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1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh [21] in 1965. Since then, to use
this concept in topology and analysis, many authors have developed the theory of
fuzzy sets and applications. Especially, Deng [3], Erceg [5], Kaleva and Seikkala [11],
Kramosil and Michalek [12], Georege and Veeramani [7] have introduced the concept
of fuzzy metric space in different ways. Grabiec [8] extended classical fixed point
theorems of Banach and Edelstein to complete and compact fuzzy metric spaces.
After that, fuzzy metric spaces became one of the most popular area for study of

fixed point theory. In recent years, many mathematicians such as [4, 13, 15] etc.,
established several fixed point theorems in fuzzy metric spaces.
In 2004, Rodriguez-Lépez and Romaguera [14] introduced Hausdorff fuzzy metric

on the set of the non-empty compact subsets of a given fuzzy metric space. Later,
several authors proved some fixed point theorems for multivalued maps in fuzzy
metric spaces. Heilpern [10] first introduced the concept of fuzzy mappings and
proved a fixed point theorem for fuzzy contraction mappings. Many authors ex-
tended the results of Heilpern and proved several fixed fuzzy point theorems (see
[6, 17, 19, 20]). Recently, Phiangsungnoen et al. [16] have studied fuzzy fixed point
theory for fuzzy mappings in Hausdorff fuzzy metric spaces and then, Abbas et al.
[1] have obtained fixed fuzzy points of fuzzy mappings in Hausdorff fuzzy metric
spaces under generalized contractive conditions.
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On the other hand, Bhaskar and Lakshmikantham [2] introduced the notion of a
coupled fixed point in partially ordered metric spaces, also discussed some problems
of the uniqueness of a coupled fixed point, and applied their results to the problems of
the existence and uniqueness of a solution for the periodic boundary value problems.

In this paper, we establish the existence of coupled fixed fuzzy point theorem for
fuzzy mappings in Hausdorff fuzzy metric space and give an auxiliary example to
support our theorem. As an application, we obtain a common fixed fuzzy point for
a hybrid fuzzy pair. Our results can be applied in theoretical computer science.

2. PRELIMINARIES
In the sequel, we need the following.

Definition 2.1 ([18]). A binary operation * : [0,1] x [0, 1] — [0,1] is called a t-norm
if it satisfies the following conditions:
(i) = is associative and commutative,
(ii) a* 1 = a for every a € [0,1],
(iii) a*b < cx*d whenever a < ¢ and b < d, for a,b,¢c,d € [0, 1].

If in addition, * is continuous, then x is called a continuous t-norm.
Typical examples of a continuous t-norms are axb = min {a, b} , axb = ab/ max {a, b, \}
for0<A<1l,axb=ab,axb=max{a+b—1,0}.

Definition 2.2 ([9]). For each a € [0,1], the sequence {*"a} —, is defined by
#la = a and *"a = (" "'a) * a.
A t-norm x is said to be of H-type, if the sequence of functions {*"a} ~, is
equicontinuous at a = 1, i.e., for any A € (0,1), there exist § (A\) € (0,1) such that
a>1— 06 implies x™a > 1 — A, for all n € N.

n—1

The concept of fuzzy metric space is defined by George and Veeramani as follows.

Definition 2.3 ([7]). A fuzzy metric space is a triple (X, M, ), where X is a non-
empty set, * is a continuous t-norm and M is a fuzzy set on X x X x (0, 00), satisfying
the following conditions: for all z,y,z € X, s,t > 0,

(GV1) M(z,y,t) >0,

(GVa) M(z,y, )—11ffx—y,

(GV3) (.13 Y, ) (y,.%‘ t)

(GVy) M(z,y,-): (0,00) = (0,1] is continuous,
(GV5) M(z,z,t+s) > M(z,y,t) « M(y, z,5).

It is known that M is continuous on X2 x (0, 00) and M (z,v,-) is non-decreasing
n (0, 00).

Definition 2.4 ([7]). Let (X, M, *) be a fuzzy metric space.

(i) A sequence {z,,} is said to be convergent to a point « € X, iflim,,— oo M (24, z,t) =
1 for all ¢ > 0.

(ii) A sequence {z,} is said to be a Cauchy sequence, if for each 0 < & < 1 and
t > 0, there exist ng € N such that M (z,,, x,t) > 1 — ¢ for each n,m > nyg.

(iii) A fuzzy metric space in which every Cauchy sequence is convergent is said
to be complete.
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(iv) A subset A C X is said to be closed, if for each convergent sequence {z,}
with z,, € A and x,, — =, we have z € A.

(v) A subset A C X is said to be compact, if each sequence in A has a convergent
subsequence to a point in A.

Rodriguez-Lépez and Romaguera [14] introduced Hausdorff fuzzy metric of a
given fuzzy metric space (X, M,*) on Ky (X), where K/ (X) denotes the family
of all non-empty compact subsets of X.

Definition 2.5 ([14]). Let (X, M, *) be a fuzzy metric space. For A, B € K/ (X),
x € X and t > 0, define
M (z,A,t) = sup M (z,a,t)
acA
and

Hy (A, B,t) = mln{;IelgM(a,B,t),l}glf?M(A,b,t)}.

The 3-tuple (K (X), Hpr, #) is a fuzzy metric space and the fuzzy metric Hyy
is called Hausdorff fuzzy metric induced by the fuzzy metric M.

Lemma 2.6. Let X be a non-empty set and g : X — X. Then there exist a subset
E C X such that g(E) = g(X) and g : E — X is one-to-one.

Now, we recall some definitions and properties of fixed fuzzy point. Let X be an
arbitrary non-empty set. A fuzzy set in X is a function with domain X and values
in [0,1]. A fuzzy set A in X is characterized by a mapping A : X — [0,1]. A(z) is
called the grade of membership of = in A.

Let A be a fuzzy set in X. If X endowed with a topology, for a € (0,1], the
a-level set of A is denoted by [4] , and is defined as follows:

[e3%

[A], = {zeX:A(z)>a},

4], = {reX:A(z) >0},

where B denotes the closure of B in X. Corresponding to each « € (0,1] and z € X,
the fuzzy point (x), of X is a fuzzy set (x), : X — [0,1] given by

— a, lf y=x,
(), (y) = { 0, otherwise.

Definition 2.7 ([19]). Let X be a non-empty set I = [0,1] and I stands for the
collection of all fuzzy sets in X. A mapping F : X — IX is said to be fuzzy mapping.

Definition 2.8. A fuzzy point x, in X is called a fixed point of a fuzzy mapping
F,if o, C Fz,ie, a < Fz(z) or € [Fx|,, i.e., the fixed degree of x in F is at
least a.

If z1 C Fx, then z is called a fixed point of the fuzzy mapping F'.

(o2l

In 2014, Phiangsungnoen et al. [16] proved the following theorem.

Theorem 2.9. Let (X, M, x) be a complete fuzzy metric space and o : X — (0,1]
be a mapping such that [Tx]a(x) is a non-empty compact subset of X for all x € X.

Suppose that T : X — IX is a fuzzy mapping such that
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for allt >0, where k € (0,1). If there exist xo € X and 21 € [T'%o],(,,) such that

lim 2, M (xo,xhthi) =1

n—oo

forallt >0 and h > 1, then T has a fized fuzzy point.

Let S be the class of functions ¢ : (0,1] — (0, 1] satisfying limsup ¢ (z,,) < 1
n—oo
whenever {z,} C (0, 1] is non-decreasing or le Zn = 1. Define

Wao(X)={Ae I* : A, is non-empty and compact } .
For A, B € W,(X) and « € (0, 1], define

My (x, B,t) = sup M(x,y,t),
yEBa
Hy, (A, B,t) = Hyv(Aa, Ba, ).

Note that M, is a non-increasing function of o and Hjy, is the Hausdorff fuzzy
metric induced by the fuzzy metric M on W, (X).

Definition 2.10 ([1]). Let Y be an arbitrary subset of a fuzzy metric space (X, M, x).
A mapping F : Y — W, (X) is called a fuzzy mapping over the set Y, i.e.,
Fye W, (X), for each y in Y.

Lemma 2.11 ([1]). Let (X, M,x*) be a fuzzy metric space, x,y € X and A,B €
Wo(X). Then the following conditions hold:
(1) for each x € X, B € Wo(X) and t > 0, there is (by), C B such that

Ma(.T,B,t) =M (I‘,bo,t),

) Mo(x,A,t) =1 implies that (z), C A,
) for (yz), C B with M(x,y.,t) = Mu(x,B,t), we have M, (z,C,t+s) >
M (z,B,t) * My (ys, C, s).

Abbas et al. [1] generalized Theorem 2.9 as follow:

Theorem 2.12 ([1]). Let (X, M, x) be a complete fuzzy metric space and F : X —
Wo(X) a fuzzy mapping. Suppose that, for all z,y € X and t > 0, the following
condition holds:

H]V[(x (F%F?/M/)(M(Jfayvt))t) 2 M(m,y,t),
where » € S. Then F has a fixed fuzzy point.

3. FIXED FUZZY POINT THEOREMS

In this section we prove a coupled fixed fuzzy point theorem for fuzzy mappings
and a common coupled fixed fuzzy point theorem for hybrid fuzzy pair in fuzzy
metric spaces. Let g : X — X be a mapping and F : X x X — W, (X) be a fuzzy

mapping and denote [F (X x X)], = U [F(x,y)],.- We call (g, F) a hybrid
(z,y)eX XX
fuzzy pair.
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Definition 3.1. An element ((z),,(y),) € X x X is called
(i) a coupled fixed fuzzy point of the mapping F : X x X — W, (X), if

() C F(z,y), (¥), C F(y,2), ie., x € [F(z,9)],, y € [Fy,2)],,
(ii) a coupled coincidence fuzzy point of the mappings F : X x X — W, (X) and

g: X = X, if (gv), C F(z,y), (9y), C F(y,2),i.e, gz € [F(x,y)],, 9y € [F(y,v)],,
(iii) a common coupled fixed fuzzy point of the mappings F': X x X — W, (X)

and g : X — X, if (2), = (92), C F(z,y), (v), = (9y), C F(y,z), e,z =gz €

[F(Jﬁ,y)]a, y=g9y € [F(y,x)]a.

Definition 3.2. An element (), € X is called a common fixed fuzzy point of the

mappings F': X x X = W,(X) and g : X — X, if (z), = (9x), C F(z,2), ie.,

x =gz € [F(x,x)],.

Definition 3.3. The mappings F' : X x X — Wy(X) and g : X — X are

called weakly fuzzy compatible maps, if g [F (z,v)], C [F (9z,9v)],, 9 [F (y,z)], C

[F (9y, 9x)],,, whenever gz € [F(x,y)],, gy € [F(y,2)],-

Definition 3.4. Let FF : X x X — W,(X) and ¢ : X — X. The mapping g is

called F-weakly commuting at some point (z,y) € X x X, if (¢z)  C F(gx,gy)

and (¢%y),, C F(gy,92), ie., g°x € [F (gz, gy)],, and g°y C [F (gy, g2)],,-
Theorem 3.5. Let (X, M, ) be a complete fuzzy metric space such that x is a t-
norm of H-type and axb > ab for all a,b € [0,1] and M is with lim;_,oo M (z,y,t) =1
forallz,y € X. Let F: X x X — W, (X) fuzzy mapping such that

(3.1) Hy (F(z,y), F(u,v), kt) > [M(z,u, t)]1/2 * [M (y, v, 1&)}1/2

for all x,y,u,v € X, where 0 < k < 1. Then F has a fized fuzzy point.

Proof. Let xq,yo are given points in X. Since [F' (zo,0)],, and [F (yo, xo)],, are non-
empty we can choose z1,y; € X such that z, € [F (20, y0)], and y1 € [F (yo,20)],,-

Since [F'(z1,%1)], is compact, from Lemma 2.11, we can choose o € [F (z1,91)],
such that

(o3

M(z1,x2,kt) = sup M (21, z, kt)
2€[F(z1,y1)],

HM(, (F(x07y0)7F($17y1>7kt)
[M (20,21, 8)]"/* % [M(yo, y1,)]/* .

A2V

Similarly, since [F (y1,x1)], is compact, from Lemma 2.11, we can choose ys €

[F (y1,21)],, such that

e

M(yhyQa kt) = sup M (y17 Z, kt)
z€[F(y1,21)],
> Hy, (F(yo,x0), F (y1,21) , kt)
> [M(yo,yr, 8)]% 5 [M (20, 21,8)] /2.

Continuing this way, we can obtain two sequences {z,} and {y,} such that
Tnt1 € [F (@0, Un)ly s Ynt1 € [F (Yn, xn)], forallmn >0
and
(3.2) M (2, 1, k) > (M (@1, 20, 8)] 2 5 (M (g1, 9, 1],
645
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(3:3) MYy kt) > M (gamr )]/ 5 (M (20, 20,07
We prove that {x,} and {y,} are Cauchy sequences.

Let 4, (t) = [M (Zn, Tpi1, If)]l/2 * [M (Y, Yn+1, t)]1/2 . Then, by operating ¢-norm
x on (3.2) and (3.3), from a * b > ab we obtain 4, (kt) > §,_1 (¢). This implies that

%@)2%1(Z>2~.2%(;J.

Since lim;,—, o0 6o (75) = 1, for all £ > 0, we have
(3.4) nh—>Holo Op (t) =1 forall t > 0.
We show that, for any p € N
(3.5) M (zp, Tpip,t) > *P0p_1 (t — kt) and M (Y, Ynsp,t) > *P0p_1 (t — kt)
It is obvious for p = 1. Assume that (3.5) holds for some p. By (3.2), we have
M Xy, Tpi1,t) = M (T, Tpy1, kt) > dp—1 (), and so M (zy,, pg1,t — kt) > 6,1 (¢ — kt).
From (3.1), (3.5) and a * b > ab, we have
M (01 gt k) 2 M (@ g O] % [M (g g ]'7% 2 40800 (8~ K.
Then by the (GV5), we have
M (zy, Znapi1,t) = M (zp, Tptpt1,t — Kkt + kt)
M (zy, Tpy1,t — kt) x M (Tpg1, Togpt1, kt)
On—1 (t — kt) x (%P1 (t — kt))
*PTLS, 1 (t—kt).
Similarly, we have M (Y, Yntpt1,t) > *PT18,,_1 (¢ — kt). Then (3.5) holds, for

all p. Suppose that ¢ > 0 and ¢ € (0, 1] are given. By hypothesis, * is a t-norm of
H-type, there exist n > 0 such that
(3.6) *P (s) >1—¢, for all s € (1 —mn,1] and for all p.
By (3.4), there exist ng such that d,,_1 (t — kt) > 1 —n, for all n > ng. Thus, from
(3.5) and (3.6), we get M (zpn, Znip,t) > 1 —€ and M (Yn, Yntp,t) > 1 — ¢, for all
n > ng and for all p. So {z,} and {y,} are Cauchy sequences. Since X is complete,
x,y € X such that lim, . =, = x and lim,,_, o, ypn = ¥.

Now we show that x € [F (z,y)], and y € [F (y,x)],,. We write x = zp, y = yn,
u=x,v=yin (3.1)

Hg, (F(@n,yn), F(2,y), kt) > [M (20, 2, 6)] Y2 5 [M(ya, 9,5
On taking limit as n — oo, we get
lim Hp (F(xn,yn), F(z,y),kt) =1

n— oo

(AVARLVS

which implies that
lim sup M(xpy1,z,t) =1.

T e[F ()],

Hence there exist a sequence {x,} with z;, € [F(x,y)], such that
lim M (z,,2,,t) =1,
n—oo
646
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for each ¢ > 0. From (G'V35), we have
M (x5, x,t) > M (27, %0, 1/2) % M (20, 7,/2)

and let n — oo, we obtain
lim M (2, z,t) =1,

n— oo
ie., limy, o ;, = x. Since [F(x,y)], is compact, x € [F (z,y)],. By the same way,
we can show that y € [F' (y,x)],. Therefore (x,y) is a coupled fixed fuzzy point of
F. O

Example 3.6. Let X = {1,2,3}, a*x b= ab, for all a,b € [0,1] and

, Ty
, Yy <z,

M a0 =

8 ke |8

for all z,y € X, ¢t > 0.
Let a € (0, %), define a fuzzy mapping F': X x X — W, (X) as follows:
cforx=1,y€e X,

a, z=1
F(z,y)(z) = 0, z=2
S, z2=3
sforz=2ye X,
g, z=1
F(z,y)(z) = o, z=2
0, z=3
sforx=3,ye X,
2, z=1
F(z,y)(z) = 2, z2=2
0, =z=3.

Note that [F (z,y)], = {1}, for 2 =1, y € X; [F (z,y)], = {2}, for 2 =2, y € X;
[F(z,y)], ={1}forz =3, ye X. Thuse=u=1,yveX, s=u=2,yveX,
and x =u =3, y,v € X, we have

Hyr, (F(z,y), F(u,v), kt) = 1.

Also we consider the following cases:
Case 1: If x =1, u =2, y,v € X, we obtain

Har, (F(,), F(u,0), k) = 3 > [M(e,u, 0]+ [M (90,12,
Case2: Ifx =1, u=3, y,v € X, we obtain
Hag, (F(r,), F(u, o), k) = 3 2 [M ()] 5 [ (0,02
Case 3: If x =2, u =3, y,v € X, we obtain
Hy, (F(z,y), F(u,v),kt) = % > [M(:lc,u,t)}l/2 * [M (y,v,t)]l/z.
Consequently, for each k € (0,1), z,y,u,v € X and ¢t > 0, we have

Hup, (F(2,y), Fu,0), kt) > [M(z,u, )" % [M (y,v,8)]"*.
647
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Thus all conditions of Theorem 3.5 are satisfied. So (1,2) is a coupled fixed fuzzy
point of F.

As an application of the Theorem 3.5, we obtain a coupled coincidence and com-
mon fixed fuzzy point theorem for a hybrid fuzzy pair. We denote the set of coupled
coincidence points of mappings F' and g by C,(F, g). Note that if (x,y) € Co(F, g),
then (y,z) is also in Cy(F, g).

Theorem 3.7. Let (X, M, %) be a complete fuzzy metric space such that x is a t-norm
of H-type and axb > ab, for all a,b € [0,1] and M is with lim;_, o, M(x,y,t) = 1, for
allz,y € X and (g, F) a hybrid fuzzy pair such that [F (X x X)], C g(X). Suppose
that, for all z,y € X, 0 <k <1 and t > 0, the following condition holds:

(3.7)  Hap, (F(z,y), F(u,v),kt) > [M(gz, gu, )]/ = [M(gy, gv,)]"/* .

Then F and g have a coupled coincidence fuzzy point. Moreover F and g have a
coupled common fized point if one of the following conditions holds:

(1) F and g are weakly fuzzy compatible, lim,_~ ¢"x = u and lim,_, . g"y = v,
for some (z,y) € Co(F,g), u,v € X, and g is continuous at uand v,

(2) g is F-weakly commuting, for some(z,y) € Co(F,g), gz and gy are fized
points of g, i.e,, g*x = gx and g>y = gy,

(3) g is continuous at x,y, for some (x,y) € Co(F,g) and for some u,v € X,
lim, o g"u =z and lim, . g"v =1y.

Proof. By Lemma 2.6, there exist £ C X such that g : £ — X is one-to-one and
g(E) = g(X). Now, define a mapping A : g(E) x g(E) = W, (X) by

A (9, gy) = F (x,y) for all gz, gy € g (F).

Since g is one-one on E, A is well defined. Since

HMQ (A (g:z:,gy) ’ A (gu,gv) ) kt) = HMQ (F (‘Ta y) F (uﬂ ’U) 7kt)
> [M(gz,gu,t)]"/? = [M(gy, gv,)]'/?,

the mapping A satisfies (3.1) and thus all conditions of Theorem 3.5. By us-
ing Theorem 3.5 with a mapping A, it follows that A has a coupled fixed fuzzy
point (u,v) € g(E) x g(E) such that u € [A(u,v)], and v € [A(v,u)],. Since
[F (X x X)], C g(X), there exist u’,v" € X such that (gu’), = (u), and (gv'), =
(V) So (gi) C Algulsg0') = F (/') and (gv'),  Alge/sgu) = F (v/,u0),
ie., gu € [A(gu/,gv")], = [F (v,0")], and gv’ € [A(gV', gu')], = [F (v',u')],. This
implies that (u/,v") € X x X is a coupled coincidence fuzzy point of the mappings
F and g. Hence C,(F),g) is nonempty.
Suppose that (1) holds. Then for some (z,y) € Cy(F, g),

lim ¢"z =w and lim g"y = v,

n—oo n—oo
where u,v € X. Since g is continuous at u and v, we have that gu = u and gv = v.
As F and g are weakly fuzzy compatible (¢"x,g"y) € Co(F,g), for all n > 1,i.e.,
for all n > 1, we have (g"z), C F (¢" *z,¢9" 'y) and (¢"y), C F (¢" 'y, 9" ).
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Using (3.7), we obtain

M, (gu, F (u,v),t) > M

> M

Z M (gua gnxa a
n 3 -

2
t ¢ 1/2 ¢ 1/2

On taking limit as n — oo, we have
M, (gu, F (u,v),t) > 1% 1% 1.
U, v

This implies that gu € [F (u,v)], and (u), = (gu), C F (u,v). By the same way, we
obtain gv € [F (v,u)], and (v), = (9v), C F (v,u). Therefore (u,v) is a common
fixed fuzzy point of F' and g.

Now suppose that (2) holds. If for some (z,y) € C, (F,g), g is F-weakly com-
muting and g%z = gz and ¢%y = gy, then

gz = ga® € [F (gz, gy)], and gy = gy* € [F (gy. gz)], -
Thus, (g, gy) is a coupled common fixed point of F' and g.
If (3) holds, then by the continuity of g at z,y, we get x = gz € [F (z,y)], and

y =gy € [F(y,x)],. Thus (z,y) is a coupled common fixed point of F' and g. O

4. CONCLUSIONS

In this paper, we obtain a coupled fixed fuzzy point theorem for a fuzzy mapping
in fuzzy metric space and using it, we obtain a common fixed fuzzy point for a hybrid
fuzzy pair. Our results can be applied in theoretical computer science.
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