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ABSTRACT. K. T. Atanassov defined Intuitionistic Fuzzy Modal Op-
erators firstly in 1999[2]. After then, new Intuitionistic Fuzzy Modal Op-
erators called one type and second type modal operators on Intuitionistic
Fuzzy Sets introduced by different authors[3, 4, 5, 7, 10, 11, 13, 16]. Several
properties of these operators had been studied by researchers.

New properties of intuitionistic fuzzy modal operators called So,g and Tx,
are investigated.
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1. INTRODUCTION

In 1965, Zadeh [17] introduced the Fuzzy Set Theory as an extension of crisp
sets. The concept of Intuitionistic fuzzy sets was introduced by Atanassov in 1986
[1], that is an extension of fuzzy sets by expanding the truth value set to the lattice
[0,1] x [0, 1].

Intuitionistic fuzzy modal operators introduced by Atanassov[l, 2] which are
called One Type Intuitionistic Fuzy Modal Operators and Second Type Intuition-
istic Fuzy Modal Operators. Then severel extensions of these operators defined by

different authors[3, 4, 5, 10, 11]. Some algebraic and characteristic properties of
these operators were examined. Also, the effect of modal operators on algebraic
structures were studied by several authors[3, 9, 15]. In 2014, the author introduced

the concept of Uni-type Intuitionistic Fuzzy Modal Operators and examined some
relationships of them[12].

In this study, we examine some properties of second type intuitionistic fuzzy
modal operators S, g and T, g. In addition, we obtaine some relationships between
Sa,g and T, g with one type intuitionistic fuzzy modal operators.
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2. PRELIMINARIES

Definition 2.1 ([1]). An intuitionistic fuzzy set (shortly IFS) on a set X is an
object of the form

A={{z,pa(x),va(z)): 2z € X},
where pa(x),(ua : X — [0,1]) is called the degree of membership of = in A ,
va(x),(va : X — [0, 1])is called the degree of non- membership of z in A ,and where
pa and vy satisfy the following condition:

pa(z) +va(z) <1, forall zeX.

The class of intuitionistic fuzzy sets on X is denoted by IFS(X).
The hesitation degree of z is defined by ma(xz) = 1 — pa(x) — va(x)

Definition 2.2 ([1]). An IFS A is said to be contained in an IFS B (notation
AC B),ifforall z € X,pa(z) < pp(x) and va(x) > vp(z).

It is clear that A = B if and only if A C B and B C A.

Definition 2.3 ([1]). Let A € IFS and let A = {(z,pa(z),va(z)): x € X}. Then
the complement of A denoted by A€, is defined by

A = {(z,va(x), pa(x)) : v € X}
The following operations of two IF'Ss A and B on X is defined by
ANB={{z,pa(x) ANpp(z),va(z) Vvp(x)):z e X},
AUB = {{z,pa(x)Vup(x),valz) ANvp(x)) :x € X},

AQB — {<x’ pa(@) + pp(@) VA($)+VB($)> re X}.

2 ’ 2
The notion of Second Type Intuitionistic Fuzzy Modal Operators was firstly in-
troduced by Atanassov as following:

Definition 2.4 ([1]). Let X be universal and A € IFS(X). Then

() O(A) = {(z, pa(),1 — pa(z)) - € X},
(i) ©(A4) = {(z,1 —va(z),va(x)) : z € X}.

Definition 2.5 ([2]). Let X be universal and A € IFS(X), a € [0,1]. Then
Dy (A) = {{z,pa(x) + ama(z),valz) + (1 — a)ma(z)) : 2 € X}.

Definition 2.6 ([2]). Let X be universal and A € IFS(X), a,f € [0,1] and a+ 8 <
1. Then

Fop(A) = {{z,pa(zx) + ara(z),va(z) + fra(z)) : xz € X}
Definition 2.7 ([2]). Let X be universal and A € IFS(X), a, f € [0,1]. Then
G(x,ﬁ(A) = {<3),Oé/,(,A($),ﬁl/A($)> RS X}
Definition 2.8 ([2]). Let X be universal and A € IFS(X), a, 8 € [0,1]. Then

(i) Ha5(4) = {(z, apa(e), va(e) + Brae)) : x € X},
(i) H; 5(A) = {{2, apa(@), vale) + B(L - apale) — va@)) : 2 € X},
(it}) Jug(A) = {(z 11a(2) + ama(x), Bra(a)) : @ € X},
(iv) T2 5(A) = {{a, pa(@) + a(l = pa(x) — Bua(x)), fra(a)) : x € X}
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The simplest One Type Intuitionistic Fuzzy Modal Operators defined by Atanassov,
in 1999.

Definition 2.9 ([2]). Let X be a set and A = {{x,pua(x),va(x)) : x € X} €
IFS(X),a,p €[0,1]. Then

(i) EA:{<$,“ATW,%>:J:6X},
(i) @A = { (=, 1als2t 2a@®)) e x|

After this definition, in 2001, Atanassov, defined the extension of these operators
as following:

Definition 2.10 ([3]). Let X be a set and A = {{z,pa(x),va(z)) : * € X} €
IFS(X), a,B €[0,1]. Then

(i) Bod = {(z,qpa(x),ava(z) +1 —a) 1z € X},

(i) MpA = {(z,qua(z) + 1 — a,ava(x)) . € X}

The operators H,and X, are the extensions of the operators B , X, respectively.
In 2004, Dencheva introduced the second extension of H,and XK.

Definition 2.11 ([13]). Let X be a set and A = {{z,pa(z),va(z)) : z € X} €
IFS(X), a, 8 €[0,1]. Then

(1) BapA = {(z,apa(z),ava(z) + p) : € X}, where o+ 8 € [0, 1],

(11) X&,BA = {<Ia Oé[LA(I) + Ba aVA(:E)> HUAS X}aWhere o+ B € [Oa 1]

In 2006, the third extension of the above operators was studied by Atanassov. He
defined the following operators;

Definition 2.12 ([4]). Let X be a set and A = {(z,pua(z),va(z)) : * € X} €
IFS(X). Then

(i) Ba,p,~(4) = {{z, apa(z), fra(z) +7) : v € X},
where a, 8,7 € [0, 1], max{a, 8} + v < 1.

(1) R .4 (A) = ({2, apea(2) + 7, Avae) s = € X},
where a, 8,7 € [0, 1], max{a, 8} + v < 1.

In 2007, author[10] defined a new operator named E, g and studied some of its
properties. This operator is given below.

Definition 2.13 ([10]). Let X be a set and A = {{z,pua(z),va(z)) : z € X} €
IFS(X), a,p € [0,1]. We define the following operator:

Eop(A) = {(z,B(apa(z) +1 - a),a(fra(z) + 1= F)) :x € X}

In the same year, Atanassov introduced the operator [, g s which is a natural
extension of all these operators in [6].

Definition 2.14 ([6]). Let Xbe a set, A € IFS(X), ,3,7,0 € [0,1] such that
max(a, 8) +v+6 < 1.
Then the operator [, g.~,5 defined by
Hap.y.6(A) = {(z, apa(z) + 7, Bra(z) + 0) s x € X}.

In 2008, most general operator ©q,g,~,6,e,c Was introduced.
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Definition 2.15 ([5]). Let X be a set,A € IFS(X), o, 5,7,9,¢,( € [0,1] such that
max(a—(,f8—¢e)+y+d<1
and
min(a — ¢, —¢)+v+d > 0.
Then the operator ©q 3.~,5,c,c defined by
O pirsiec(A) = {{@, apia(e) — eva(@) + 7, Bva(@) — Cua(@) +9) @ € X).
In 2010, Guvalcioglu[11] defined a new operator which is a generalization of E, g.

Definition 2.16 ([11]). Let X be a set and A = {(z,pua(z),va(z)) : z € X} €
IFS(X), a, B,w € [0,1]. Then

Zy 5(A) = {{z, Blapa(z) + w — w.a),a(Bra(r) + w —w.fB)) : x € X}.
Definition 2.17 ([11]). Let X be a set and A = {{z,pa(x),va(z)) : x € X} €
IFS(X), a,B,w,8 € [0,1]. Then

Z;"”Z(A) = {{z,B(apa(z) + w —w.a),a(fra(z) + 0 — 0.8)) : z € X}.

The operator Z::g is a generalization of Zy gand also, Eq g,Ha g,Ma 5. The
diagram of modal operators was created first in 2007. In following years, this diagram
was expanded by defining new modal operators. The last diagram was given in [11],
as in Figure 1.

@HJSJ}’,E,EJ < > Xﬂ,b,c,d,s,

l

E L3S

FIGURE 1.

The concept of Uni-type intuitionistic fuzzy modal operators introduced by the
author in [12].
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Definition 2.18 ([12]). Let X be a universal, A € IFS(X) and o, 8,w € [0,1].
Then

(i) B s(A) = {(z,B(pa(@) + (1 — a)ya(z)), a(fra(z) + w —wp)) : x € X},
(i) ) 5(A) = {(z, Blapa(r) + w —wa),a((1 = Bpa(z) + va(r))) s w € X}
Definition 2.19 ([12]). Let X be a set and A € IFS(X), o, 8,w,0 € [0,1]. Then

EL5(A)
{< 2, B(1 = (1= a)(1 = 0))pa(z) + (1 — )fva(z) + (1 - a)(1 - O)w), > e X}
a((1= B)pa(e) + (L= (1= B)(1 = )wa(@) + (1= H)(1 = 0)w) [/ '
Definition 2.20 ([12]). Let X be a set, A € IFS(X) and «, 8 € [0,1]. Then
Ba,p(A) = {(z, B(palz) + (1 — a)ra(x)), a((l = fua(r) + va(z))) : x € X}.
Definition 2.21 ([12]). Let X be a set, A € IFS(X) and o, f,w € [0,1]. Then
Ba.s(A) = {(z, B(pa(@) + (1 = Bra(z)), a((1 — a)pa(r) + va(z))) : z € X}.

Uni-type intuitionistic fuzzy modal operators have relation to both types of op-
erators and expanded the diagram. Then, in 2014 last one-type modal operators
defined by authors as below.

Definition 2.22 ([16]). Let X be a set and A € IFS(X),a,8,w € [0,1] and
a+pB<L.

(i) Ly 5(A) = {{z, apa(z) + w(l —a),a(l = flra(z) + af(l —w))z € X} .

(i) K5 5(A) = {{z, (1 = Bpa(x) + aB(l —w), ava(z) + w(l —a)) z € X}.

After this definition, we get the following diagram:

X,
[©)] a, By Bl (————_____________} abicadief

Gl By s

FIGURE 2.
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Proposition 2.23 ([16]). Let X be a universal, A € IFS(X) and o € [0, 1].
(1) Lg o(A) = Ko (A).
(2) Kj o(A) = Ha(A).

]

Proposition 2.24. [16]Let X be a universal, A € IFS(X) and o, 5,0+ 8 € [0,1],

a# 1.
(1) Lf{f(z‘l) = Mo, p(A).
(2) Koo' (A) = Bap(A).

The second type intuitionistic fuzzy modal operator, represented by ®q, 3,5, Was
introduced in [7] and some properties were given.

Definition 2.25 ([7]). Let X be a set and A € IFS(X),«,3,7,6 € [0,1] and
a+B<1,7v+6 <1. Then

Ra.p7.5(A) = {2, apa(z) + yva(z), Bualz) + ova(z))}

3. NEW PROPERTIES OF S g AND T, g INTUITIONISTIC FUZZY MODAL
OPERATORS

In this section, we will give the definition of S, g and T, g modal operators which

were introduced in [14] and we will give new results on these operators.
Definition 3.1 ([14]). Let X be a set and A € IFS(X),a, 3,a+ 8 € [0,1].
(i) Tap(A)

={<z,Bpa(z) + (1 = a)ra(z) + a),a(valz) + (1 = fua(z)) >: x € X},
where oo + 8 € [0, 1].
(i) Sap(A)
= {< SC,O[(,UA(Q?) + (1 - B)VA(.’E)),B(VA(iU) + (1 - Oé),U,A(Qf) + CY) > T € X}a
where oo + 5 € [0, 1].
It is clear that:
Blpa(@) + (1 = ajra(r) + ) + a(va(z) + (1 = B)pa(z))
= (na(z) +va(@))(a+ B —ab) +af
Sat+f-af+af <1
These new operators are given in the diagram as Figure 3.
Theorem 3.2. Let X be a set and A € IFS(X). If o,8,a + 8 € [0,1], then
To 3(A)° = Sa,5(A°).

Proof. Tt is clear from definition. O
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X
@a,,g,y,é‘,s,; (_______—————————‘) a.be.d.ef

FIGURE 3.

Proposition 3.3. Let X be a set and A € IFS(X). If a, 5,0+ B € [0,1], then
(1) TB,a(A)C C Ta,ﬁ(AC)7
(2) Sa,p(A%) CE Sp,a(A)".
Proof. (1) From definition of this operators and complement of an intuitionistic
fuzzy set, we get that,

Bwa(@) + (1 —a)pa(@)) < Bra(z) + (1 —a)pa(z) + a)
and

a(pa(@) + (1= Pva(z) + ) = a(pa(@) + (1 = Bva(x)).
Then, we can say T o(A)° C Ty 5(A°).

(2) We can show this inclusion as the same way. O

Theorem 3.4. Let X be a set and A € IFS(X). If o, B,a+ B € [0,1] and § < «,
then

(1) Tap(A) E Ts.a(A),
(2) Sp.a(A) E Sap(A4).
Proof. 1t is clear. O

Theorem 3.5. Let X be a set and A,B € IFS(X). If a,8,a+ B € [0,1] then
(1) Ta,B(A) M Ta,B(B) - Ta,B(A M B)7
(2) T s(AUB)C T, 3(A) UT, g(B).
765



Gokhan Cuvalcioglu et al./Ann. Fuzzy Math. Inform. 13 (2017), No. 6, 759-768

Proof. (1) Let «, 8 € [0,1]. Then
B(1 — a)min(va(z),vp(z)) < B —a)max(va(z),vs(x)).

Thus

On the other hand

a(l - B) max(ua(@), up(@) > ol - B)min(ua(e), ps(a)).

So

oS}
—
8
N
Nt

a (max (v 5 (), v g(2)) + (1 = ) max (p 4 (2), p
> o (max(va(2), vs () + (1 — B) min(ua(x), pp (2)))
Hence we see that T, g(A) M T, 3(B) C T g(AMN B).

(2) It can be shown easily.

Theorem 3.6. Let X be a set and A,B € IFS(X). If a,8,a+ 5 € [0,1], then

(1) Sa,ﬁ(A U B) - Sa,B(A) U Socﬁ(B);
(2) Sa,8(A)MN Sa(B)C Sy s(AMB).

Proof. (1) Let «, 8 € [0,1]. Then
a(l = f)min(va(z),vp(z)) < «a(l —pB)max(va(z),vp(x)).
Thus
o (max (4 (2), pp(x)) + (1 — B)min (v 4 (2), v5(2)))
< a(max (uy(2), pp(2) + (1 — B)max (v, (z),v5(2))) .
On the other hand

B(1 - o) max(ua(@), up(2) > B(1— o) min(ua(e), ps(a)).

So

B (min (v 4(z),vp(2)) + (1 — o) max (py (@), pp(r)) + @)
> f(min (v, (z),vg(z)) + (1 — ) min (u,(x), pg(z)) + a) .

Hence, So (AU B) T Sa(A)U Sy 5(B).
(2) Can be proved similarly.

Theorem 3.7. Let X be a set and A,B € IFS(X). If a,8,a+ 5 € [0,1], then
(1) Ta,B(A@B) = Ta,ﬂ(A)@Ta,B(B)a
(2) Sap(AQB) =5, 3(A)QS, 3(B).
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Proof. (1)
,B(#A(r)ﬂts(r) +(1-a) va(z)+vp(z) +a),
TOZﬁ(A@B) = { v va(lx)+vpe(x x x <Z.’IJ€X}
of A( %; B() +(1 _m#A( ?;#B( ))
pa(@)+(A—a)va(@)+ps(@)+(1-a)vp(z)
- {< " VA(ﬂ?)-"(l—ﬁ)#A(12)+VB(I)+(1—[3)#B(“?)+ “ > rw € X}
o 5 )
= T, p(A)QT, 5(B)
(2)The proof is clear. O

Theorem 3.8. Let X be a set and A € IFS(X). If a, B, + B € ]0,1], then
(1) EEa(Ta,,@(A)) E Ta,,@(EEa(A))
(2) EEaﬁ(Ta,B(A)) E Ta,B(EHa,B(A)-

Proof. (1) If we use 1 — a > 0, then (1 — a)? + o > o?B. Thus
aBpia(z) +B(l — a)va() + B(1 - a)? +af
> aBpia(r) +aB(l — a)a(s) + 2B
and
0va(@) +a*(1 - Bua(e) +a(1 - a)
= a?vu(z) + a?(1 — Bua(z) + a(l — a).
SO, Bﬂa(Taﬁ(A)) C Tcxﬁ(EEa(A)'
(2) Proof of this inclusion is similar. O

Theorem 3.9. Let X be a set and A € IFS(X). If a, B8, + B € [0,1], then

(1) Sa,5(Ma(A4)) E Ma(Sa,s(A)),
(2) Sa,5(Ma,5(A)) C Mo p(Sa,p(4))-

Proof. (2) If we use af8 < «, then

ua(z) + (1 = Blra(z) + aB < a?ua(z) + (1 — Bva(z) + 3

and
af + %1 —a) > a?B.
Thus
afra(z) +af(l — a)pa(z) +af + (1 — @)
> afva(z) +af(l - a)ua(z) +a?p.
S0, Sa,5(Ma,5(4)) E Wa,5(Sa,6(A4)). O

4. CONCLUSIONS

In this paper, some properties of intuitionistic fuzzy modal operators S, g and
T, 3 are given. We obtained some relationships of these operators with some intu-
itionistic fuzzy operations and one type modal operators, X, ,Hq, Mo, 5,Hq,5 - In
subsequent studies, relationships with second type intuitionistic fuzzy modal opera-
tors and uni-type intuitionistic fuzzy modal operators can be examined.
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