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ABSTRACT. In this paper, we first introduce the notion of («,[3)-
intuitionistic fuzzy order relation for any two positive reals numbers «
and § such that («, 8) €]0,1] x [0, 1] with oo + 8 < 1. Secondly, we prove
the existence of a maximal and a minimal («, 8)-intuitionistic fuzzy fixed
points. Also, we establish the existence of the greatest and the least
(v, B)-intuitionistic fuzzy fixed points. Furthermore, we give an («, 3)-
intuitionistic fuzzy version of Tarski’s fixed point Theorem.
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1. INTRODUCTION

In [6], Zadeh introduced the concept of fuzzy set. Let X be a nonempty set,
with a generic element of X denoted by x. A fuzzy subset A of X is characterized
by its membership function py : X — [0,1] and p4(x) is interpreted as the degree
of membership of element = in the fuzzy subset A for each z € X. Let A and B
be two fuzzy subsets of X. We say that A is included in B and we write A C B, if
pa(z) < pp(x), for all x € X. A fuzzy multifunction is a map T : X — [0, 1] such
that for every z € X, T'(x) is a nonempty fuzzy set.

In [1], K. Antanassov introduced the definition of intuitionistic fuzzy set. An
intuitionistic fuzzy set A = {< z, pa(z),va(x) > |z € X} in X is characterized by
a membership function p4 which associate with each element = in X a real number
ta(z) in the interval [0,1] and a non-membership function v4 which associate with
each element z in X a real number v4(z) in the interval [0, 1] with the condition
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0 < pa(x)+rva(z) <1, for all z € X. In the sequel, we shall write A = (pa,va).
We will call ma(x) =1 — pa(z) — va(z) intuitionistic index of the element x in A.

An intuitionistic fuzzy multifunction is a map T : X — [0,1]% x [0,1]X such that
for every z € X, T'(z) is a nonempty intuitionistic fuzzy set. Let («, 8) €]0,1] x [0, 1]
such that a + 8 < 1 and let 7 : X — [0,1]% x [0,1]¥ be an intuitionistic fuzzy
multifunction. An element x of X is said to be an (o, 8)-intuitionistic fuzzy fixed
point of T, if pip(yy(2) = a and vy, (7) = . The set of all («, B)-intuitionistic fuzzy
fixed points of T is noted by Fiz(T)(*?). For the case a = 1 and 8 = 0, we shall
simply say that x is a fixed point of T'. The set of all fixed point of T is denoted by
Fix(T).

Let « €]0,1] and let T : X — [0,1]X be a fuzzy multifunction. In [4], the present
author introduced the concept of a-fuzzy fixed point of the fuzzy multifunction T’
as an element 2 of X satisfying pip(,)(z) = a. Note that for every o €]0,1] the
concept of a-fuzzy fixed point for a fuzzy multifunction T (if its exists) coincides
with that of (a,1 — «)-intuitionistic fuzzy fixed point of the intuitionistic fuzzy
multifunction 7" defined for every y € X as follows by setting: 1 () (Y) = b1 ()
and v o) (y) = 1 = pir(a) ()

In [3], the present author introduced the notion of a-fuzzy order. In [4], he proved
some a-fuzzy fixed points theorems for a-fuzzy monotone multifunctions.

In [2], P. Burillo and H. Bustince gave a definition of intuitionistic fuzzy ordered
sets. In this paper, we first introduce the notion of («, 8)-intuitionistic fuzzy order
relation for any two positive reals numbers a and 3 such that (a, 8) €]0,1] x [0,1]
with a+ 3 < 1. Notice that for every a €]0, 1], if R = up is an a-fuzzy order relation
defined on a nonempty set X, then S = (ug,1 — pr) is an (@, 1 — a)-intuitionistic
fuzzy order relation on X. Conversely, if R = (ug,vg) is an («, 8)-intuitionistic
fuzzy order relation defined on a nonempty set X, then it induce an a-fuzzy order
relation R, and a (1 — §)-fuzzy order relation Rg defined on X, by setting for every
(z,y) € X x X, Ro(z,y) = pr(z,y) and Rg(z,y) = 1 — vg(z,y). Thus, the concept
of (a, f)-intuitionistic fuzzy order generalizes that of the notion of a-fuzzy order
relation.

The present paper is organized as follows. In the second section we recall and
state some definitions and results for subsequence use. In the third section, we give
an («, B)-intuitionistic fuzzy Zorn’s lemma (see Theorem 3.1). By using this result
we prove in the fourth section the existence of a maximal and a minimal («, 3)-
intuitionistic fuzzy fixed points (see Theorems 4.2 and 4.3). In the fifth section, we
establish the existence of the greatest and the least (a, §)-intuitionistic fuzzy fixed
points (see Propositions 5.3 and 5.4). Furthermore, we give an («, 8)-intuitionistic
fuzzy version of Tarski’s fixed point Theorem [5] (see Theorem 5.2). As consequences
we obtain the existence of a maximal, a minimal, a least and a greatest fixed points
of intuitionistic fuzzy monotone maps and multifunctions. Also, we reobtain some
a-fixed points results given in [4].

2. PRELIMINARIES

In this section, we recall some useful definitions and results which we shall need
in the sequel.
122
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An intuitionistic fuzzy relation R on X x X is an intuitionistic fuzzy set R =
(ugr,vRr) where ur : X x X — [0,1] and vg : X x X — [0, 1] satisfy for all (z,y) €
X x X the condition

0< [LR(QC7y) + VR(w>y) <L
The following expression is defined in [2], for every two intuitionistic fuzzy subsets
A and B:

A< B<= pa(x) <pp(z) and va(x) > vp(z) Vee X.

Let R be an intuitionistic fuzzy relation defined on X. As in [2] we define the
following intuitionistic fuzzy relation R OX:O R by:

R OXZQ R= {< (33, Z)’ MROX’QR(J"7 Z)) VROX’OR(£7 Z) > |1‘, KAS X}:
where
/‘RoX:CR(3C7Z> = \/y{/\[uR(x,y),uR(y,z)]} = Sgg{inf[ﬂR(xay)aMR(yaZ)]}
' Y
and

VROXZCR(‘T7 z) = /\y{V[VR(xa ), vr(Y, 2)]} = ;2£{SUP[VR($7 ), vr(y, 2)]},
whenever for every (x,z) € X x X, we have:
0 < ppoy s r(®,2) + Vpov (e, 2) < 1.

Next, we introduce the definition of («, 8)-intuitionistic fuzzy order relation for
every («, 8) €]0,1] x [0, 1] such that o+ 5 < 1.

Definition 2.1. Let (a,3) €]0,1] x [0,1] such that @ + 5 < 1 and let X be a
nonempty set. An (c«, 8)-intuitionistic fuzzy order relation on X is an intuitionistic
fuzzy relation R = (ug,vr) satisfying the following three properties:

(1) (o, B)-if-reflexivity) for all x € X, ug(z,z) = o and vg(z,z) = 3,

(i) ((or, B)-if-antisymmetry) for all (z,y) € X x X,

(pr(z,y) + pr(y, ) > a and vr(z,y) + vr(y,x2) < f+ 1) imply (x = y),
(iii) (v, B)-if-transitivity) Rox{ R < R.

Let X be a nonempty set and let R be an («, 8)-intuitionistic fuzzy order relation
defined on it. Then, X is called an («, 8)-intuitionistic fuzzy ordered set and we
denote it by (X, R).

Let (X, R) be an («, 5)-intuitionistic fuzzy ordered set such that R = (ur,vg).
The («, §)-intuitionistic fuzzy order R is said to be total, if for all z,y € X, we have
either

B+1

o
ur(z,y) > ) and vgr(z,y) < —5—

o +1
ur(y,z) > 5 and vr(y, ) < ﬁT

An (a, B)-intuitionistic fuzzy ordered set (X, R) on which R is a total («a, f)-
intuitionistic fuzzy order is called an (a, 8)-intuitionistic R-fuzzy chain.
Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy ordered set such that R =
(ugr,vr) and let A be a nonempty subset of X.
123
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(i) An element a € X is a R-upper bound of A, if
p+1
2

pr(z,a) > % and vg(z,a) < for all x € A.

If a is a R-upper bound of A and a € A, then a is called a R-greatest element of
A and we denote it by maxg(A4).

(ii) An element b € X is a R-lower bound of A, if
5;_1 for all x € A.

ur(b,x) > % and vg(b,x) <

If b is a R-lower bound of A and b € A, then b is called a R-least element of A
and we denote it by ming(A).

(iii) An element s € X is the R-supremum of A, if s is the least R-upper bound
of A. When s exists, we shall write s = supg(A).

Similarly, ¢ € X is the R-infimum of A, if ¢ is the greatest R-lower bound of A.
When ¢ exists, we shall write £ = infg(A).

(iv) An element m € A is called a R-maximal element of A, if ug(m,y) > § and
vr(m,y) < %, for some y € A, then y = m.

(v) An element n € A is called a R-minimal element of A, if ur(y,n) > § and
vr(y,n) < %, for some y € A, then y = n.

Next, we shall give some examples of («, 3)-intuitionistic fuzzy order relations.

Example 2.2. (1) Let (a, ) €]0,1] x [0, 1] such that o + § < 1, @ = min{§, %}
and let R = (ug, vr) be the following intuitionistic fuzzy relation defined on the real
line R by setting:

nr(z,z) = a

pr(z,y) =aifz <y
pr(zy)=a—aifzx >y
and

vr(z,z) =0

vr(z,y)=1—-aifz <y

vr(z,y) =a+ g if z > y.
Then, R is an («, 8)-intuitionistic fuzzy order relation on R.

(2) Let (e, B) €]0,1] x [0,1] such that « + 5 < 1, b = min{%,%} and let

R = (ugr,vr) be the following intuitionistic fuzzy relation defined on the set of all
naturel numbers N by setting:

pr(n,n) = a
pr(n,m)=>bifn<m
ur(n,m)=a—>bifn>m

and

vr(n,n) =3

vr(n,m)=1-bifn<m

vr(n,m) =b+ g if n > m.
Then, R is an («, 5)-intuitionistic fuzzy order relation on N.

(3) Let « €]0, 1], le A be a finite set defined by A = {a,b,c} and let R = (g, vr)
be the following intuitionistic fuzzy relation defined on A by setting:
124
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(y.) a b c
a « 0,55« | 0,53«
b 0,23« « 0,52c
C 0,15a | 0,15 o

and
vr(.,.) a b c
a 5210,08a | 0,06a
b |0,05a| 52 |0,020
c 0,050 |0,08a | 132

Then, R is an (o, 152 )-intuitionistic fuzzy order relation on A.

In [3], the present author introduced the notion of a-fuzzy order as follows.

Definition 2.3 ([3]). Let « €]0,1] and let X be a nonempty set. An a-fuzzy order
relation is a fuzzy relation R = ur on X satisfying the following three properties:

(i) (a-f-reflexivity) for all z € X, ur(z,z) = «,

(ii) (a-f-antisymmetry) for all (z,y) € X x X,

pr(x,y) + pr(y, ) > a implies z = y,
(iii) (a-fuzzy transitivity) for all x, z € X,
ro(x,z) > sup [min{r(z,y),ra(y,2)}] .
yeX

Notice that for every a €]0,1], if R = pp is an a-fuzzy order relation defined on
a nonempty set X, then S = (ug,1 — pg) is an (o, 1 — a)-intuitionistic fuzzy order
relation on X. Conversely, if R = (ug,vr) is an (a, §)-intuitionistic fuzzy order
relation defined on a nonempty set X, then it induce an a-fuzzy order relation R,
and a (1 — B)-fuzzy order relation Rg defined on X, by setting for every (z,y) €
X xX, Ry(x,y) = pr(x,y) and Rg(z,y) = 1 —vg(z,y). Thus, the concept of (a, 5)-
intuitionistic fuzzy order generalizes that of the notion of a-fuzzy order relation.

Next, we shall give the definition of an intuitionistic fuzzy inverse relation.

Definition 2.4. Let R be an intuitionistic fuzzy relation defined on a nonempty set
X such that R = (ug,vgr). The intuitionistic fuzzy inverse relation S = (ug, vs) of
R is defined by ps(z,y) = pr(y,z) and vs(x,y) = vr(y, ).

Let (a,8) €]0,1] x [0, 1] such that o+ 3 < 1 and let T': X — [0,1]% x [0,1]* be
an intuitionistic fuzzy multifunction. Then, for every z € X we define the following
subset Téaﬂ) by:

Tz(a’ﬁ) = {y € X: ,L"T(J:)(y) =« and VT(m)(y) = B}

In this paper, we shall use the following definitions of (¢, 8)-intuitionistic fuzzy
monotonicity.

Definition 2.5. Let (X, R) be a nonempty («, /3)-intuitionistic fuzzy ordered set
such that R = (ug,vg) and let T : X — [0,1]% x [0,1]% be an intuitionistic fuzzy
multifuction. We say that T is an («, 5)-intuitionistic R-fuzzy monotone multifunc-
tion, if the two following properties are satisfied:
(i) for all z € X, T_é“"” + 3
125
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(ii) for every z,y € X, with x # y, if pr(z,y) > § and vr(z,y) < %, then for
alla e T and b € T@Sa’ﬂ), we have pg(a,b) > § and vr(a,b) < %

Let X be a nonempty set and (a, §) €]0,1] x [0, 1] such that o+ 8 < 1 and let
T:X — [0,1]% x [0,1]% be an intuitionistic fuzzy multifunction. We say that an
element  of X is an (o, §)-intuitionistic fuzzy fixed point of T', if pip(,)(z) = a and
V() (z) = B. We denote by Fiz(T)(®#) the set of all («, B)-intuitionistic fuzzy fixed
points of T. For « = 1 and 8 = 0, we shall say simply that x is a fixed point of 7T

For a =1 and § = 0, we have the following definition.

Definition 2.6. Let (X, R) be a nonempty («, §)-intuitionistic fuzzy ordered set
such that R = (ug,vg) and let T : X — [0,1]% x [0,1]% be an intuitionistic fuzzy
multifuction. We say that 7' is an intuitionistic R-fuzzy monotone multifunction, if
the two following properties are satisfied:

(i) for all x € X, 70 £+ O,

(i) for every z,y € X, with « # y, if pr(z,y) > & and vg(z,y) < 3, then for all
aeTY and b e ngl’o), we have pg(a,b) > 1 and vg(a,b) < 1.

Definition 2.7. Let (X, R) be a nonempty («, 5)-intuitionistic fuzzy ordered set
such that R = (ug,vg) and let f : X — X be a map. We say that f is an (a,ﬁ)—
intuitionistic R-fuzzy monotone map, if for every z,y € X, with ur(z,y) > § and

vr(z,y) < 52, then we have pg(f(2), f(y) > § and va(f(2), f(y)) < 2.

Let X be a nonempty set and let f: X — X be a map. We say that an element
x of X is a fixed point of f if f(x) = x. The set of all fixed points of f is denoted
by Fiz(f).

Notice that if f is a map from X to X, then f is also an intuitionistic fuzzy
multifunction by taking for every z,y € X pfu)(¥) = X{r@)}(¥) and veq(y) =
1 — X{f(2)}(y) with X{(z)} is the characteristic map of the crisp set {f(z)}.

Definition 2.8. Let (X, R) be a nonempty («, 3)-intuitionistic fuzzy ordered set.
We say that (X, R) is an («, 8)-intuitionistic fuzzy ordered complete set, if every
nonempty («, 8)-intuitionistic R-fuzzy chain has a R-supremum.

Next, we shall give some useful results concerning intuitionistic fuzzy inverse order
relations.

Proposition 2.9. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy ordered set
such that R = (ug,vr) and let S be its intuitionistic fuzzy inverse relation such that
= (us,vs). Then, we have

(1) S is an («a, B)-intuitionistic fuzzy order relation on X,

(2) every (« 6) intuitionistic R-fuzzy monotone multifunction T : X — [0,1]%
[0,1]% is also («, B)-intuitionistic S-fuzzy monotone,

(3) if a nonempty subset A of X has a R-infimum, then A has a S-supremum
and infp(A) = supg(A4),

(4) if a nonempty subset A of X has a R-supremum, then A has a S-infimum
and supp(A) = infg(A4),

(5) let (X, R) be a nonempty («, B)-intuitionistic fuzzy ordered set. Then, every
nonempty («, B)-intuitionistic R-fuzzy chain is also an (a, B)-intuitionistic S-fuzzy
chain,
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(6) if (X, R) is an («, B)-intuitionistic fuzzy ordered complete set, then (X, S) is
also an (a, B)-intuitionistic fuzzy ordered complete set.

Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy ordered set such that
R = (pugr,vr) and let S be its intuitionistic fuzzy inverse relation such that S =
(s, vs)-

(1) We shall prove that S is an («, 8)-intuitionistic fuzzy order relation on X.

(i) (o, B)-intuitionistic fuzzy reflexivity. Let € X. As R is (a, §)-intuitionistic
fuzzy reflexive, we get ugr(z,x) = a and vr(z,x) = . Then, we have pg(z,z) = «
and vg(z,z) = . Thus, S is (a, §)-intuitionistic fuzzy reflexive relation.

(ii) (v, B)-intuitionistic fuzzy antisymmetry. Let z,y € X such that

s (@, y) + ps(y, x) > a and vs(z,y) + vs(y,z) < 5.
Then, we get

IU‘R(yax) + ,[LR(SC,y) > «a and VR(yax) + VS(xay) < B

As R is («, 8)-intuitionistic fuzzy antisymmetric, we obtain = y. Then S is («, §)-
intuitionistic fuzzy antisymmetric relation.
(iii) Intuitionistic fuzzy transitivity. Let x,y,z € X. Then
tsoyn s (@ 2) = Vy{Alus(@,y), ps(y, 2)1} = Vy{Alur(y, 2), pr(z )]}
= Vy{Aler(z,9), kr(Y, )]} = Broy o r(2,7) < pr(z, ).
Thus for every z,z € X, we have pgov.ng(z, 2) < ps(, 2).
On the other hand, we have
Vsoy 0 s(:2) = N{V[vs(z,y),vs(y, 2)I} = M{VIve(y, 2), ver(z,9)]}
= /\y{v[VR(z’ y)? VR(yv 1‘) } = VRoXjQR(Z7 J))
> vg(z,x).
So for every x,z € X, we get

VSOX:CS(xa Z) > 1/5(.%, Z)

Hence, S is («, 8)-intuitionistic fuzzy transitive.
Therefore, S is an («, 8)-intuitionistic fuzzy order relation on X.

(2) Let T : X — [0,1]% x [0,1]* be an (a, 8)-intuitionistic R-fuzzy monotone
multifunction. Let z € X. Then, Téa’ﬁ) # &. Let z,y € X such that = # vy,
ps(x,y) > 2, vs(a,y) < 2L a e 7" and b € Téa’ﬁ). Then, we have ug(y,x) >
S and vr(y,z) < % Since T is (o, B)-intuitionistic R-fuzzy monotone, we get
pr(b,a) > 5 and vgr(b,a) < % Thus, we obtain pg(a,b) > § and vg(a,b) < %
So, T is (v, B)-intuitionistic S-fuzzy monotone multifunction.

(3) Let A be a nonempty subset of X such that ¢ = infz(A). Then, for every
r € A, we have pr(¢,x) > § and vgr(l,z) < % Thus, for every x € A, we get
ps(x,€) > § and vg(z,£) < % So, ¢ is a S-upper bound of A.

Now, let k be another S-upper bound of A. Then, for every x € A, we get
ps(xz, k) > 5 and vs(z, k) < % Thus, for every » € A, we get ug(k,z) > § and
vr(k,x) < % So, k is a R-lower bound of A. As £ = infr(A), ur(k,£) > § and
vr(k, ) < % Hence, we get pus(¢,k) > § and vg(¢, k) < % Therefore, ¢ is the
least S-upper bound of A and thus, we deduce that we have £ = supg(A).
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(4) Let A be a nonempty subset A such that m = supp(A). Then, for every
xr € A, we have ug(x,m) > § and vg(z,m) < % Thus, for every x € A, we get
ps(m,x) > § and vg(m,z) < % So, m is a S-lower bound of A.

Now, let n be an another S-lower bound of A. Then, for every x € A, we get
ps(n,z) > § and vs(n,z) < % Thus, for every x € A,, we get pr(x,n) > § and
vr(z,n) < % So, n is a R-upper bound of A. As m = supg(A), pr(m,n) > § and
vr(m,n) < % Hence, we get pus(n,m) > § and vg(n,m) < % Therefore, m is
the greatest S-lower bound of A and thus, we deduce that we have m = infg(A).

(5) Let C' be a nonempty (c, )-intuitionistic R-fuzzy chain. Then for every
xz,y € C, we have

o +1 a +1
(ur(z,y) > 5 and ve(z,y) < 57) or (ur(y,z) > 5 and vr(y, ) < ’BT)-
Thus, we get
o g+1 Q 8+1
(us(y, ) > 5 and vs(y,z) < ——) or (us(z,y) > 5 and vs(z,y) < ——).
So, C' is a nonempty (c, 3)-intuitionistic S-fuzzy chain.
(6) From (4) and (5), we easily deduce (6). O

In the sequel, we shall need the following result.
Lemma 2.10. Let (X, R) be a nonempty (o, B)-intuitionistic fuzzy ordered set such
that R = (ugr,vr). Let x,y0,2 € X such that
s+l

5

« « B+1
NR(I’;?JO) > 7,,UR(y0,Z) > *7VR($7ZJ0) < and VR(yOaZ) <

2 2 2
Then, pr(x,z) > § and vr(x,z) < %
Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy ordered set such that
R = (ug,vr). Let z,y0,2z € X such that
p+1

1
and vg(yo, z) < 5

«
77”3(‘1"711/0) <

(6%
pr(z,y0) > =, kr(Yo, 2) > 5

2
Then, we obtain

=+
2
+1

. «
inflr(e, o), (o, 2)] > & and suplp(e, o) waluo, 2)] < o

Thus, we get
, a . B
sup{inf[ur(z,y), nr(y, 2)]} > 5 and  inf {sup[ur(z,y), pr(y, 2)l} < ——
yeX yeX
On the oner hand, we know that

roy s r(@,2) = sup{inf[ur(z,y), pr(y, 2)|}
’ yeX
and
Yoy o r(2,2) = inf {suplvr(z,y), va(y, 2)]}-
Then, we obtain

« 6+1
oYt (T, 2) > b} and vpoy.y p(e,2) < ——.

2
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On the other hand, by our hypothesis, we know that R is («, 8)-intuitionistic
fuzzy transitive. Thus, we have R OX:Q R < R. So, we get

oy s p(.2) < (e, ) and vpgv s p(@,2) > va(e, 2).
Hence, we obtain pugr(z,z) > § and vg(z,2) < % O
3. AN (a, 8)-INTUITIONISTIC FUZZY ZORN’S LEMMA

In this section, we shall give an («, §)-intuitionistic fuzzy Zorn’s Lemma. More
precisely we shall show the following result.

Theorem 3.1. Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy ordered set such
that every nonempty («, B)-intuitionistic R-fuzzy chain in X has an intuitionistic
R-upper bound. Then, (X, R) has at least a R-mazimal element.

In order to prove Theorem 3.1, we shall show that every (o, 8)-intuitionistic fuzzy
order relation R defined on a nonempty set X induce a crisp order relation noted
<g defined for every (z,y) € X? by:

B+1

(x <ry) & (urle,y) > 5 and vr(z,y) < ).

Lemma 3.2. Let (X, R) be a nonempty (o, B)-intuitionistic fuzzy ordered set such
that R = (ugr,vr) and let <g the crisp relation defined on X as above. Then <pg is
a crisp order relation.

Proof. Let (X, R) be a nonempty (a, §)-intuitionistic fuzzy ordered set such that
R = (ug,vg) and let <g be the crisp relation defined on X, for every (z,y) € X2
by:

6+1

o
(& <rYy) & (pr(z,y) > 5 and vr(z,y) < ——).

(i) Reflexivity: Let z € X. As R is («, §)-intuitionistic fuzzy reflexive and 0 < a,
pr(z,y) = a > 5. On the other hand, 0 < 8 < 1. Then, we get vg(z,y) = < %
Thus, for every x € X, we have x <p x. So, <pg is a crisp reflexive relation.

(ii) Antisymmetry: Let z,y € X such that z <g y and y <g x. Then, we have

pr(z,y) > % and vg(z,y) < %
and

ur(y,x) > % and vr(y, ) < %
Thus, we get

MR(xvy) + ILLR(y7x) > a and VR(SU,:[/) + VR(ya (E) < ﬁ + 1
On the other hand, we know that R is («, §)-intuitionistic fuzzy antisymmetric. So,
we deduce that we have z = y.
(iii) Transitivity: Let z,yo, 2z € X such that x <g yo and yo <g z. Then, we get
1o 8+1
wr(z,yo) > 5 and vr(Z,Y0) < 5

and 511
o
vr(yo, z) > 5 and vgr(yo, 2) < ——.

2
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Thus, from Lemma 2.9, we get ug(z,z) > § and vg(z,z) < % So, <pg is a crisp
transitive relation. Hence, we conclude that <p is a crisp order relation on X. [

Now, we are in position to prove Theorem 3.1.

Proof. Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy ordered set such that
every nonempty («, ) intuitionistic R-fuzzy chain in X has an intuitionistic R-
lower bound. Let R = (ugr,vr) and let <p the crisp order relation defined on X as
Lemma 3.2. Let C' be a nonempty («, )-intuitionistic R-fuzzy chain in X. Then,
for every z,y € C, we have

B+1
5 )

Thus, C is a nonempty chain in (X, <g). By our hypothesis, C' has a R-upper bound,
s, say. So, for every x € C, we have

o +1 o
() > & and v(,y) < 20 or (unly,a) > 5 and valy, ) <

p+1
o

Hence, for every x € C, we get x <p s and thus , s is a <p-upper bound of C.
Therefore, every nonempty chain in (X, <g) has a <g-upper bound. From the crisp
Zorn’s Lemma, we deduce that (X, <g) has at least a maximal element, m, say.
Now, assume that there is an element z in X such that
B+1

ur(m,z) > % and vp(m,z) < —5—

pr(x,s) > % and vgr(z,s) <

Then, m <g z. As m is a maximal element in (X, <g), we deduce that we have
x = m. Thus, m is a R-maximal element. O

As a consequence of Theorem 3.1, we reobtain the a-fuzzy Zorn’s Lemma [[3],
Lemma 3.6].

Corollary 3.3. Let (X,R) be a nonemply a-fuzzy ordered set such that every
nonempty a-fuzzy R-fuzzy chain has a R-upper bound. Then, (X, R) has at least
a R-mazimal element.

For a =1 and 8 = 0, we have the following result.

Corollary 3.4. Let (X, R) be a nonempty intuitionistic fuzzy ordered set such that
every nonempty intuitionistic R-fuzzy chain in X has an intuitionistic R-upper
bound. Then, (X, R) has at least a R-mazimal element.

4. MAXIMAL AND MINIMAL (e, 3)-INTUITIONISTIC FUZZY FIXED POINTS

In this section, we shall establish the existence of a maximal and a minimal
(a, B)-intuitionistic fuzzy fixed points of («, B)-intuitionistic fuzzy monotone multi-
functions.

In this section we shall need the following key result.
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Proposition 4.1. Let (X, R) be a nonempty («,B)-intuitionistic fuzzy complete
ordered set such that R = (pugr,vgr). Let T : X — [0,1]% x [0,1]% be an (a, B)-
intuitionistic R-fuzzy monotone multifunction. If there exist a,b € X such that
Br(a)(b) =, vpy(b) = B, pr(a,b) > § and vr(a,b) < %, then the set

B+1 }

o o
P = {:c eX:dye T:E ’B),uR(:c,y) > 3 and vg(z,y) < 5

is nonempty and has at least a R-mazimal element.

Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy complete ordered set
such that R = (ug,vgr). Let T : X — [0,1]% x [0,1]* be an (o, 8)-intuitionistic
R-fuzzy monotone multifunction. Assume that there exists a,b € X such that
pr(a)(b) =, vpie)(b) = B, ur(a,b) > § and vg(a,b) < % Consider the following
subset P, ) of X defined by

o o +1
Plap) = {I € X :3y e T4, pp(e,y) > o and va(z,y) < 52}

By our hypothesis, a € P4 g). Then, we get P, g) # .

Claim 1: It is clear that the subset (P4,s), 1?) is a nonempty («, )-intuitionistic
fuzzy complete ordered set. Indeed, if C' is a nonempty («, §)-intuitionistic R-fuzzy
chain in P, g, then we set s = supg(C'). Thus, we claim that s € P, g).

On the contrary, assume that s & P, g). Then, for every x € C, we have x # s,
pr(z,y) > § and vr(z,y) < %

On the one hand, we know that C' C P, ). Then, for every x € C, there exists
ye Xv such that /U'T(:c)(y) = Q, VT(x)(y) = 67,U'R(xvy) > % and VR(x,y) < % By
our hypothesis, T is a («, §)-intuitionistic R-fuzzy monotone multifunction. Thus,
TP # @. So, there is t € X such that pp(t) = o, vpe)(s) = B. As T is
(o, B)-intuitionistic R-fuzzy monotone, x # s, ur(z,y) > § and vr(z,y) < %
get

, we

o +1
ur(y,t) > 5 and vr(y,t) < BT
On the other hand, we know that we have

o} +1
ur(z,y) > 5 and vr(z,y) < ﬁT

From Lemma 2.9, we deduce that for every x € C, we have

1
ur(x,t) > % and vgr(z,t) < 5%

Then, ¢ is a R-upper bound of C. As s = supy(C), we get

1
ur(s,t) > % and vg(s,t) < ﬂ%
Thus, s € P, ). That is a contradiction. So, s € P, g). Hence, (P, ), R) is a
nonempty («, 8)-intuitionistic fuzzy complete ordered set.
Claim 2: The subset (P(4,g), R) has at least a R-maximal element. Indeed, by
Claim 1, (P(4,s), ) is a nonempty (o, 3)-intuitionistic fuzzy complete ordered set.
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Then, by («, 8)-intuitionistic fuzzy Zorn’s Lemma (Theorem 3.1), we deduce that
(Pla,p) R) has at least a R-maximal element, m, say. O

Next, we shall prove the existence of an (o, )-intuitionistic R-maximal fuzzy
fixed point.

Theorem 4.2. Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy complete ordered
set such that R = (ug,vg). Let T : X — [0,1]% x [0,1]% be an (o, B)-intuitionistic
R-fuzzy monotone multifunction. If there exist a,b € X such that pr(b) = a,

vra)(b) = B, pr(a,b) > § and vg(a,b) < %, then the set Fix(T)(P) of all
(«, B)-intuitionistic fuzzy fized points of T is nonempty and has at least a R-mazximal

element which is an element of the set P, g) defined as above.

Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy ordered complete set
such that R = (ug,vgr). Let T : X — [0,1]% x [0,1]% be an (o, B)-intuitionistic
R-fuzzy monotone multifunction. Assume that there exists a,b € X such that
pr(a)(b) =, vpe)(b) = B, ur(a,b) > § and vg(a,b) < % Consider the following
subset P, ) of X defined by

1
Piop) = {x €X:3yeT ™" ug(z,y) > % and vg(z,y) < ﬁ;} .
From Proposition 4.1, the subset P, gy is nonempty and has at least a maximal
element, m, say.
Claim 1: Tt is obvious that m € Fiz(T)(®#). Indeed, assume on the contrary that
m ¢ Fiz(T)5. As m € P, g), there is an element n € X such that

p+1

a
n #m, ppmy(n) = o, vpe(s) = B, ur(m,n) > 3 and vg(m,n) < 5

Let p € T,E“’B). Asn #m and T is (o, 8) intuitionistic R-fuzzy monotone, we get

o} +1
ur(n,p) > 5 and vg(n,p) < %

Then, n € P, p). That is a contradiction with the fact that m is a R-maximal
element of P, 5). Thus, m € Fiz(T)(*5).
Claim 2: The element m is a R-maximal element of Fiz(T)(®#). Indeed, as

Fi:n(T)(o"ﬁ) C P(q,p) and m is a maximal element of P, g, m is a maximal element
of Fiz(T)(A), O

For (o, 8)-intuitionistic fuzzy monotone maps, we have the following result.

Corollary 4.3. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy ordered com-
plete set such that R = (ugr,vr) and let f : X — X be an (o, B)-intuitionistic
fuzzy monotone map. If there is an element a € X such that pr(a, f(a)) > § and
vr(a, f(a)) < #, then the set Fix(f) of all fizred points of f is nonempty and has
at least a R-mazimal element.

As a consequence of Theorem 4.2, we obtain the following result.
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Corollary 4.4. Let (X, R) be a nonempty intuitionistic fuzzy complete ordered set
such that R = (pgr,vgr). Let T : X — [0,1]% x [0,1]% be a intuitionistic R-fuzzy
monotone multifunction. If there exist a,b € X such that ppq)(b) = 1, vp)(b) = 0,
pr(a,b) > & and vg(a,b) < 3, then the set Fiz(T) of all fived points of T is

nonempty and has at least a R-maximal element.

From Theorem 4.2, we reobtain the existence of a maximal a-fuzzy fixed for
a-fuzzy monotone multifunction [[3], Theorem 3.1].

Corollary 4.5. Let (X, R) be a nonempty a-fuzzy complete ordered set such that
R = pp. Let T : X — [0,1]% be an a-fuzzy monotone multifunction. If there erist
a,b € X such that pip)(b) = « and pgr(a,b) > §, then the set Fix(T)* of all
a-fuzzy fived points of T is nonempty and has at least a R-mazimal element.

By using Propositions 2.8 and 4.1 and Theorem 4.2, we obtain the following dual
result.

Theorem 4.6. Let (X, R) be a nonempty («, f§)-intuitionistic fuzzy ordered set such
that R = (g, vR). Assume that every nonempty («, 5)-intuitionistic R-fuzzy chain
has a R-infimum. Let T : X — [0,1]% x [0,1]* be an («, B)-intuitionistic R-fuzzy
monotone multifunction. If there exist a,b € X such that upq)(b) = o, vrq)(b) = B,
pr(b,a) > 5 and vr(b,a) < %, then the set Fiz(T)(*%) of all (v, B)-intuitionistic
fuzzy fixed points of T is nonempty and has at least a R-minimal element.

Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy ordered set such that
R = (pur,VvR). Assume that every nonempty (o, 8)-intuitionistic fuzzy R-chain has
a R-infimum. Let T : X — [0,1]% x [0,1]% be an (a, 3)-intuitionistic R-fuzzy
monotone multifunction. Let S be the (a, 8)-intuitionistic fuzzy inverse relation
of R. From Proposition 2.8, S is an («, 8)-intuitionistic fuzzy order relation. By
our hypothesis, since every nonempty (c, 8)-intuitionistic R-fuzzy chain has a R-
infimum, by Proposition 2.8, (X, .5) is a nonempty («, 3)-intuitionistic fuzzy ordered
complete set. As pr(b,a) > § and vg(b,a) < %, we get ps(a,b) > § and
vr(a,b) < %

On the other hand by Proposition 2.8, T : X — [0,1]% x [0,1]% is an (a, 8) intu-
itionistic S-fuzzy monotone multifunction. Then, by using Theorem 4.1, Fiz(T)(®#)
has a S-maximal element m, say. Now, let z € Fiz(T)(®# such that pup(m,z) > 4
and vgr(m,x) < % Then, we get pus(z,m) > § and vg(z,m) < % As mis a
R-maximal element of Fiz(T)®#) and x € Fiz(T)*? we deduce that we have
x = m. Thus, m is a R-minimal element of Fiz(T)(®#). O

For (a, f)-intuitionistic fuzzy monotone maps, we obtain the following conse-
quence.

Corollary 4.7. Let (X, R) be a nonempty («, §)-intuitionistic fuzzy ordered set such
that R = (g, vR). Assume that every nonempty (o, B)-intuitionistic R-fuzzy chain
has a R-infimum. Let f : X — X be an («, B)-intuitionistic fuzzy monotone map.
If there is an element a € X such that pur(f(a),a) > § and vr(f(a),a) < #, then
the set of all fized points Fixz(f) of f is nonempty and has at least a R-minimal
element.

133



366

367
368
369
370
371
372

373
374

375
376
377
378
379

380
381

382
383
384

385
386
387

388

389
390
391
392

393

394
395
396

A. Stouti/Ann. Fuzzy Math. Inform. 14 (2017), No. 2, 121-142

As a consequence of Theorem 4.6, we obtain the following result.

Corollary 4.8. Let (X, R) be a nonempty intuitionistic fuzzy ordered set such that
R = (ur,vR). Assume that every nonempty intuitionistic R-fuzzy chain has a R-
infimum. Let T : X — [0,1]% x [0,1]% be an intuitionistic R-fuzzy monotone
multifunction. If there exist a,b € X such that pipq)(b) = 1, vpe)(b) = 0, ur(b,a) >
1

2 and vg(b,a) < 3, then the set Fiz(T) of all fived points of T is nonempty and has

at least a R-minimal element.

By using Theorem 4.6, we reobtain the existence of a minimal a-fuzzy fixed for
a-fuzzy monotone multifunction [[4], Theorem 3.3].

Corollary 4.9. Let (X, R) be a nonempty a-fuzzy ordered set such that R = pg.
Assume that every nonempty a-fuzzy chain in (X, R) has a R-infinum. Let T :
X — 10,11 be an a-fuzzy monotone multifunction. If there exist a,b € X such that
pr(a)(b) = a, pr(b,a) > 5, then the set Fix(T)* of all a-fuzzy fived points of T is
nonempty and has at least a R-minimal element.

5. AN («, 5)-INTUITIONISTIC FUZZY VERSION OF TARSKI'S FIXPOINT THEOREM
FOR INTUITIONISTIC FUZZY MONOTONE MULTIFUNCTIONS

In this section we shall give an («, §)-intuitionistic fuzzy version of Tarski’s fix-
point Theorem [[5], Theorem 1] for («, 8)-intuitionistic fuzzy monotone multifunc-
tions. First, we give the following definition.

Definition 5.1. Let (X, R) be a nonempty («, §)-intuitionistic fuzzy ordered set.
We say that (X, R) is an («, 8)-intuitionistic fuzzy complete lattice, if every nonempty
subset of X has a R-infimum and a R-supremum.

The main result in this section is the following result.

Theorem 5.2. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy complete lattice
and let T : X — [0,1]% x [0,1]% be an («, B)-intuitionistic R-fuzzy monotone mul-
tifuction. Then, the set of all (o, B)-intuitionistic fuzzy fived points Fix(T)(@5) of
T is a nonempty («, B)-intuitionistic R-fuzzy complete lattice.

In order to prove Theorem 5.2, we shall need the following result.

Proposition 5.3. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy ordered set
such that R = (ug,vr) and every nonempty subset of X has a R-supremum. Let
T:X —[0,1]% x[0,1]% be an (a, B) intuitionistic R-fuzzy monotone multifunction.
If there erist a,b € X such that pp@)(b) = o, vpy(b) = B, prla,b) > 5 and
vr(a,b) < %, then the set Fixz(T) ) of all (o, B)-intuitionistic fuzzy fired points
of T is nonempty and has a R-greatest element. Furthermore, we have

1
m}gx(Fix(T)(o"ﬁ)) = sup {x eX:dye Téa’ﬁ),,uR(x,y) > % and vg(x,y) < L; } )
R
Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy ordered set such that
R = (ug,vg) and every nonempty subset of X has a R-supremum. Let T : X —
[0,1]% x [0,1]* be an (a, B)-intuitionistic R-fuzzy monotone multifunction. Let
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Plo,py the subset of X defined as above. By our hypothesis, a € P ). Then,
Pia,p) # . Then, set k = supr(P(a,3))-

Claim 1: It is clear that k € P, g). Indeed, assume on the contrary that k ¢
Pia,py- Let © € P g). Then there is y € X, such that pr,)(y) = «, v (y) =
B, pr(z,y) > § and vr(z,y) < % By our hypothesis, T is an («, 8)-intuitionistic
R-fuzzy monotone multifunction. Thus, T,Ea’ﬁ ) # &. So, there is z € X such that
M) (2) = a and vy (2) = B. As T is (o, B)-intuitionistic fuzzy monotone, we get

« 6+1
ur(y, z) > 5 and vg(y, z) < —

On the other hand, we know that we have

a B+1
ur(z,y) > 5 and vg(z,y) < —
Then from Lemma 2.9, we obtain

+1

ur(x,z) > % and vgr(z,2) < b for every x € P, g)-

Thus, z is a R-upper bound of P, g). As k = supgr(P4,)), We get

pr(k,z) > % and vr(k, z) < ?
So, k € P(q,5)- That is a contradiction. Hence, k € P, g)-

Claim 2: It is obvious that k € Fix(T)(avﬁ). Indeed, from Proposition 4.1, we
know that the subset Fiz(7T)(*#) has at least a R-maximal element m, which an
element of Py, gy. Since k = sup(P4,p)), we get pr(m,k) > § and vgp(m,k) <
%. As from Claim 1, k € P, gy, so we deduce that we have m = k. Thus, k =
max((P,,g)) and k € Fiz(T)®P).

Claim 3: It is clear that k = maxp(Fiz(T)(*?). Indeed, as k = supp(Pa,p)),
and Fix(T)*P) c Pa,p), k is a R-upper bound of Fiz(T)*"). From claim 2,
k € Fiz(T)(®5). Then, we obtain k = maxg(Fiz(T)®"). O

For (a, 8)-intuitionistic fuzzy monotone maps, we have the following result.

Corollary 5.4. Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy ordered set
such that R = (ugr,vr) and every nonempty subset of X has a R-supremum. Let
f:X — X be an (o, B)-intuitionistic fuzzy monotone map. If there is an element
a € X such that pr(a, f(a)) > § and vg(a, f(a)) < #, then the set Fix(f) of all
fized points of f is nonempty and has a R-greatest element. Furthermore, we have

max(Fiz(f)) = Sup {x € X : pp(z, f(x)) > % and vg(z, f(x)) < ﬁ;l} :

As a consequence of Proposition 5.3, we obtain the following corollary.

Corollary 5.5. Let (X, R) be a nonempty intuitionistic fuzzy ordered set such that

R = (ugr,vr) and every nonempty subset of X has a R-supremum. Let T : X —

[0,1]% x [0,1]% be an intuitionistic R-fuzzy monotone multifunction. If there exist

a,b € X such that pp)(b) = 1, vp@e)(b) = 0, pr(a,b) > % and vgr(a,b) < %, then
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the set Fix(T) of all fized points of T is nonempty and has a R-greatest element.
Furthermore, we have

1 1
ml%x(Fix(T)) = sup {x €eX:eTH ug(x,y) > 3 and vg(z,y) < 2} :
R

From Proposition 5.3, we reobtain the existence of the greatest a-fuzzy fixed for
a-fuzzy monotone multifunction [[4], Theorem 4.1].

Corollary 5.6. Let (X, R) be a nonempty a-fuzzy ordered set such that R = pg
and every nonempty subset of X has a R-supremum. Let T : X — [0,1]% be an
a-fuzzy monotone multifunction. If there exist a,b € X such that pupq)(b) = a and
pr(a,b) > 5, then the set Fixz(T)* of all a-fuzzy fized points of T' is nonempty and
has a R-greatest element. Furthermore, we have

m}%x(Fiw(T)“) = sup {x € X : 3y € X such that ppy(y) = « and pr(x,y) > %} .
R

Combining Propositions 2.8 and 5.3, we get the following dual result.

Proposition 5.7. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy ordered set
such that R = (ugr,vr) and every nonempty subset of X has a R-infumum. Let
T:X —[0,1]% x[0,1]% be an (o, B)-intuitionistic R-fuzzy monotone multifunction.
If there exist a,b € X such that pp@)(b) = o, vpy(b) = B, pr(b,a) > 5 and
vr(b,a) < %, then the set Fixz(T) ) of all (o, B)-intuitionistic fuzzy fired points
of T is nonempty and has a R-least element. Furthermore, we have

mI%n(Fix(T)(o"ﬁ)) = i%f {x € X :3eT P uplz,y) > % and vr(z,y) < ﬁ;—l} :
Proof. Let (X, R) be a nonempty (c, 3)-intuitionistic fuzzy ordered set such that
R = (ug,vr). Assume that every nonempty subset of X has a R-infimum. Let
T:X —[0,1]% x[0,1]* be an (o, B)-intuitionistic R-fuzzy monotone multifunction.
Let S be the (a, 8)-intuitionistic fuzzy inverse relation of R. From Proposition 2.8,
S is an («, B)-intuitionistic fuzzy order relation. Since by our hypothesis every
nonempty subset of X has a R-infimum, by Proposition 2.8, every nonempty subset
of X has a S-infimum. As pg(b,a) > § and vgr(b,a) < /3-2&-1’ we get ps(a,b) > §
and vg(a,b) < %

On the other hand, by Proposition 2.8, T : X — [0,1]% x [0,1]X is an (a, 8)-
intuitionistic S-fuzzy monotone multifunction. Then, by using Proposition 5.3
Fiz(T)(*#) has a S-greatest element ¢, say. Thus, for every x € Fiz(T)®#), we
have

1
ps(z, ) > % and vg(z,0) < ﬂ%
So, for every = € Fiz(T)(*#) we get
p+1
5

Hence, £ is the R-least element of Fix(T)(®5), O

ur(l,x) > % and vp(f,x) <

For (a, 8)-intuitionistic fuzzy monotone maps, we have the following result.
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Corollary 5.8. Let (X, R) be a nonempty (o, 8)-intuitionistic fuzzy ordered set such
that R = (g, vR) and every nonempty subset of X has a R-infimum. Let f : X — X
be an (o, B)-intuitionistic fuzzy monotone map. If there is an element a € X such
that pr(f(a),a) > § and vr(f(a),a) < #7 then the set Fix(f) of all fixed points
of [ is nonempty and has and has a R-least element. Furthermore, we have

mI%n(Fix(f)) = ir&f{x € X :pr(f(z),z) > % and vr(f(z),z) < 524'1} .

As a consequence of Proposition 5.7, we obtain the following corollary.

Corollary 5.9. Let (X, R) be a nonempty intuitionistic fuzzy ordered set such that
R = (ur,vr) and every nonempty subset of X has a R-infimum. Let T : X —
[0,1]% x [0,1]% be an intuitionistic R-fuzzy monotone multifunction. If there exist
a,b € X such that pp@y(b) = 1, vp@y(b) = 0, pr(a,b) > % and vg(a,b) < %,
then the set Fix(T) of all fixed points of T is nonempty and has a R-least element.
Furthermore, we have

1 1
m}%n(Fix(T)) = i%f {:c € X:eTH up(y,z) > B and vg(y,r) < 2} .

From Proposition 5.7, we reobtain the existence of the least a-fuzzy fixed for
a-fuzzy monotone multifunction [[4], Theorem 4.2].

Corollary 5.10. Let (X, R) be a nonempty a-fuzzy ordered set such that R = ug
and every nonempty subset of X has a R-infimum. Let T : X — [0,1]% be an a-
fuzzy monotone multifunction. If there exist a,b € X such that pp)(b) = 1 and
pr(a,b) > 5, then the set Fix(T) of all a-fuzzy fized points of T' is nonempty and
has a R-least element. Furthermore, we have

. . a : . — o
mén(sz(T) ) = 1%f {x € X :Jy € X such that ppy(y) = « and pr(x,y) > 5} )

To prove Theorem 5.2, we shall need what follows.

Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy complete lattice and let T :
X — [0,1]% x [0,1]* be (a, B)-intuitionistic R-fuzzy monotone multifunction. By
Proposition 5.7, the set of all («, 3)-intuitionistic fuzzy fixed points Fiz(T)(®#) of
T is nonempty and has a R-least element, ¢, say. For every nonempty subset A of
Fi:c(T)(a’ﬁ) we associate the following subset E of X defined by x € E if and only

if there exists y € X such that y € T\

« B+1
MR($7y) > 57”]2(1”73/) < —,

2
B+1
2

pry, z) > % and vg(y, z) < for every z € A.

Since ¢ € E, E # @. Then, t = supy(FE) exists in (X, R).
To proof Theorem 5.2, we shall need the following technical lemma.

Lemma 5.11. Let (X, R) be a nonempty («, §)-intuitionistic fuzzy complete lattice
and let T : X — [0,1]% x [0,1]% be an («, B)-intuitionistic R-fuzzy monotone mul-
tifunction. Let us suppose that E is defined as above and t = supgr(E). Then, we
have

137



433

434

435
436
437
438

439
440

A. Stouti/Ann. Fuzzy Math. Inform. 14 (2017), No. 2, 121-142

(1)te E,
(2) t € Fix(T) P,

Proof. Let (X, R) be a nonempty («, §)-intuitionistic fuzzy complete lattice and let
T:X —[0,1]% x[0,1]* be an (o, B)-intuitionistic R-fuzzy monotone multifunction.
Let A be a nonempty subset of Fiz(T)(®?) and E be the subset of X defined as
above.

(1) It is clear that The element ¢ belongs to E. On the contrary, suppose that
t ¢ E. Let a € Tt(o"ﬁ) be given. By our hypothesis, for all z € FE, there exists
ye € TSP with
B+1
2
Since pgr(z,t) > § and vp(x,t) < %, for all z € E and T is («a, 8)-intuitionistic
R-fuzzy monotone, we get

(0%
1R (T, Yz) > 9 and vg(2,ys) < (5.8)

pr(Yz,a) > % and vg(ys,a) < % (5.9)
From (5.8), (5.9) and by using Lemma 2.9, we deduce that we have
pr(z,a) > % and vr(z,a) < +1 forall x € E. (5.10)
Then, the element a is a R-upper bound of E. Since t = supy(F), we obtain
ur(t,a) > % and vg(t,a) < % (5.11)

Now let z € A. By our hypothesis, we know that for all z € E, there exists
Yp € Tm(a’ﬁ) such that

1
wr Yz, 2) > % and vg(Yz, 2) < %7 for all z € A. (5.12)
By using (5.8), (5.12) and Lemma 2.9, we obtain
1
pr(z, 2) > % and vgr(z,z) < 5%, for all z € E. (5.13)

Then, it follows from (5.13) that each element z of A is a R-upper bound of E. From
this and as t = supg(F), we get

1
ur(t, z) > % and vg(t,2z) < ﬂ%, for all z € A. (5.14)

Combining (5.14) and our assumption that t ¢ E, we get t ¢ Fiz(T)®?). Thus,
t # zforall z € A. As T is an (o, 8)-intuitionistic R-fuzzy monotone multifunction,
t# 2z, 2€T(2) P aecTt) P, and by (5.14), we get

1
pwr(a, z) > % and vg(a, z) < ﬂ%, for all z € A. (5.15)

So, from (5.11) and (5.15), we deduce that we have ¢t € E. That is a contradiction.
Hence t € E.
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(2) Tt is obvious that ¢ € Fiz(T)(®#). Assume on the contrary, that t ¢ Fia(T)(®5).
By (1) above, t € E. Then there exists a € X such that a € Tt(o“ﬁ)7

1
pr(t,a) > % and vg(t,a) < ﬁ%, (5.16)
ur(a, z) > %,I/R(a,z) < prl for every z € A. (5.17)

Since by our assumption, t ¢ Fiz(T)(®?) then a # t. Next, we shall distinguish the
following two cases.

Case (i): Suppose that a € A. Since a € 7% | from (5.17), we get a € E. Since
t =supp(E),

1
pr(a,t) > % and vg(a,t) < ﬂ% (5.18)
Then From (5.16) and (5.18), we get
pr(t,a) + pra,t) > a and vg(t,a) + vr(a,t) < B+ 1. (5.19)

Since R is (a, §)-intuitionistic fuzzy antisymmetric, by using (5.19), we deduce that
we have a = t. That is a contradiction. Thus, ¢ € Fix(T)(®#).

Case (ii): Suppose that a ¢ A. Let b € 7L Since a # tand T is (o, B)-
intuitionistic R-fuzzy monotone, from (5.16), we get

p+1
o

Now, let z € A. Since z # a, T is («, 8)-intuitionistic R-fuzzy monotone. Then
form (5.17), we obtain

ur(a,b) > % and vg(a,b) < (5.20)

+1

pur(b, z) > % and vg(b, z) < b for every z € A. (5.21)

Thus it follows from (5.20) and (5.21) that a € E.
On the other hand, we know that t = supy(F), Thus

1
pnlat) > 5 and vp(a,t) < ﬁ%. (5.22)
From (5.18) and (5.22), we obtain
pr(t,a) + pr(a,t) > a and vg(t,a) + vr(a,t) < B+ 1. (5.23)

Since R is («, §)-intuitionistic fuzzy antisymmetric, by using (5.23), we obtain a = t.
That is a contradiction. So, t € Fiz(T)(®A), O

Now we are able to give the proof of Theorem 5.2.

Proof. Theorem 5.2: Let (X, R) be a nonempty («, 8)-intuitionistic fuzzy complete
lattice and let T : X — [0,1]% x [0,1]% be an («, B)-intuitionistic R-fuzzy monotone
multifunction. Let A be a nonempty subset of Fiz(T)(?) and let E be the subset
of X defined as above.

139



454

455

A. Stouti/Ann. Fuzzy Math. Inform. 14 (2017), No. 2, 121-142

Case (i): We shall prove that the greatest element of all R-lower bounds of A
which are elements of Fiz(T)(®#) belongs to Fiz(T)(®#). Let E be the subset of X

defined above by: z € E if and only if there exists y € X such that y € Téa’ﬂ )

p+1
2 )

«
MR($7y) > 57”]2(1'71/) <

+1

wr(y, z) > % and vgr(y, 2) < b for every z € A.

Consider the following subset F' of X defined by

F= {z € Fiz(T) P : pp(x, z) > % and vg(z,2) <
Then by Proposition 5.7, the R-least fixed point £ of T exists in (X, R). Since £ € F,
F # @ and m = supg(F) exists in (X, R). Also, as { € E, F # & and t = supp(E)
exists in (X, R). By (1) of Lemma 5.11, we know that ¢ € E. Thus, there exists
a € Tt(a’ﬁ) such that

1
ﬁ;r for every z € A}.

1
ur(t,a) > % and vg(t,a) < ﬁ% (5.24)
1
pr(a, z) > %,Z/R(CL,Z) < p for every z € A. (5.25)
By (5.24), (5.25) and Lemma 2.9, we get
1
pr(t, z) > % and vr(t, z) < pt for every z € A. (5.26)

From Lemma 5.11, we know that ¢ is an («, 8)-fuzzy fixed point of T. Using this and
(5.26), we get t € F. As m = supg(F'), we obtain

1
ur(t,m) > % and vgr(t,m) < 6% (5.27)

Since F' C E, we get
p+1

ur(m,t) > % and vr(m,t) < 5 (5.28)
Combining (5.27) and (5.28), we obtain
pr(m,t) + pur(t,m) > a and vg(m,t) + vr(t,m) < g+ 1. (5.29)

Since R is («, 8)-intuitionistic fuzzy antisymmetric, from (5.29), we get ¢ = m. So,
m € Fixz(T)(*#). Hence, the greatest element of all R-lower bounds of A which are
elements of Fiz(T)(®#) is the element m.

Case (ii): We shall prove that the least element of all R-upper bounds of A which
are elements of Fiz(T)(®#) belongs to Fixz(T)(*P). Let G and H be the following
two subsets of X defined by: =z € G if and only if there exists y € X such that
y € T:EO"B ) and

MR(y7:I;) > %,VR(Q,Z‘) < %a

B+1
2

pr(z,y) > % and vg(z,y) < for every z € A
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and

B+1

H= {x € Fiz(T) P : ug(z,z) > % and vp(z,2) < for every z € A} .

From Proposition 5.3, the R-greatest («, 5)-fuzzy fixed point, g of T' exists in (X, R).
As g e H, H # @ and n = infg(H) exists in (X, R). Since g € G, G # @ and
p = infr(G) exists in (X, R).

Let S be the intuitionistic fuzzy inverse order relation of R such that S = (g, vs).
Then, we get © € G if and only if there exists y € X such that y € nga”g),
B+1

«
:U/S(xvy)>§7VS(xvy)< 2 5

ws(y, z) > % and vg(y, z) < for every z € A

and

H= {a? € Fiz(T) P : pg(z, z) > % and vg(z,2) < 6—2’— ! for every z € A} .

Now, as T'is an («, 8)-intuitionistic R-fuzzy monotone multifunction, from Propo-
sition 2.8, T is also an («, 8)-intuitionistic S-fuzzy monotone multifunction. Also,
by Proposition 2.8, we deduce that (X,S) is an («, 8)-intuitionistic fuzzy complete
lattice. Since g € G, we set A = supg(G). Then by Lemma 5.11, we deduce that
A € G and A is an («, §)-fuzzy fixed point of T. From the first step above, we deduce
that A = supg(H).

On the other hand, from Proposition 2.8, we get
p = inf(G) = sup(G) = A
R s

and
A =sup(H) =inf(H) =n.
S R

That we have A = n = p. Then from Lemma 5.11, we get n € Fiz(T)(®#). Thus,
the R-least element of all R-upper bounds of A which are elements of Fiz(T)(®?)
is the element n. g

As consequences of Theorem 5.2, we obtain the following results.

Corollary 5.12. Let (X, R) be a nonempty («, B)-intuitionistic fuzzy complete lat-
tice and let f : X — X be an («, B)-intuitionistic fuzzy monotone map. Then, the
set Fiz(f) of all fixed points of f is a nonempty («, B)-intuitionistic fuzzy complete
lattice.

Corollary 5.13. Let (X, R) be a nonempty intuitionistic fuzzy complete lattice and
let T : X — [0,1]% x [0,1]% be an intuitionistic R-fuzzy monotone multifunction.
Then, the set Fix(T) of all fized points of T is a nonempty intuitionistic fuzzy
complete lattice.

For the case of a-fuzzy complete lattice, we obtain the following result.

Corollary 5.14. Let (X, R) be a nonempty a-fuzzy complete lattice and let T : X —
[0,1]% be an a-fuzzy monotone multifunction. Then, the set Fix(T)® of all a-fuzzy
fixed points of T is a nonempty a-fuzzy complete lattice.
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