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ABSTRACT. In this paper, we have obtained a few results on fuzzy
boundedness of linear operators on Felbin’s fuzzy normed linear spaces.
The main result of this paper is an extension theorem for a strongly
(weakly) fuzzy bounded linear operator. The existence of the inverse of a
strongly (weakly) fuzzy bounded linear operator has also been established.

2010 AMS Classification: 46540, 47540

Keywords: Fuzzy real numbers, Fuzzy norm, Fuzzy bounded linear operator.

1. INTRODUCTION

Based on the work of Kaleva and Seikkala in [6] on fuzzy metric space, Felbin
[3] introduced fuzzy normed linear spaces. With this notion of fuzzy norm, fuzzy
analogous of several classical concepts of normed linear spaces have been established
[2, 4, 9, 10, 11, 14]. In [4], Felbin introduced the notion of fuzzy bounded linear
operators over fuzzy normed linear spaces and defined the “fuzzy norm” for such an
operator. Later these definitions were proved to be erroneous by Bag and Samanta
[1]. They subsequently introduced a new definition of a fuzzy bounded linear oper-
ator and “fuzzy norm” for such an operator. Further, Xiao and Zhu [12, 13] and Ji,
Qi and Wei [5] considered Felbin’s type fuzzy norm in its general form for the study
of linear operators.

In this paper, we present the notion of an extension and the inverse of a linear
operator in Felbin’s fuzzy normed linear space. Some results on fuzzy boundedness
of linear operators have also been established. We have obtained generalized results
using the more general right norm R; instead of the standard right and left norms.
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2. PRELIMINARIES

Throughout the paper, we denote the set of all real numbers by R and set of all
positive real numbers by RT.

In this paper we have considered fuzzy real numbers (fuzzy intervals) in the sense
of Xiao and Zhu [14] (slightly different from [3]), as follows:

Definition 2.1 ([14], Xiao and Zhu). A mapping n : R — [0,1] is called a fuzzy
real number (fuzzy interval), whose a-level set is denoted by [n], = {t : n(t) > a},
if it satisfies the following:

(N1) There exists t, € R such that n(t,) = 1,
(N2) for each « € (0,1]; [n]a = [n5,n2], where —oo < n, < nt < +oc.

The set of all fuzzy real numbers (fuzzy intervals) is denoted by F. Since to each
r € R, one can consider 7 € F defined by 7(t) =1, if t =r and 7(t) =0if t #r, R
can be embedded in F.

Further, 7 is called convex, if n(t) > min(n(s),n(r)), where s <t < r.

If there exists a t, € R such that n(t,) = 1, then 7 is called normal.

Definition 2.2 ([14], Xiao and Zhu). Let n € F. Then 7 is called a positive fuzzy
real number (fuzzy interval), if n(¢t) = 0 V¢ < 0. The set of all positive fuzzy real
numbers (fuzzy intervals) is denoted by F+.

Remark 2.3. Asn € FT is upper semicontinuous, it follows that n(t) = 0, V¢ < 0.

A partial ordering “ < ” in F is defined by n < § if and only if a} < a2 and
bt < b2, for all a € (0,1], where [n], = [al,bl] and [6]o = [a2,b2] [3]. The strict
inequality in F is defined by 7 < § if and only if al < a? and bl < b2 for each

€ (0,1].

Forn € F and 6(> 0) € FT,

(nod)(t) = sgﬂg min{n(st),5(s)},t € R.

From [3], we have the following result:
Proposition 2.4. Let 1,6 € F and [n]o = [al,bL], [6]a = [a?,b2],a € (0,1]. Then
(1) [n® 0o = [ag + a3, by + b3,
(2) [1© 8o = [a, — b2, bl — o]
(3) [n© 0o = [aqag, babe),
1@ dla =]

(4)

The arithmetic operations @, © and © in F are defined as in [5].
We shall require the following result on fuzzy real numbers (fuzzy intervals).

Proposition 2.5. [1] Let {[aq,ba]; @ € (0,1]} be a family of nested bounded closed
intervals. Let the function n : R — [0,1] be defined by n(t) = \/{a € (0,1] : t €
[@a,ba]}. Then n is a fuzzy real number (fuzzy interval). «- level sets of n are
denoted by [n]o = [n5,n2], a € (0,1].

Here 7 is the fuzzy real number generated by the family of nested bounded closed
intervals {[aq,ba); @ € (0,1]}.

Following is the definition of fuzzy norm on a linear space as given by Xiao and
Zhu [14]:

g ozl ag > 0,Ya € (0,1].

«
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Definition 2.6. Let X be a vector space over R and the mappings L, R(respectively
left norm and right norm): [0,1] x [0,1] — [0, 1] be symmetric, non decreasing in

both arguments and satisfying L(0,0) = 0 and R(1,1) = 1. Let || . || a mapping
from X into FT. Write

0 o = [ I | 2 2], for o € X,0< a < 1.
Then the quadruple (X, || . ||, L, R) is called a fuzzy normed linear space (briefly,
FNS) and || . || is a fuzzy norm, if the following axioms are satisfied:

(F1) ||  ||= 0 if and only if z = 6, 6 is the zero element of X,

F2) [[ra||=[r [z [,z € X,reR,

(F3) for all z,y € X,
(F3L) [z +y [| (s +8) = L[| = || (s), | [ (£))
whenever s <|| z ||},t <|| z ||} and s+t <|| 2z +y |},
(F3R) [[z+y || (s +1) <R[« [| (), ][ w | (£))
whenever s >|| x |1, >||z ||} and s+t >|| 2+ y ||}.

Remark 2.7. Felbin [3] proved that if L = A(Min) and R = \/(Max), then the
triangular inequality (F3) in Definition 2.6 is equivalent to

lTe+yl=lzllelyl-

In this case, ||||%,; i = 1,2 are crisp norms on X for each « € (0, 1].
In our further discussion we will use the definitions of convergence of a sequence,
Cauchy sequence and also of a complete fuzzy normed linear space as given in [3]
and [14] maintaining their respective notations as far as possible.
Let (X, ]]|) and (Y,]]||™) be two fuzzy normed linear spaces and T': X — Y be a

linear operator. Then we have the following definitions and results from [1].

Definition 2.8. T : X — Y is said to be strongly fuzzy bounded, if there exists a
real number k£ > 0 such that

I Tz ||~ @ |l @ |5k Va(# 0) € X.

Definition 2.9. T : X — Y is said to be weakly fuzzy bounded, if there exists a
fuzzy interval n € F*,n > 0 such that

[Tz |~ @z [[=2n,Va(#0) € X.

Remark 2.10. Bag and Samanta [1] proved with a suitable example that a strongly
fuzzy bounded linear operator is weakly fuzzy bounded but not conversely (Example
4.2 of [1]).

In [1], Bag and Samanta defined the fuzzy norm || T ||* of a linear operator T
from a fuzzy normed linear space X to fuzzy normed linear space Y.
The fuzzy norm || T ||*: R — [0,1] is a function defined as:

1T " (t)=\{ae (1]t T 51T 12}
where .
| Tz |3

T ~2
T [|5'= sup 2 ond || T 2= sup 22",
reX || x ||o¢ a:_GX

[
TH£0 TH#0
Then the fuzzy norm || T ||* is generated by the family of nested bounded closed
intervals {[|| T ||zL, || T ||2?] : « € (0,1]}.
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Xiao and Zhu [14] gave the following definitions considering a right norm R which
is more general.

Definition 2.11 ([14], Xiao and Zhu). Let (X, ||||, L, R) be an fuzzy normed linear
space, hm+ R(a,a) =0, A C X,z, € X. x, is called a point of closure of A if
a—0

{20+ N(a, )} NA # ¢ for every o € (0, 1]; A denotes the set of all points of closure
of A. A is called fuzzy closed, if A = A. A is called a fuzzy bounded set if for each
a € (0,1] there exists M = M(a) > 0 such that A C N(M, «).

Lemma 2.12 ([14], Xiao and Zhu). Let (X, || . ||, L, R) be an fuzzy normed linear
space, lil%lJr R(a,a) = 0. Then
a—

(1) AC X, z € A if and only if there ezists {x,}5°; C A such that lim z,, = =,

n— oo

(2) {zn} C X is a Cauchy sequence if and only if for each o € (0,1] there is
K € Z% such that x,, — x, € N(a, ), for all m,n > K,
(3) A C X is fuzzy bounded if and only if im x,/n =0, for arbitrary {x,}5, C
n—oo
A.

Lemma 2.13 ([11], Xiao and Zhu). Let (X,|| . ||, L, R) be a fuzzy normed linear
space, 1im+ R(a,a) =0. Then (F3R) = for each o € (0, 1], there is as € (0, a] such
a—0

that | z +y 3l = |12, + | y I3, for each z,y € X.

3. MAIN RESULTS

3.1. Extension of a linear operator. In this section we introduce an extension
of a linear operator in fuzzy normed linear spaces and prove a boundedness result
for the extension operator. The definitions of range space and null space of a linear
operator are considered as in Kreiszig [7].

Definition 3.1. Let T : (X, |||, L,R) — (Y, |[II"”", L, R) be a linear operator. The
restriction of the operator T to a subset A of X is denoted by T |4 and is defined
by

T la:A—=Y,Tla(x) =Tz, Ve A

Definition 3.2. An extension of T' from M C X to X is an operator T:X Y
such that T |y=T,t.e.,T(x) =T (z), Vo € M.

Theorem 3.3. Let T : D — Y be a strongly fuzzy bounded linear operator, where
D denotes the domain of the linear operator T that lies in the fuzzy normed lin-
ear space (X, |||, L, R) and (Y, ||||™", L, R) a complete fuzzy normed linear space with
l_iggr R(a,a) =0. Then T has an extension T:D =Y such that T is strongly fuzzy

bounded linear operator of fuzzy norm || T ||*=|| T ||* .

Proof. Consider any x € D. By Lemma 2.12(1), there exists a sequence (z,,) in D

such that lim x, = x. Since T is a strongly fuzzy bounded linear operator,
n—oo

3k € RT such that | Tz |~ @ || z |2k, for all z € X.
In particular, we have || Tz, — Tzp ||~ @ || ©m — @y || X k. This gives
752
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T2 =T |3 Ty —Tzn|3?

< I <
me,_wn”i - kj a.nd ”m’m_wn‘lzlx - k
Since (x,,) converges, (z,) is Cauchy. and then,

. 2 _ 1_
n}rlbgloo | Zm — 2n o= n}rllrgoo | Tm — @n [o=0.

Thus we get lim || T2, — Tz, ||[32= 0. So (T'x,) is a Cauchy sequence in Y. As

n,m—00
Y is complete, (T'x,,) converges.

Let Tx, — y with y € Y. Define T : D — Y as Tz = y for z € D. Also since
(z,) is a sequence in D C X, for all n,

I Ton 151< K [l 2 II5 -

Now,
~ ~1 . ~ . ~1
| o 3= Iy =1 lim T, 3= Y | T |3
<1 2_ : 2
<k lim ([, o=k lim 2, |5
=kl
~ ~1 T ~2
ie., H:‘Tﬂl; < k. In the same way, it can be proved that HCIT;:U\II‘{! <k.
o [e3

Then || Tz |~ @ || 2 | < k. Thus T is strongly fuzzy bounded.

Next we shall show || T [|*=| T ||*.

For z € D, Tx = Tx gives | T ||*=| T ||*.

For & € D — D, there exists a sequence (z,,) in D such that lim,, o x, = x. For
all such x € D — D,

~ N 1 T ~1
I T ”*1: sup ” Tz ”al — sup H HEO Tn HO‘
R z |z (13
17l 2n) Nl | Ta |13
= sup = sup
P |z I3 « |zl

Which finally gives || T ||x'=| 7' ||*!. In the similar way, it can be shown that
1T I52=0 T 115 -

Then the two families _ B
{ITI T2 0<a<tand {[| T |5 T I :0<a <1}
are the same. Thus the fuzzy numbers generated by these two families are also the
same (using Proposition 2.5).
So | T I*=IT"- O

Example 3.4. Consider X = Y = R, the linear space of all real numbers and

L = min and R = max. Define the fuzzy norms || . || and || . ||~ on R as follows:
% if |z |< t,
fz[@®)=q 1 if|z|=t=0,

0  otherwise,
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o~ 1 itz =t
Il ™ (1) = 0 otherwise.
Then the a-level sets of || z || and || 2 ||~ are given by

el =01, 2
and
ey =0zlz

Define a mapping 7' : D — X, D = (—1,1) as Tz = z,Va € D. Clearly T is linear
and strongly fuzzy bounded. For

T ~1
(3.4.1) |”gf|”§‘:|lf|=a<1,Vx7é9€D
« o
and
[ Tz 3% _ |z

From (3.4.1) and (3.4.2), || Tz |~ @ || = |2 1, Vo(# 0) € D. Then T is strongly
fuzzy bounded. -
As R = max satisfies lim R(a,a) =0, using Lemma 2.12, we get D = [—1, 1].

a—0
Now define a function T : D — Y as follows:
B -1 ifz=-1,
Tr = 1 ifx=1,

Tz ifz(#-1,1) € D.
Then T |p= T and such T is an extension of 7.

Also,
T ~1
ITi= s L la g Lol cy,
azoep 2l zeep 2
T ~2
[E R kA e 1 Y
z(#60)eD | |13 z(#£0)eD | @ |
~ Tz |31 T(=1) |2 | TQ) ||t Tz |31
T e L2 TCDIR TR el
o T TED 2 TMR aep iy T2 12
“1 |1
:max{' ((771)) |,%,|| T |5} = max{a,,a} =a < 1
and
~ Tz |32 T(-1) |22 || T(1) |32 Tz ||
|| T ||Z2 — sup H T ||fc — max{” ( ) ||1o¢ , H ( ) Hla , sup || T Hla }
sznex 2l IED1E T TG sepomiay T la

—1 1
LEDT T o2y = a1, 1,1y = 1.

(=1 7| 1]
Thus we have || T [|Z'=|| T ||z} and || T ||*2=|| T ||*2. So, the fuzzy real numbers

| T ||* and || T ||* generated by the families of closed intervals
754
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{7125 T 1520, @€ (0,10} and {[|| T 115t 1| T [132), o € (0,1]},

respectively are the same, i.e., || T ||*=| T ||* .

3.2. Inverse of a linear operator. In this section we define the inverse of a linear
operator on fuzzy normed linear space. An existence theorem is established.

Definition 3.5. Let (X, ||||, L, R) and (Y, ||||™, L, R) be fuzzy normed linear space
and T be a linear operator from X to Y. Let R(T) and N (T) be the range space
and null space of T, respectively. If T is bijective, then 7! exists and for A C Y,

THANR(T) ={zx € X :Tx € A}.
First we prove the following lemma.

Lemma 3.6. Let T be a strongly fuzzy bounded linear operator from a fuzzy normed
linear space (X, ||||, L, R) to a fuzzy normed linear space (Y, |||, L, R).
(1) If lim z, =z, then lim Tx, = Tz.
n— oo n—oo
In this case T is called continuous [14].

(2) If lirgl+ R(a,a) =0, Then the null space N(T) of T is fuzzy closed.
a—

Proof. (1) Suppose lim z,, = z. Then lim ||z, —x |i= lim |z, —2 ||2=0.
n—00 n—00 n—00

Tx, — Tz ||3?
Here | T ||*?= sup [T, =T Jlo” ‘Ja
Tp—x#0 H Tp — ||a
So we have lim || Tz, — T ||3?= 0. Hence lim Tx, = Tw.
n— oo n—oo

- Thus || Tz — T |F2<|| T |32 20 — 2 [l -

(2) Let © € N(T). Then by Lemma 2.12 (1), there exists a sequence (x,) in
N(T) such that lim z,, = z. Using (1), we get lim Tz, = Tx. Also for each n,
n— oo n—oo

Tz, =0. ThusTz = 0. So x € N(T'). Hence N (T) is fuzzy closed. O

Theorem 3.7. Let T be a strongly fuzzy bounded linear operator from a complete

fuzzy normed linear space (X, ||||, L, R) to a fuzzy normed linear space (Y, ||||~, L, R)

with: lim R(a,a) = 0. Suppose that for some ¢ >0, || Tz |~ @ || z ||>= ¢ Vz € X.
a—0

Then the range R(T) of T is fuzzy closed. Further if R(T) =Y, then T is invertible
and || T~ ||x2< %
Proof. Let (y,) be a sequence in R(T) and HILH;O Yn = y. Then corresponding to
each y,, there is a z,, in X such that Tz, = y,. Thus lim Tz, = y. Using the
given hypothesis, we get R
| Ton |7 @ | za [z ¢,

ie.,

| Ton 152> ¢ || @n |l and || Tz (151> ¢ || 20 |2
As (Tx,,) converges, it is a Cauchy sequence. Using the above inequality, we get

cll em —zn ”ZSH Tz —Tay, ||;1§H Tzy —Ta, ”;2’

which implies lim || #,,, — ,, [|2= 0. So (z,,) is Cauchy. As X is complete, ()
m,n— oo

converges in X.
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Let lim z, =z, x € X. As T is strongly fuzzy bounded, using Lemma 3.6 (1)

n—oo )
we have lim Tz, = Tx. Then we finally obtain Ta@ = y. Thus y € R(T'). So R(T)
n—oo
is fuzzy closed.
Let us show the second part.
If R(T') =Y, then obviously T is onto.
Let us assume that x1 # x2, 1,22 € X. Then it follows from given hypothesis
that
| Tay 73] Tas |31 and || Ty |72 Tas |32
Thus T'xy # Txs. So T is one-one. Hence T is invertible.
Let T~ be the inverse of T. Then We have
T—l 2
j70 = s Ll
€Y, x40 ” €T ”a
ForxeY,z#0,let T-'x =y e X,ie,Ty=2. Applying | Ty ||~ @ |y ||= ¢, it
can be obtained that

| Ty lI5" > 2 < oLy I Tl 12< ! ~1
e ey laS e I Ty 137 = T z o< =[5 .
Iy l2
T*l 2
Since z is arbitrary, sup 77"z la <c b Thus | T71 |2 < el O

z€Y,z#0 ” T ||;1

Corollary 3.8. Let T : D — Y be a weakly fuzzy bounded linear operator from

the domain D that lies in a fuzzy normed linear space (X, ||||, L, R) to the complete

fuzzy normed linear space (Y, |||~, L, R) where HI{)I+ R(a,a) = 0. Then T has an
a—r

extension T:D — Y such that T is weakly fuzzy bounded linear operator of fuzzy
norm || T [|*=[| T"||* .

Corollary 3.9. Let T be a weakly fuzzy bounded linear operator from a fuzzy normed
linear space (X, ||||, L, R) to a fuzzy normed linear space (Y, |||, L, R).
(1) If lim z, =z, then lim Tz, = Tx.
n—oo

n—oo

(2) If lirg+ R(a,a) =0, Then the null space N(T) of T is fuzzy closed.
a—r

Corollary 3.10. Let T be a weakly fuzzy bounded linear operator from a complete

fuzzy normed linear space (X, ||||, L, R) to a fuzzy normed linear space (Y, ||||~, L, R)

with lim R(a,a) = 0. Suppose that for some C = 0 in F,|| Tz ||~ @ || z ||= C.
a—0

Then the range R(T) of T is fuzzy closed. Furthermore, if R(T) =Y, then T is
invertible and || T~ [|32< 25

The proofs of the above corollaries are same as in Theorem 3.3, Lemma 3.6 and
Theorem 3.7 using Remark 2.10.

Remark 3.11. In connection to our Lemma 3.6 and Corollary 3.9, we show that
the converse is not true in general, i.e., a continuous linear operator need not always
be weakly fuzzy bounded and hence not strongly fuzzy bounded.

Example 3.12. Let X be a vector space over R and B = {¢;}°, a basis for
X (dimX = o0). With L = min and R = max, let us define the fuzzy norms on X
as follows:
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n
1, ift= | a; |
2 llo (1) = 2 1o
0, otherwise

and
Z ti ) if Z | Q; |§ ta
i=1 i=1
x| (t) = i
I @) 1, ift = |a;|=0,

i=1

0, otherwise,

where z = Zaiei. Then the a-level sets of || . ||o and || . || are
i=1
[l @ llola =0 Tai D lai ] and [ @ fla =D Tai D —1
i=1 j i=1 i=1

7 i=1
Let T: (X,|| - ) = (X, - llo) be a linear operator defined by Te,, = ne,, for
each e, € B.

(i) T is fuzzy norm continuous: Let {x,} be a sequence in (X,| . ||) such that
kn kn kn

z, — 0 and let z, = Zaniei. Then Tz, = Zianiei. Thus || Tz, ||2,= Z |
i=1 i=1 i=1

an,i |, for all a € (0,1].
Let 8 < 1. Then we have
kn

ko Fn
I T2 20= Y lani =Y il an, |< Z@ | an; =2 |17 -
i=1 i= i=1
As x, = 0, || @, [|3— 0, for all 8 € (0,1]. Thus it gives || T, [|2,— 0, for all
a € (0,1]. So T is fuzzy norm continuous.

(ii) T is not weakly fuzzy bounded: Let T be weakly fuzzy bounded. Then there
exists a fuzzy real number 7 > 0 such that || Tz ||o @ || z || n, for all z € X. Thus
| Tz |2=| nen |2i=Inl=n < n? || en |3=n?. Son < n?, for all n € N. It gives
n} = oo which is a contradiction. Hence T is not weakly fuzzy bounded.
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