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1. INTRODUCTION

In 1965, Zadeh [10] defined a fuzzy set as a class of objects with a continuum of
grades of membership. A new set theory called soft set dealing with uncertainties
was initiated by Molodtsov [0] for the inadequacy of the parameterization tool of the
fuzzy set theory. Fuzzy soft set is another mathematical tool developed by Maji et
al [5] with the combination of fuzzy set theory and soft set theory. S.C. Cheng and
J.N. Mordeson [2] introduced fuzzy norm and this led Bag and Samanta to establish
fuzzy normed linear space [3]. Topological studies of fuzzy soft sets [1] were dealt
by Tanay and Kandemir. In 2013, Azadeh et al. [1] coined fuzzy soft norm over a
set and established the relationship between fuzzy soft norm and fuzzy norm over a
set.

In this paper, the preliminary concepts like fuzzy soft sets, fuzzy soft linear op-
erator and the definition of conjugate space have been recapitulated [7, 8, 9]. Later
fuzzy soft linear transformation, continuity and conjugate space of fuzzy soft normed
linear spaces are defined. Some related properties viz equivalent condition for con-
tinuity, natural imbedding theorem, linearity properties are proved.
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2. PRELIMINARIES

Definition 2.1 ([7]). Let N be a normed linear space. Then the set of all continuous
linear transformations of N into R or C is denoted by B(N,R) or B(N,C).

N* is called the conjugate space of IV and its elements are said to be continuous
linear functionals or briefly functional.

If the norm of a functional f, denoted by || f||, is given by

If[l = sup{lf] : ||| < 1}
=inf{k:k>0and |f(x)| < k|z| for all 2}

then N* is a Banach space.

Since the conjugate space N* of a normed linear space NV is itself a normed linear
space, it is possible to form the conjugate space N** of N and N** is said to be the
second conjugate space of N.

Theorem 2.2 ([7]). Let N and N’ be normed linear spaces and T a linear trans-
formation of N into N'. Then the following conditions on T are all equivalent:

(1) T is continuous,

(2) T is continuous at the origin, in the sense that , — 0= T(z,) — 0,

(3) there exists a real number k > 0 with the property that | T (z)|| < k|||, for
every x € N,

(4) if S = {x : ||x|| < 1} is the closed unit sphere in N then its image T(S) is a
bounded set in N'.

Theorem 2.3 ([7]). A non empty subset X of a normed linear space N is bounded
if and only if f(X) is a bounded set of numbers for each f in N*.

Definition 2.4 ([7]). Let L be the linear space of all scalar valued linear functions
defined on N. The conjugate space N* is clearly a linear space of L. Let T be a
linear transformation of IV into itself which is not necessarily continuous. Using T',
define a linear transformation 7" of L into itself. If f is in L, then T"(f) is defined

by [T"(/))(z) = f(T(x)).

Result 2.5 ([7]). If T is a continuous operator on N, then it is possible to restrict
T’ to a mapping N* into itself.

Proof. Consider f € N* C L. Then T"(f) € T'(N*). If S is a closed unit sphere in
N, then T is continuous < T'(S) is bounded
< f(T(S)) is bounded, for each f € N*
< [T'(f)](S) is bounded, for each f € N*
< T'(f) € N*, for each f € N*.
Thus T"(N*) C N*. So it is possible to restrict 7" to a mapping N* into itself.
Denote this restriction by 7 and is said to be the conjugate of T'. O

Definition 2.6 ([1]). A pair (F, A) is called fuzzy soft set over X, if f is a mapping
given by f: A — IX, A C E. Then for every e € A, f(e) is a fuzzy subset of X
with membership function f. : X — [0, 1].
The fuzzy soft set is denoted by fa and the set of all fuzzy soft sets is denoted
652
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Definition 2.7 ([1]). Let X and Y be universe sets and E and E’ be the corre-
sponding parameter sets. The map hyy, : FS(Xg) — FS(Yg) is called a fuzzy soft

map from X and Y which maps the fuzzy soft subset fr of X to fuzzy soft subset
hup(fE) of Y and is defined as below

[hup(fE)e (Y) = § a=u=1(y) |e=p~1(e")
0 otherwise,

sup l sup f(e)] (z) if pi(e') # ¢ and u™(y) #

forallz € X and e € F, where u: X — Y and p: F — E’ are ordinary functions.

Definition 2.8 ([1]). Let fg,gr € FS(Xg). Then define fr x gp € FS(X x X) as
the fuzzy soft multiplication by map fxg : E — I**X where (fxg)(e) : XxX — I,

(f x g)(e)(z1,22) = (fe X ge)(x1,72) = min{fe(z1), ge(2)}.

Definition 2.9 ([1]). Let X be soft vector space over a scalar field R or C. Let h; :
X x X — X the addition function on X, i.e., hi(x1,29) = &1+ 9, for all z1, 25 € X.
Let fr,g9r € FS(Xg). Then by using the fuzzy soft functional definition, the fuzzy
soft addition, denoted by h1(fr X gg) = fr ® gE, is defined as

(fe @ ge)(e)(x) = hi(fe x gE)(e)(x)
= sup[(f x g)(e)|(2)
= sup min{f5($1),ge($2)}'

Z1,T2

Definition 2.10 ([1]). Let (X, E,||.||) be a fuzzy soft normed space. Let {(Z,)r}
be a sequence of fuzzy soft points in X, say fuzzy soft sequence in X such that for
all e € E, (Tn)e(t) = e, if t = x, and (Z,,)e(t) = 0, if ¢t # x,,. Suppose that Tg
be fuzzy soft point in X, such that for all e € E, Z.(t) = 7., if t = 2 and Z.(¢t) = 0,
if t # x. Then the fuzzy soft sequence {(Z,)g} converges to fuzzy soft point Zp if
and only if lim |A¢n —7e| =0 and lim |lx, — x|, , = 0 for i = 1,2. It is denoted
n—o00 n—o00 >
by lim (Z,)g = &g or lim ||(#,)r — Zg|| = 0p. The fuzzy soft sequence {(Z,)r}
n— 00 n—o00

is called fuzzy soft convergent sequence in X.

Definition 2.11 ([1]). Let (X, E, ||.||) and (Y, E’, ||.||) be fuzzy soft normed spaces,
where F and E’ are the parameter sets and X and Y are universal sets. Then
T:(X,E|.Il) = (Y, E',|.]]) is called fuzzy soft sequentially continuous, if for every
fuzzy soft convergent sequence {(Z,)g} of X such that lim (Z,)g = Zg, the fuzzy

n—oo

soft sequence {T(&,)g} of Y converges to fuzzy soft point T p.

Definition 2.12 ([1]). Let R be the set of all real numbers and E be the parameter
set. Then the set of all fuzzy soft real numbers, say Rp is defined as set of all
{f : E — I?}, where for all e € E, f(e)’s are fuzzy real numbers.

3. CONJUGATE SPACE OF FUZZY SOFT NORMED LINEAR SPACE

Definition 3.1 ([9]). Let SSP(X) or S(:)Z') be the set of all soft points on fuzzy soft
normed linear space X. Then the map Xz from SSP(X) to IX is called the fuzzy
653
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soft set on SSP(X) and the set of all fuzzy sets on X is denoted as F(SSP(X)) or
FS(X).

Definition 3.2 ([9]). Let Xz : SSP(X) — I be a fuzzy soft set. Then the norm

of the fuzzy soft set X is defined as | Xg|| = sup || Xg(Z.)| and the pair (Xg, |[||)
iz <1
is a fuzzy soft normed linear space.

Definition 3.3 ([0]). The fuzzy soft map T, of FS(X) into Rp: is defined as

T (X))(€)(r) = { st

0, otherwise,

sup XE(e)l (2), ifu~l(r)# o,p7H(e) # ¢

e=p~'(e’)

where v : X — R and p: E — E’. Then the norm of T, is defined as
I Tupll = sup{[|Tp(Xe)|l - | X5lI<T}

and
[Tupll = inf{k : | Tup(XE)|<k|XE},

where || Xp|| = sup 1 X5 (Ze)]-
lZell<1

Clearly, | Tup(Xe) || <[ Tup | X £ ]

Definition 3.4. Let )N(E,Y/Eé]:S(f(). Then define Xp x ffEé]-'S(f( X X) as the
fuzzy soft multiplication by map Xp xYg : S(X) xS(X) = I, (Xp X YE)(Ze,, Te,) =
mil’l{XE((f'el ), YE (i’e2)}.

Definition 3.5. Let S(X) be soft vector space over a scalar field R. Let T :
S(X)xS(X) = S(X) be the addition function on S(X), i.e., T(Ze, , Tey) = T, +Tey,
for all &.,, #.,€S(X). Let Xp, Ye€FS(X). Then by using the fuzzy soft functional
definition, the fuzzy soft addition, denoted by T(X'E X ?E) = Xp + Yg, is defined
as

(X + Vo) (€)(x) = T(Xp x Vp)(e)(r)
= sup[(Xp x Y&)(e))(2)
= _sw min{ X g (e, ), Vi (Ze,)}-
Result 3.6. T, is linear. o
Proof. (i) Tup(X i + Vi) (€/)(r) = 5D, 1) [$0Peyyo1 (o) (K + Vi) (€)] (2): Then

Tup(XE + Vi) (€)(r)

z=u"1(r) |e=p7l(e) [(Zey,Tey)=T "N Tey +Tey)

= sup [ sup [ sup min{XE(fel),YE(iel)}] (6)} ()

(3.1)
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On one hand,

Tup(XE)(ell)(rl) + TUP(YE)(eIQ)(TQ)

(z2)

(1) + sup [ sup Y/E(Gg)

z=u"1(r) [e=p—1(e’)

= sup [ sup XE(el)

z=u"1(r) [e=p~1(e)
= sup [ sup ()N(E —i—f’E)(e)] ().
r=x1+T2 [e=e1+tea
Thus
(3.2)

Tup(XE)(e/l)(Tl) + Tup(YE)(elz)(w)

sup min{Xp(Z., ), ?E(f?ez)}] (6)] ().

(TeysTex)=T "1 (Tey +ey)

= sup [ sup

z=u—1(r) |e=p—1(e’)
From (3.1) and (3.2),
Tup(XE + Y/E)(e')(r) = TUP(XE)(ell)(Tl) + TU;D(?E)(e/Z)(TQ)'
So, Tup(Xi + V) = Tup(Xg) + Tup(Ye).

(11) ClearlYa Tup(XE X YE)(el)(T) = Supx:ufl(r) {Supe:pfl(e/)(XE X Y/E)(e)] (IE)
Then

(3.3) Toup(Xi x Vi) (e)(r) = s [_sug ) [min{ X p(ic,), Vi (7e,)} (e)] (@).
On the other hand,

Tup(Xp)(€1)(11) X Tup (V) (€3)(r2)

= sup [ sup XE(el)] (x1) x  sup [ sup f’E(eg) (22)

z=u—1(r) |e=p~1t(e’) z=u~1(r) |e=p=i(e’)

sup (Xp x ?E)(e)] (z).

T=x1 XT2 |:8—€1 Xeg

= sup
Thus
(3-4) Tup(X5)(e1)(r1) % Tup(YE)(€5)(12)
= sw [ s [min{Xp(ie,), Vi (7.} (e)] ().

From (3.3) and (3.4),
Tup(Xp x YE)(€)(r) = Tup(Xp)(e1) (1) X Tup(Y) (€3) (r2).
SO, Tup(XE X ?E) = Tup(XE) X Tup<)7E) Il

Definition 3.7. A fuzzy soft linear transformation Ty, is said to be continuous, if
lim (XE)n = Xg implies that lim Tup(XE)n = up(f(E).
n— oo n— o0
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Suppose that for all {(Xg)n}, (Xg)n(Ze) = Aen and Xp(Z.) = X, and for every
sequence {Tup(XE)n} in RE/, (Tup(XE)n)e’ (’I"n = Qe/ and (Tup(XE))e’ (T) = Oé/e/.

Then T, is continuous if and only if lim [A., — A,| = 0 and lim |z, — 2| =0
n—oo n—oo
implies that lim |ae , —al,|=0and lim |r, —r| = 0.
n— oo n—r00

Definition 3.8. If (FS(X),||.|) and (Rg, |.||) are the fuzzy soft normed linear
spaces, then the set of all continuous fuzzy soft linear transformations of FS(X) into
Rp is denoted by B(FS(X),Rp:) or [FS(X)]*. [FS(X)]* is called the conjugate
space of F.S (X ) and its elements are continuous fuzzy soft linear functional or briefly
functional.

Clearly ([FS(X)]*,]|.||) is a Banach space.

Since [FS(X)]* is itself a fuzzy soft normed linear space it is possible to form
conjugate space [FS(X)]** of [FS(X)]* and is said to be the second conjugate
space of FS(X).

The functional S,, : [FS(X)]* — Rgr, of [FS(X)]** is defined as

Sup(Tup)(¢') () =

sup l sup l sup Tup<XE>] <e>] (x), iful(r) £ o, M) # 6
Xp=

z=u"1(r) [e=p~1i(e) Tz:pl (Fer)

0, otherwise.

Its norm is defined as ||Sup | = sup{||Sup(Tup)|l : || Tupl| <1}
Clearly, [[Sup(Tup) | S Tup | Seupl|-

Theorem 3.9. Let Ty, be a fuzzy soft linear functional of .FS(X) into Rgs and
([FSX)]*, |I) be a fuzzy soft normed linear space. Then the following conditions
are equivalent:

(1) Typ is continuous,

(2) S = {Xp: INJ<SI, N, = Xp(Z.)} is a closed fuzzy soft unit sphere in FS(X),
then its image Typ(S) is a bounded set in Rp.

Proof. Assume that T, is continuous. For all {(Xg),}, let (Xg)n(#e) = Aen and

XE(Z.) = AL, and for every sequence {1y, (Xg),} in Rps such that (T, (Xg)n)e (1n) =

aerq and (Typ(Xg))e (r) = ol li_>m [Aen — AL =0 and lim |z, — x| = 0 implies
n o0 n—oo

e’

that lim |ae ., — L/ = 0 and nl;ngo lrp — 7| = 0. Suppose S = {Xp : |\|<I, N, =

n—oo

Xp (%)} is a closed fuzzy soft unit sphere in FS(X). If (Tup(Xg)n)er (rn) = Qer o,
then

(3.5) |(Tup(XE)n)e’(7"n)| = |O‘e',n‘-

Claim: T,,(S) is bounded.
Let {(Xg)n} be a sequence in FS(X) such that

(3.6) 1Tup (XE)nl| N Tup | (X )l
656
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But
| Tupll = sup{|Tup(Xe)nl : |(Xp)nll <1}
= sup{|( up(XE) Jer (Tn) ”(XE)n(ﬂ}e)”éi}

Since aer . — by | Tupll = sup{|ae o] : [[Menl|<1}<aer, by (3.5).
From (3.6),

I Tup (X )| < Tup || (X ) (Fe ),
ITp(XE)nll<a e/\Ae,n\éae/, ¥ (Xp)n € 8,
| Tup(Xp)nl[<aer, ¥ (Xp)n € 5.
Then T,,(S) is a bounded set in Rgy.
Conversely, consider nh_}n;o [Ae.n — ALl = 0 and nh_)n;o |z, — x| = 0.
Then
| Tup(XE)n = Tup(XE)| = 1T (X)n — (X))l
= 1T (XE)n = Tup(Xe) SN Tup(XE)n — (Xp)|

= II( up(XE) Jer () = (Tup(Xp))er (NI Tup | (XE)n (Te) — (Xp) (@)
|

= |laern — || < TupllAesn — ALll — 0 as n — oo,
ie, lim ||ae, —al|=0and lim |r, —r|=0.
n—00 n—00
Thus T, is continuous. 0

Theorem 3.10. Let F.S( X)) be a fuzzy soft normed linear space and (Zk)o_be a non
zero function in FS(X). Then there exists a functional (Typ)o in [FS(X)]* such
that aer o = || Aeol, where (Tup(XE) )er (1) = Qer o and (XE) (Ze) = Aeyo-

Proof. Define FS(Y) = {a,(Xg)o} a subspace of FS(X) spanned by (Xz)o. Then
Typ on FS(Y) is defined as

(3.7) Toup(6r(Xp)o) = ér | (XE)oll.
If Xp € FS(Y), then
(3.8) Xp = a(Xg)o.

This implies that
Tup(XE) = Tuz)(dr(XE)O)
= & [|(Xe)ol

= &, sup{[|(Xp)o(Fo)|| : |7 [|<1}
= sup{[| 6 (Xp)o(Fe)| : | Ze]| <1}
= [lar(Xg)ol-

Using (3.8),

(3.9) Tup(Xp) = | Xgl.
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If &, = 1, then from (3.8), Xp = (Xg)o and

(3'10) Tup(XE)O = ||(XE)O||
It follows that
| Tupll = sup{||Tup(Xp)| : | Xp)|<1}
1 Tupll = sup{|| X : || Xell <1}
(3.11) 1Tl = 1.

By Hahn Banach theorem, Ty, can be extended to a functional (T,,)o in [FS(X)
such that (Tyup)o(Xp)o = [[(XE)oll with [[(Tup)oll = 1. Thus ((Tup)o(XE)o)e (1)
[(Xz)o(Ze )l So aero = [|Acoll-

*

oo

Theorem 3.11. (Natural Imbedding Theorem) Let FS(X) be a fuzzy soft
normed linear space. Then each Xg in FS(X) induces a functional Sy, defined by
Sup(Tup) = Tup(Xp) such that |[Sull = [| Xk

Proof. For any XgEFS(X), Sup(Tup) = Tup(Xr).
To check S, is linear.

) Sup(Tup+ Typ) () (1)
= SUD,— 1) [Pept (o) [$0P |Tup(X)1 + T (Xp)2] | ()] (@)
= SUDyy 1 () [SUPemp 1) [P Lo (K | ()] ()

D,y [SUPe 1 (o) (31D Tup(Kp)2] (€] (@)
= Sup(Tup)(€')(1) + Sup(T7p) (") (7).
(ii) Sup(aTyp)(e’)(r)
= SUPg—y1(y) [supezpfl(e/) [sup ozTup()N(E)} (e)} (z)

=« [supm:ufl(r) SUPe—p—1(er) [sup Tup(XE)} (e) (x)}
= aSup(Tup)(€')(r). Then S, is linear.

Claim: S, is continuous.

By definition,

1Supll = sup{l|Sup(Tup) | + 1 Tup| <1}
= sup{||Tup(Xp)|| « | Tupl <1}
<sup{||Tup || Xl : 1 Top | <T}
= | Xgll

Then

(3.12) [Supll <1 Xl

Thus S, is bounded which implies S,,,&[FS(X)]**. By the above theorem, e o =
||/\e,0Ha where (Tup(XE)O)e’ (T) = a0 and (XE)Q(i‘e) = )\e)o. This implies that
658
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(Tup)o(Xg)o)er (r) = [(Xp)o(Ee )|l and (Tup)o(Xp)o = (Xp)o-
It follows that

E
XE = Sup(Tup)

<[[Sup(Tup)

SSUP{”Sup( Tup)|l - HTupHéi}

= [|Supll-
So
(3.13) Xp<||Supll-
So from (3.12) and (3.13), Xg = [|Sup||- O

Theorem 3.12. A norm preserving mapping Xg — Sup 15 1sometric isomorphism

of FS(X) into [FS(X)]**

Proof. From Theorem 3.11, Xp = || Supll, the mapping X5 — Sup 1s isometric and
bijective.
Ciaim: The mapping Xp — Sup is linear.
(i) For any Tupé[]:S(f()]*, Sup(Tup) = Tup(X'E). Then
(Sup) 17 (T () (7)
=Tup(XEe + YE)(')(r) o
= SUDPg—y— 1(r) |:Supe =p— 1(6’)(XE +YE)(6):| (SC),
(Tup)(€)(r )
= SUPg—y-1(r) |:Supe_p 1(e’) :| €T +Supm u=1(r) {Supe:pfl(e’)(?E)(e)} (‘T)7
(Sun) 5 (L) () L e 2 G
( up)XE+YE(Tup)( e')(r) = (Su p)x ( p)(e)(r) + (Sup)YE(Tup)(el)(T)a
(Sup) %5175 (Tup) = (Sup) 5, (Tu o)t ( Sup) v, (Tup)-
Thus, (Sup)XE+YE ( up)XE + (Sup)YE
p)

(ii) For any scalar
(Sup)aXE( ( (r) = up(O‘XE)< )(r)
= SUPg—y-1(r) [Supe:pfl(e/)(aXE)(e)] (SC)

( U’p)XEJFYE

= QSUPL_y-1(y [supe pfl(e,)(XE)(e)} (z),

(Sup)a sty (Tup) (€)(r) = a(Ty )(XE)( )(r),
(Sup) XE(Tup (e")(r) = a(Sup) X5 (Tup)(€')(r),
(Sup)a ~E(Tup = a(Sup) ¢ ( Tup)-
50, (Sup)asy = (Sup) 3,- O

Theqrem 3.13. A non empty subset .7-'5(}:’) of a fuzzy soft normed linear space
FS(X) is bounded if and only if Typy(FS(Y)) is a bounded set of fuzzy soft real
number for each Ty, in [FS(X)]*.
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Proof. Assume that for each Ye€FS(Y), || Y& ()| <M, and for every T,,&[FS(X)]*,
I Tupll = sup{||Tup (V)| < [[VlIT}-

Then
| Top (V)| < | T [V |
= || Tup || YE(Fe )
<kM; = M.

Thus || T,y (Yi) || <M, for each Ye€FS(Y). So Top(FS(Y) is bounded.
Conversely, assume that for each Yp€FS(Y),

(3.14) |1 Tup (V) [ <M.

Then for each (Sup),, EFS(X)]*, (Sup) gy, (Tup) = Tup(Vip). Thus [[(Sup)y,, (Tup) |l =
[Tup(Ye)||. Since the mapping Xp — Sy is isometric isomorphism, it follows that

1(Sup) v, | = sup{l|(Sup) s, (Tup) || + 1Tl <13,

1(Sup) s, | = sup{l| Tup(YE)| = | TouplI <1}
Using (3.14), [|(Sup)y, [ISM, ie., | Ve[| <M. So, |YE(fe)|<M, V¥ YEEFS(Y). Hence
FS(Y) is bounded. O

Definition 3.14. Let L be the fuzzy soft linear space of all scalar valued fuzzy soft
linear functional defined on FS(X). The conjugate space [FS(X)]* is clearly a fuzzy
soft normed linear subspace of L. Let h,, be a fuzzy soft linear transformation of

FS(X) into itself which is not necessarily continuous.
Using hy, define a fuzzy soft linear transformation h;,, of L into itself as follows:

if Typ is in L, then R, (Ty,) is defined by [1l,(Tup)|(X5) = Tup(hup(XE)).

Theorem 3.15. If hy, is a continuous fuzzy soft operator on ]-'S(f() then it is
possible to restrict an operator hi,, on L to a mapping [FS(X)]* into itself.

Proof. Consider T,,,€[FS(X)]*CL. Then
(3.15) hip(Tup)EN,, ([FS(X)]").
Suppose h,,, is continuous fuzzy soft linear operator. If S is a closed fuzzy soft
unit sphere in FS(X), then )
hup(S) is bounded fuzzy soft linear space in F.S(X)
& Tup(hyp(S)) is bounded, for each T, [FS(X)]*
& [Ny, (Tup)](S) is bounded, for each Tup€[FS(X)]*
< h,,(Typ) is continuous on FS(X)
54

(3.16) wp(Tup) ELFS (X))
X)

Thus from (3.15) and (3.16), hy,, ([FS(X)]* )C[FS(X)]*. So it is possible to restrict

h:,, to a mapping [FS(X))* 1nto itself.
660



Thangaraj Beaula et al./Ann. Fuzzy Math. Inform. 13 (2017), No. 5, 651-663

Denote this restriction hj,, : [FS(X)]* — [FS(X)]* by hy,,, and is said to be the
conjugate of hyp. O

Definition 3.16. The conjugate of hy, on [FS(X)]* is defined as [hp (Tup)|(XE) =
Typ(hup(XE)), where
[ (Tup)) (X ) (€3) (2)
= SUP(r))—u1(ry) {Supe;=pfl<e;) [SUPXElé[]-'S(X)]* Tup(XEl)} (6/1)} (r1)
and

Tup(hup(XE))(€)(r) = sup [ sup hup(XE)(e)l ().

(r)=u=1(r2) | ef=p~*(e3)

Theorem 3.17. If hy), is a continuous fuzzy soft normed linear operator on fS(X)
and a conjugate hy,, is a continuous operator on [FS(X)]*, then mapping b, — h,

is an isometric isomorphism of FS(X) into [FS(X)]* which reverses products and
preserves the identity transformation.

Proof. Define the norm of ||hy,,[| by

|h7jp|| = SUP{Hth(Tup)H : ”Tupuii}

Then
1Bl = sup{|[hs, (Tup) (Xp)|| : ITupl <1, | XelI<T}
= sup{||Tup (hup (X)) | : 1 Tupll <1, | X gl <1}
Zsup{| Tl K e @l < T |21, [ K (2121}
< Tupll-
Thus
(3.17) 125 | <[ Tup ]I

Conversely, define the norm of hy, by ||hup | = sup{||hup(Xg)|| : || X£|<1}. Then
by Theorem 3.9, aero0 = ||Ae,0ll, Where (Tup(XE)o)e (1) = aero and (Xg)o(Ze) =
)\e,O- ThlS implies (Tup(XE>0)e’(r> :~ ||(AX:E)O<-%€>|| Tlhlls Tup(XE)O = H(XE)O” It
follows that, |[hup(X )|l = Tup(hup(XE)) <[ Tup(hup(XE))|- So

[P | < sup{ | Toup (R (X)) |+ [T [I<T, [ X | <T}
= sup{|[h (Tup) (Xp) | = I TuplI<T, [ X <1}
<hgp-

Hence

(3.18) hup<hiy,-

Therefore from (3.17) and (3.18), hyp = Ay,
Claim 1: The mapping h., — hy,, is linear.
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By the definition, [(ahl,, + BR),) " (Tup)(XE) = Tupl(ahl,, + Bhl1,)(XE)].
Since T, is linear,

Then, (ahl,, + BhL,)* = ahls, + Bh;

[(ah{u,p + ﬂh{u/,p)*(TuP)](XE) = Tuz)[ah;p}(XE) + Tuz)thp}(XE)
= aTUP(h;p(XE)) + ﬁTup(th(XE»
= O‘[hgp(Tuz))](XE) + ﬁ[hg;(Tup)](XE)

D up*

Claim 2: (h!, h! )* = h!*h'*

up' up up'®up*

= Tup[h{u,p(h{u/,p(XE))]
= [hgp(TuP)](th(XE))
=l (Tup)) (X )
= [(hphis) (Tup)) (X ).

Then (h/ h// )* — h//*h/*

up’up up’up*

Claim 3: I* = 1.

[I* (Tup)](XE) = TUP(I(XE))

= I(Tup(XE))-
Then I* = 1.
Thus the mapping hy, — hy,, reverses the products and preserves identity. O
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