
On one hand, for every B € Fy(|,c, Ui), there exists A € L~ and B < f(A),A €
Uica Us- The fuzzy subset A can be written in the form

A= \/Az, A, elU;, i€
1€
Then
<f\V A)=\ f(A), AielU, ica.

i€a i€x
Using Lemma 4.1, the fuzzy subset B can be written in the form
B=\/Bi,B; < f(4),i€a.
i€a
It is clear that B; € F(U;),i € a. Thus,
B=\/ B; F;(U;), F Fy(
\E/ < LEJ f f U U < UzEQ f

So the first requirement is proved.
(2) (Fyo Fy)(U) = Fy(Fy(U))

—U{Us : B< f(A), Ac F,(U))
—U{Us : B < f(A) and A< g(D), D € U}
—U{Uz : B < f(A) and f(4) < f(g(D)), D € U}
—U{Us : B < f(9(D)), DU}

—U{Us : B< (fog)(D), DeU}

= Fyog(U).

3) (FyNGy)(U)

= Nv,uve=v (Fr (U1) U Gy (U2))

=Nv,uv,—vU{Us : B < f(A), Ac Uiy UWU{Vp : D <g(C), C € Us})]

= ﬂUluUQZU U{UB B < f(A) \/g(C’), AelU, Ce UQ}

=U{Us :B < Asveplf(A)Vvg(C)]; AcU,, Cels, DeU}

=U{Us : B< (frg)(D); DeU}

= Hypyg(U), where Nyp, : P*(L)X — P*(L)¥ is the induced map by f A g.
If D€ Ny,uu,—o U{Us : B < f(A) v g(C); A€ U, C €U}, then for every A €
Uy, C €Uz and Uy UUz = U. Tt is valid that B < f(A) V g(C). Thus,

D< N [f(A)vy(O)

AVC=D
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and

DeU{UB:Bg N (A Vg(C); AUy, C el DGU}.
AvC=D

Conversely, If

DGU{UB:Bg /\ [f(A)Vvg(C)]; Ae U, C e Us, DEU},
AVC=D
then D < f(A) V ¢g(C), for every A € Uy, C € Uy and Uy UU; = U. It follows that

De (| U{Us:B<f(A)Vg(C); Ac Uy, CeUy}.

U1uU=U
0

Theorem 4.5. Fach L— quasi-uniformity D on a set LX induces L— quasi-uniformity
D* on P*(L)X, for every lattice L, where

D* ={G: G > Fy where Fy is the induced function by f; f € D}.

Proof. (Q1) Since D # @, there exists f € D and Fy € D* # @.
(Q2) Let @, ¥ € D*. Then there exists f,g € D such that

U) > Fr(U) =|J{Us : B < f(A), Ac U},

W(V) > Go(V) = (Vo : D < g(4), AcV}.

Thus, (¢ W)(U) = Ny, uv=0 (U1 U ¥(Us)
> Nv,uu,=v (Fr(U1) U Gy (U2))
= (FyNGy)(U) = Hypg(U).
Since (f Ag) € D, Hfpng and (P W) € D*.

(Q3) Let F > G € D*. Then there exists k € D such that F > G > K}, where
K € D* is the function, which is induced by the function & € D. It follows that
F e D

(Q4) Let ¥ € D*. Then there exists Fy € D* and ¥ > Fy. Thus, there exists
g € U such that go g < f . It follows that

Fi(U) = U{Us : B < f(A), Ae U}
SU{Us B < (gog)(A), AeU}
—U{Us - B <g(g(A)), AU}
—U{Us : B <g(D), D= g(A) € GU)} = (Gy 0 Gy)(U). 0

Theorem 4.6. If Int: LX — LX given by
Int(A) = \/{B e LX: f(B)< A, for some f € D}

is the interior map on the L-uniformity D on LX
and
Int* : P*(L)* = P*(L)* given by
Int*(U) = U{V e P*(L)X : F(V) CU; for some F € D*}
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is the interior map on the induced P*(L)—uniformity D* on P*(L)™, then
Int*(U) = | J{Ua: A< Int(B), BEU}.

Proof. Int*(U) =J{V : Fy(V) CU,; Fy € D*}
=J{V:AecVthen BeU for B< f(A4), f € D}
=U{Ua:B €U for B< f(A), feD}
=U{Ua: A<V{C: f(C) < B}; feD; BeU}
=U{Ua: A< Int(B); BeU}. O

Corollary 4.7. If Int : LX — LX is the interior map on the L—uniformity D on

LX and Int* : P*(L)X — P*(L)X is the interior map on the induced P*(L)—uniformity

D* on P*(L)X, then each D—open fuzzy subset C' defines D*—open fuzzy subsets Ug

and Ugy , since

Int*(Ug)) = | J{Ua: A< Int(B); B € Uy} = J{Ua: A< C} =g
Int*(Ugp) = | J{Ua: A< Int(B); B € Ug} =|J{Ua: A< C}=Ug.

Corollary 4.8. Each D—fuzzy topology o on LX defines U*—fuzzy topology T3 on
P*(L)X and 7'%3 D {Uc],UC[ : Ce TD}.

5. THE INDUCED (P*(L), M)—FUZZY UNIFORMITY ON THE FAMILY P*(L)*X DUE
TO A GIVEN (L, M)—FUZZY UNIFORMITY ON THE FAMILY L¥

In this section, we define the induced (P*(L), M)—fuzzy uniformity on P*(L)¥
for every (L, M)—fuzzy uniformity on LX

Lemma 5.1. Let G € H(P*(L)X). If G > Fy for a function f € H(LX), then there
ezists a unique function hg € H(L™X) and G > F, > Fy,
(ha is called the greatest associated function with G).

Proof. Let G > FY, for some f. Consider the family of functions
F={k:G>Fyand k€ H{L")}.

It is clear that F' is not empty, since f € F. Define the function hg : LX — LX,

where hg(A) = \/,cp k(A). It is also clear that the function hg € H(LX). Since

A< f(A), A< Vcpk(A) = hg(A). Moreover,

ha(Vica 4i) = Vier K(Vico Ai) = \/keF<\/16a k(Ai))
= Vica(Vier k(A1) = Vi, ha(Ai).

The uniqueness of h¢g follows from its definition. O

Notation 5.2. In this section, we use the notation 1, x for the greatest fuzzy subset
in LX, 1p- (1),x for the greatest fuzzy subset in P* (L)X, 0r,x for the smallest subset
in LX and Op+(r),x for the smallest subset in P* (L)X.

Lemma 5.3. The associated function hy € H(LX) with the function F € H(P*(L)™)
satisfies the following properties:
(1) if f1 is the greatest element in H(LX), then Fy, is the greatest element in
H(P*(L)¥),
(2) th =/
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(3) hank = ha N h,
(4.) th o th = thog.

Proof. (1) Since f; is the greatest element in H (LX), fi(A) =1, x, for all A € LX
and A # 0z, x. Then for U # Op«(r),x, we have that
Fr(U) = U{Us : B < filA); A€ U}
=U{Us:B<1px; AcU#0p(1)x}
=1lp r)x-

(2) Since Fy(U) = U{Up : B< f(A), AeU}, U € P*(L)* and F; > Fy,
hg, > f. But, if g > f, then there exists A € L~ such that g(4) > f(A) from which
it follows that Fy(Ua) > Fy(Ua). Thus hp, = f.

(3) Let G,K € H(P*(L)X). Then

(G@NE)U) = Ny,uv,—v(GUL) N K(U))
= Noyute=v (Fre (U1) N Fiy (Uz))
= (Fhe N Fhi)(U) = Frgang (U).
It follows that hgnrx > hg A hi.

On the other hand, since G © GNK and K O GNK, hg > hank and hg > hgnk-
Thus, it follows that hg A hx > hank. S0 hgnx = ha N hi.

(4) Since Fy o Fy = Fyoq, from hg, = f and hfr, = g,

hg; ohp, = fog=hp,,,-
O

Theorem 5.4. Each (L, M)—fuzzy quasi uniformity U : H(LX) — M on LX in-
duces (P*(L), M)—fuzzy quasi uniformity U* : H(P*(L)X) — M on P*(L)X, which
is defined as follows:

For every G € H(P*(L)X); U*(G) = U(hg),
if there exists the greatest function hg : LX — LX in H(LX) associated with G and
if such greatest function hg does not exist we put U*(G) = 0py.

Proof. (FQU1) U*(Fy,) = U(f1 = 1ar, where f; is the greatest element in H(LX).
(FQU2) Let G, K € P*(L)X. Then we have
U (GNK)=U(hgnk =U(heg NIk
=U(he) NU(hi) = U™ (G) AU (K).
(FQU3) Clearly, U*(K) = U(hx) = V yogen, U(9) =
G € U* satisfying that G o G < F}, .. Then (F, o F,)(U)
But hg = hg,. Thus we have

uK)y= \/ Uhre)= \/ U(G).

GoG<Fp GoG<K

vFgOFgSFhK u(th) Let
<(GoG)(U) < Fuge(U).

IfGoG < Fp,, < H <K, then hg = hg. Otherwise, hx is not the greatest element
for K, which mean that if hy > hg , then K > F},, > Fjp, which is a contradiction
with the definition of hf. It is known that if *: H(LX) — M is an (L, M)—fuzzy
uniformity, then the family U* = {f : U*(f) > r} is a uniformity on L¥ for every
re M,r>0p. Il
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Theorem 5.5. IfU : H(LX) — M is the (L, M)—fuzzy quasi uniformity on the
family LX and U* : H(P*(L)*) — M is the induced (P*(L), M)—fuzzy quasi uni-
formity on the family P*(L)X, then

Inty- (U) = | J{Ua : A < Inty ,(C), C €U},

Corollary 5.6. Let U : H(LX) — M be (L, M)—fuzzy quasi uniformity on the
family LX and U* : H(P*(L)™) — M be the induced (P*(L), M)—fuzzy quasi uni-
formity on the family P*(L)X. Then U* defines the (P*(L), M)—fuzzy topology on
P*(L)* by the relation:
Tu-(V)y=V{reM: Inty,(V) DV}
=\V{reM:J{Va:A<Inty,(C),CeV}DV}.

Corollary 5.7. IfU : H(LX) — M is the (L, M)—fuzzy quasi uniformity on the
family LY and U* : H(P*(L)X) — M s the induced (P*(L), M)—fuzzy quasi uni-
formity on the family P*(L)X, then 1 (Uc]) = 74(C), if i(C) =7 > 0.

Proof.  my+(Uc)) =V {r € M : Inty- »(Uc)) 2 Uc }
=\ {7” eEM: U{UA AL Intz,{J(B), B e UC]} D) UC]}

V{re M:J{Uas: A<Inty,(B),B<C}2{Us:A<C}}]
VA{reM:Inty,(C)>C}

u(C) 0
Definition 5.8 ([25, 26]). Let (X,U1), (Y,Us) be two (L, M)—fuzzy quasi-uniform
spaces. A function F : (X,U;) — (Y,Us) is said to be quasi-uniformly continuous
function, if for every g € H(LY), Us(g9) < F1,<(g), where, for all A € LX,

FL=(g)(A) = FL™ (9(FL ™ (A))).

It is clear that the identity function Id : (X,U) — (X,U) and the composition of
the quasi-uniformly continuous functions are quasi- uniformly continuous function.

Definition 5.9 ([1, 5, 6, 7]). Let X,Y be given nonempty sets and L, K be given
lattices. The fuzzy function F = (F,{f,}sex) from L¥X into KY or simply the
fuzzy function F = (F, f,) : X — Y is defined as an ordered pair (F, f,), where
F: X — Y, isa function from the set X totheset Y, and forallz € X, f, : L - K
is a function from the lattice L to the lattice K, satisfying the following conditions:
(i) fz(0r) = Ok and f.(1z) = 1k,
(ii) f. is a non decreasing function, for all z € X.
The action of the fuzzy function F = (F, f,) on the L—fuzzy subsets A of X and
the inverse image of the K —fuzzy subset B of Y are defined as follows:

Vyer@ fo(A@), F7l(y) # 2,

— _ —F(z x
rr @ ={ §r P07S yev amdacrY,

Fi (B)(z)=\/f,"(B(F(x)), € X and B€ K",

where the supremum is taken over the set of values f, 1 (B(F(z))).
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The fuzzy function F = (F, f,) from L¥ to LY is called a uniform fuzzy function, if
fz = f; for all z € X. The ordinary functions are embedded in the family of fuzzy
functions as uniform fuzzy functions in which f, = idy is the identity function.

Definition 5.10. Let (X, ), (Y,Us) be two (L, M)—fuzzy quasi-uniform spaces.
A fuzzy function F = (F, f;) : (X,U1) — (Y,Us2) is said to be quasi-uniformly
continuous fuzzy function if for every g € H(LY), Us(g9) < Ui(F<(g)), where
F<(g) € H(LX) is defined as: for all A € LX, F<(g)(A) = F} (g(F; (A))).

The definitions of category and related topics can be found in [1].

The family of all (L, M)— fuzzy quasi-uniform spaces and quasi-uniformly con-
tinuous functions form a category that will be denoted by Qunif(L, M). While the
family of all (L, M)— fuzzy quasi-uniform spaces and quasi-uniformly continuous
fuzzy functions form a category that will be denoted by FQunif (L, M).

Then, the following functor R is well defined as follows:

R : Qunif(L,M) — FQunif(P*(L),M); RU)=u*, R(F)=(F,idy),

where U* is (P*(L), M)—fuzzy quasi uniformity on the fuzzy family P*(L)™ which
is induced by (L, M)—fuzzy quasi uniformity ¢/ on the fuzzy family LX.

Theorem 5.11. The functor R embedded the category Qunif (L, M) in the category
FQunif (P*(L),M).

Proof. Any lattice L can be embedded in the lattice P*(L) by the embedding func-
tion e : L — P*(L),e(r) = {0r,r}, which implies that the family L* can be embed-
ded in the family P*(L)* by the embedding function i : LX — P*(L)~,i(4)(x) =
{0r, A(z)}. Then, the family |Qunif(L,M)| of all (L, M)— fuzzy quasi-uniform
spaces can be embedded in the family [FQunif (P*(L), M)| of all (P*(L), M)— fuzzy
quasi-uniform spaces by the one to one correspondence between |Qunif(L, M)| and
|FQunif (L*, M)|, where L* = {{or,7} : 7 € L}. Moreover, the family of Zadeh's
functions {F;” : LX — LY} can be embedded in the family of all fuzzy functions
{Fp- (1) : P*(L)* — P*(L)"} by embedding (F — (F,idy)). This shows that the
functor R is embedded and the proof is obtained. O

Remark 5.12. All kinds of categories of quasi-uniform spaces and quasi-uniformly
continuous functions can be derived from the category FQunif(P*(L), M) as fol-
lows:

(1) FQunif(P*(L), M) derives the category Qunif of all ordinary quasi-uniform
spaces and ordinary quasi-uniformly continuous functions, whenever

P*(L) = P*({0,1}), M = {o,1}, F = (F,ido1y)
(2) FQunif (P*(L), M) derives the category fQunif of all fuzzifying quasi-uniform
spaces and quasi-uniformly continuous functions, whenever
P*(L) = P*({0,1}), F = (F,idn),
(3) FQunif(P*(L),M) derives the category LQunif of all L—quasi-uniform
spaces and quasi-uniformly continuous functions, whenever
P (L)={{0,r}:re L}, M=L, F=(F,idy)
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(4) FQunif (P*(L), M) derives the category Qunif(L, M) of all (L, M)—quasi-
uniform spaces and quasi-uniformly continuous fuzzy functions, whenever

P*(L)={{0,r} :r € L}, F = (F,idy).

6. CONCLUSION

From the study of (L, M)—quasi uniformity spaces and the (P*(L), M)—quasi
uniformity spaces we can advocate that every quasi uniformity in the category
Qunif (L, M) is isomorphic to at least one quasi uniformity in the category FQunif
(P*(L),M). Moreover, all kinds of categories of quasi-uniform spaces and quasi-
uniformly continuous functions can be derived from the category FQunif (P*(L), M).
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