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1. Introduction

The theory of soft sets was introduced by Molodtsov [21] as a new mathematical
tool for dealing with uncertainties. After Molodtsov’s work, some different applica-
tions of soft sets were studied. Maji et al. [18, 19] research deal with operations over
soft set. Up to the present, research on soft sets has been very active and many im-
portant results have been achieved in the theoretical aspect.The algebraic structure
of set theories is an important problem. Many researchers have contributed towards
the algebraic structure of soft set theory. Aktaş and Çağman [2] defined soft groups
and derived their basic properties. U. Acar et al. [1] introduced initial concepts of
soft rings. F. Feng et al. [5] defined soft semirings and several related notions to
establish a connection between soft sets and semirings. M. Shabir et al. [26] studied
soft ideals over a semigroup. C. Gunduz and S. Bayramov [6, 7] introduced fuzzy
soft modules and intuitionistic fuzzy soft modules and investigated some important
properties of these modules. T. Y. Ozturk and S. Bayramov [23] defined chain com-
plexes of soft modules and soft homology modules of them. T. Y. Ozturk et al. [24]
introduced the concept of inverse and direct systems in the category of soft modules.

The idea of soft topological spaces was first given by Shabir and Naz [27] and
theoretical studies of soft topological spaces were studied in [29, 25, 4, 8, 20]. In
these studies, the concept of a soft point is expressed using different approaches. In
the present study, we use the concept of a soft point as given in [3].
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The concept of ideals in topological spaces was treated in the classic text by
Vaidyanathaswamy [28], Kuratowski [17]. Jankovic and Hamlett [9] investigated
further properties of ideal spaces. M. N. Mukherjee et al. [22] studied the concept
of ideal extension and showed that under certain condition imposed on the ideals
involved, the ideal extension space turns out to be the compactification of a given
space. A.Kandil et al [12] introduced the notion of soft ideal in soft set theory and
examined some properties of soft ideals. Later many studies of soft ideal spaces were
investigated in [10, 11, 13, 14, 15, 16].

In the present study, the notions of Ĩc̃ soft free ideal and soft c̃− ideal are intro-
duced. Also, soft ideal extension of a given soft topological spaces is investigated
via the concept of soft ideals.

2. Preliminaries

Definition 2.1 ([21]). Let X be an initial universe set and E be a set of parameters.
Let P (X) denotes the power set of X and A ⊂ E. A pair (F,A) is called a soft set
over X, where F is a mapping given by F : A→ P (X).

The family of all these soft sets is denoted by SS (X)A .

Definition 2.2 ([18]). For two soft sets (F,A) and (G,B) over X, (F,A) is called
soft subset of (G,B), if

(i) A ⊂ B,
(ii) ∀e ∈ A, F (e) and G(e) are identical approximations.

This relationship is denoted by (F,A)⊆̃(G,B).

Definition 2.3 ([18]). The soft intersection of two soft sets (F,A) and (G,B) over
X is the soft set (H,C), where C = A ∩B and ∀e ∈ C, H(e) = F (e) ∩G(e).

This is denoted by (F,A)∩̃(G,B) = (H,C).

Definition 2.4 ([18]). The soft union of two soft sets (F,A) and (G,B) over X is
the soft set, where C = A ∪B and ∀e ∈ C,

H(e) =

 F (e), if e ∈ A−B,
G(e), if e ∈ B −A,
F (e) ∪G(e) if e ∈ A ∩B.

This relationship is denoted by (F,A)∪̃(G,B) = (H,C).

Definition 2.5 ([18]). A soft set (F,A) over X is said to be a null soft set, denoted
by Φ, if for all e ∈ A, F (e) = ∅(NULL set).

Definition 2.6 ([18]). A soft set (F,A) over X is said to be an absolute soft set,

denoted by
∼
X, if for all e ∈ A, F (e) = X.

Definition 2.7 ([3]). Let (F,E) be a soft set over X. The soft set (F,E) is called
a soft point, denoted by xe, if for the element e ∈ E, F (e) = {x} and F (e′) = ∅ for
all e′ ∈ E − {e}.

Definition 2.8 ([3]). Let (F,E) be a soft set over X and x ∈ X. We say that xe
belongs to (F,E), denoted by xe∈̃(F,E), if x ∈ F (e) , for the element e ∈ E.
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Definition 2.9 ([3]). Two soft points xe and ye′ over a common universe X, we say
that the soft points are different points, if x 6= y or e 6= e′.

Definition 2.10 ([27]). Let τ be the collection of soft set over X. Then τ is said to
be a soft topology on X, if it satisfies the following axioms:

(i) Φ, X̃ belong to τ,
(ii) the union of any number of soft sets in τ belongs to τ,
(iii)) the intersection of any two soft sets in τ belongs to τ.
The triplet (X, τ,E) is called a soft topological space over X.

Definition 2.11 ([27]). Let (X, τ,E) be a soft topological space over X. Then the
members of τ are said to be soft open sets in X.

A soft set (F,E) over X is said to be soft closed set in X, if its relative complement
belongs to τ.

Definition 2.12 ([27]). Let (X, τ,E) be a soft topological space over X and (F,E)

be a soft set over X. Then the soft closure of (F,E), denoted by (F,E), is the
intersection of all soft closed super sets of (F,E).

Clearly (F,E) is the smallest soft closed set over X which contains (F,E).

Definition 2.13. [3] Let (X, τ,E) be a soft topological space over X and xe 6= ye′. If

there exists soft open set (F,E) such that xe∈̃ (F,E) and ye′ /̃∈ (F,E) , then (X, τ,E)
is called a soft T0−sapce.

In this paper, c̃ : SS (X)E → SS (X)E given by c̃ ((F,E)) = (F,E) is a soft
closure operator on SS (X)E , for any (F,E) ∈ SS (X)E . In general, we denote a
soft topological space by (X, c̃, E), where c̃ is the soft closure operator inducing the
soft topology of the soft topological space.

Definition 2.14 ([12]). Let Ĩ be a non-null collection of soft sets over a universe X

with the same set of parameters E. Then Ĩ ⊂ SS (X)E is called a soft ideal on X
if

(i) (F,E) ∈ Ĩ and (G,E) ∈ Ĩ implies (F,E)∪̃ (G,E) ∈ Ĩ ,
(ii) (F,E) ∈ Ĩ and (G,E)⊆̃(F,E) implies (G,E) ∈ Ĩ.

Example 2.15 ([12]). Let X be a universe set and E be a parameters set. The
following families are soft ideal over X with the same set of parameters E:

(1) Ĩ = SS (X)E = {(F,E) : (F,E) is a soft set} ,
(2) Ĩ = {Φ} ,
(3) Ĩ = {(F,E) ∈ SS (X)E : (F,E) is a finite sub soft set of X} .

Theorem 2.16 ([12]). Let Ĩ be a soft ideal over a universe X. Then the collection

Ĩe =
{
F (e) : (F,E) ∈ Ĩ

}
defines an ideal on X, for each e ∈ E.
Remark 2.17 ([12]). The converse of the Theorem 2.16 is not true in general.

Example 2.18 ([12]). Let X = {h1, h2, h3} , E = {e1, e2} and let

Ĩ = {Φ, (F1, E) , (F2, E) , (F3, E)} , where (F1, E) , (F2, E) and (F3, E) are soft sets
over X defined as follows:
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F1 (e1) = {h1} , F1 (e2) = {h1} ,
F2 (e1) = {h1, h3} , F2 (e2) = {h2} ,
F3 (e1) = {h3} , F3 (e2) = {h1, h2} .

Then

Ĩe1 = {∅, {h1} , {h3} , {h1, h3}}
and

Ĩe2 = {∅, {h1} , {h2} , {h1, h2}}
are ideals on X. But, Ĩ is not soft ideal on X. Indeed, (F1, E) ∪̃ (F2, E) = (G,E) /∈ Ĩ .

3. Soft ideal extension

Lemma 3.1. Let (X, c̃, E) be a soft topological space and xe∈̃SS (X)E. Then

Ĩc̃ (xe) =
{

(F,E) ∈ SS (X)E : xe /̃∈c̃ ((F,E))
}

is a soft ideal on SS (X)E .

Proof. Let (F,E) , (G,E) ∈ SS (X)E and (G,E) ⊆̃ (F,E) . If (F,E) ∈ Ĩc̃ (xe) , then

xe /̃∈c̃ ((F,E)) . Thus xe /̃∈c̃ ((G,E)) . So (G,E) ∈ Ĩc̃ (xe) .

Now, let (F,E) , (G,E) ∈ Ĩc̃ (xe) . Then xe /̃∈c̃ ((F,E)) and xe /̃∈c̃ ((G,E)) , respec-

tively. Thus xe /̃∈c̃ ((F,E)) ∪̃ c̃ ((G,E)) . So xe /̃∈c̃
(
(F,E) ∪̃ (G,E)

)
. This means that

(F,E) ∪̃ (G,E) ∈ Ĩc̃ (xe) . Hence Ĩc̃ (xe) is a soft ideal on SS (X)E . �

Definition 3.2. The soft ideal Ĩc̃ (xe) on (X, c̃, E) is called a soft free ideal.

Lemma 3.3. A soft topological space (X, c̃, E) is a soft T0−space over X if and
only if for any distinct soft points xe, ye′ of SS (X)E , c̃ (xe) 6= c̃ (ye′).

Proof. Let xe, ye′ be distinct two soft points of SS (X)E . Then x 6= y or e 6= e′. Since
(X, c̃, E) is a soft T0−space, there exists soft open set (F,E) such that xe∈̃ (F,E) and

ye′ /̃∈ (F,E) . Thus (F,E) is a soft neighborhood of xe. Since ye′ /̃∈ (F,E), (F,E) ∩̃ {ye′} =

Φ. So xe /̃∈c̃ (ye′) . It follows that c̃ (xe) 6= c̃ (ye′) .
Conversely, for the soft points xe, ye′ of SS (X)E , xe 6= ye′ and c̃ (xe) 6= c̃ (ye′) .

Let ze′′ /̃∈c̃ (ye′) , for soft point ze′′∈̃SS (X)E . Then, there exists a soft neighborhood

(F,E) of the soft point ze′′ such that (F,E) ∩̃ {ye′} = Φ. Thus ye′ /̃∈ (F,E) . Since
ze′′∈̃c̃ (xe) , (F,E) ∩̃ {xe} 6= Φ. So xe∈̃ (F,E) . Hence (X, c̃, E) is a soft T0−space. �

Example 3.4. Let X =
{
x1, x2

}
, E = {e1, e2} and let

τ =

{
Φ,

˜

X, (F1, E) , (F2, E) , (F3, E)

}
, where

F1 (e1) =
{
x1
}
, F1 (e2) =

{
x2
}
,

F2 (e1) = ∅, F2 (e2) =
{
x1
}
,

F3 (e1) =
{
x1
}
, F3 (e2) = X.
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Then X is a soft topological space and

Ĩc̃
(
x1e1
)

=
{

(F,E) ∈ SS (X)E : x1e1 /̃∈c̃ ((F,E))
}

=
{{
x1e2
}
,
{
x2e1
}}

is a soft free ideal.

Proposition 3.5. A soft space (X, c̃, E) is a soft T0−space if and only if for any

two different soft points xe, ye′ of SS (X)E , Ĩc̃ (xe) 6= Ĩc̃ (ye′) .

Proof. Let xe, ye′ be two different soft points in a soft T0−space (X, c̃, E) . Suppose

that xe /̃∈c̃ ({ye′}) .Then {ye′} ∈̃ Ĩc̃ (xe) but {ye′} /̃∈Ĩc̃ (ye′) . Thus Ĩc̃ (xe) 6= Ĩc̃ (ye′) .

Conversely, let xe, ye′ be two different soft points in X. Then Ĩc̃ (xe) 6= Ĩc̃ (ye′) .

Now, let (F,E) ∈ SS (X)E such that (F,E) ∈ Ĩc̃ (xe) . Then (F,E) /∈ Ĩc̃ (ye′) . It

follows that xe /̃∈c̃ ((F,E)) and ye′∈̃c̃ ((F,E)) . Thus xe∈̃ SS (X)E \ c̃ ((F,E)) but

ye′ /̃∈ SS (X)E \ c̃ ((F,E)) . So (X, c̃, E) is a soft T0−space. �

Definition 3.6. A soft ideal Ĩ on a soft topological space (X, c̃, E) is called a soft

c̃− ideal, if for all (F,E) ∈ SS (X)E , (F,E) ∈ Ĩ ⇒ c̃ ((F,E)) ∈ Ĩ .

Proposition 3.7. Every soft free ideal is also a soft c̃− ideal.

Proof. Let Ĩc̃ (xe) be any soft free ideal on (X, c̃, E). Suppose that (F,E) ∈ SS (X)E
is such that (F,E) ∈ Ĩc̃ (xe) . Then xe /̃∈c̃ ((F,E)) . Thus xe /̃∈c̃ (c̃ ((F,E))) = c̃ ((F,E)) .

So c̃ ((F,E)) ∈ Ĩc̃ (xe) . Hence Ĩc̃ (xe) is a soft c̃− ideal. �

Let (X, c̃, E) and
(
Y, k̃, E

)
be two soft topological spaces, where k̃ is a soft

closure operator on SS (Y )E , (ψ, 1E) is a soft homeomorphism of (X, c̃, E) onto a

soft subspace of
(
Y, k̃, E

)
such that

k̃ ((ψ, 1E) ((X,E))) = (Y,E) .

Then
(
Y, k̃, E

)
is called a soft extension of (X, c̃, E) and denoted by

ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
.

Let

ε1 =
(

(ψ1, 1E) ,
(
Y1, k̃1, E

))
and

ε2 =
(

(ψ2, 1E) ,
(
Y2, k̃2, E

))
be two soft extensions of a soft topological spaces (X, c̃, E) .

Definition 3.8. The soft extensions ε1 and ε2 are said to be soft topologically equiv-

alent, if there exists a soft homeomorphism (h, 1E) of
(
Y1, k̃1, E

)
onto

(
Y2, k̃2, E

)
with (h, 1E) ◦ (ψ1, 1E) = (ψ2, 1E) .
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Definition 3.9. Let ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
be a soft extension of a soft space

(X, c̃, E). Then the soft strength S̃ (ye, ε) of an arbitrary soft point ye of SS (Y )E
on (X, c̃, E) is defined by

S̃ (ye, ε) =
{

(F,E) ∈ SS (X)E : ye /̃∈k̃ ((ψ, 1E) ((F,E)))
}

=
{

(F,E) ∈ SS (X)E : (ψ, 1E) ((F,E)) ∈ Ĩk̃ (ye)
}
.

Remark 3.10. S̃ (ye, ε) is a soft c̃−ideal on (X, c̃, E) .

Proposition 3.11. Let ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
be a soft extension of a soft space

(X, c̃, E) . Then for all xe∈̃SS (X)E , S̃ ((ψ, 1E) (xe) , ε) = Ĩc̃ (xe) .

Proof.

S̃ ((ψ, 1E) (xe) , ε) =
{

(F,E) ∈ SS (X)E : (ψ, 1E) (xe) /̃∈k̃ ((ψ, 1E) ((F,E)))
}

= {(F,E) ∈ SS (X)E : (ψ, 1E) (xe)

/̃∈k̃
(
((ψ, 1E) ((F,E))) ∩̃ ((ψ, 1E) ((X,E)))

)}
=

{
(F,E) ∈ SS (X)E : (ψ, 1E) (xe) /̃∈ (ψ, 1E) (c̃ ((F,E)))

}
=

{
(F,E) ∈ SS (X)E : xe /̃∈c̃ ((F,E))

}
= Ĩc̃ (xe)

is obtained. �

Theorem 3.12. Two soft equivalent extensions of a soft topological space have iden-
tical soft strength systems.

Proof. Let ε1 =
(

(ψ1, 1E) ,
(
Y1, k̃1, E

))
and ε2 =

(
(ψ2, 1E) ,

(
Y2, k̃2, E

))
be two

soft equivalent extensions of a soft topological space (X, c̃, E) . From Definition

3.8, we have a soft homeomorphism (h, 1E) of
(
Y1, k̃1, E

)
onto

(
Y2, k̃2, E

)
such

that (h, 1E) ◦ (ψ1, 1E) = (ψ2, 1E) . Now, we want to show that for all soft point

ye∈̃
(
Y1, k̃1, E

)
,

S̃ (ye, ε1) = S̃ ((h, 1E) (ye) , ε2)

is satisfied. Indeed,

(F,E) ∈ S̃ (ye, ε1)⇔ ye /̃∈k̃1 ((ψ1, 1E) ((F,E)))

⇔ (h, 1E) (ye) /̃∈ (h, 1E)
(
k̃1 ((ψ1, 1E) ((F,E)))

)
.

Since

(h, 1E)
(
k̃1 ((ψ1, 1E) ((F,E)))

)
= k̃2 ((h, 1E) (ψ1, 1E) ((F,E)))

= k̃2 ((ψ2, 1E) ((F,E))) ,

(F,E) ∈ S̃ ((h, 1E) (ye) , ε2) . . �
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Now, by a compactification (αX,E) of a soft local compact Hausdorff space

(X,E) , we mean a soft extension
(

(α, 1E) ,
(
Y, k̃, E

))
. Here, (Y,E) = (αX,E)

is a soft compact space

(α, 1E) : (X,E)→ (α (X) , E)

is a soft homeomorphism and k̃ (α (X) , E) = (Y,E) .

Particularly, we denote k̃ ((G,E)) = (G,E), where (G,E) ∈ SS (Y )E .

Theorem 3.13. The soft strengths of different soft points of any soft compactifica-
tion (αX,E) of a soft local Hausdorff space (X, c̃, E) are different.

Proof. Let y1e1 , y
2
e2 be two different soft points of (αX,E) . Then there are disjoint

soft open sets (G,E) and (H,E) in (αX,E) and y1e1∈̃ (G,E) , y2e2 ∈̃ (H,E) . It is clear

that y2e2 /̃∈(G,E) ∩ (α (X) , E). We take (F,E) = (α, 1E)
−1

((G,E)) . Thus

(α, 1E) ((F,E)) = (G,E) ∩̃ (α (X) , E) .

So y2e2 /̃∈(α, 1E) ((F,E)). Hence (F,E) ∈ S̃
(
y2e2 , (αX,E)

)
. Since y1e1∈̃(α, 1E) ((F,E)),

(F,E) /∈ S̃
(
y1e1 , (αX,E)

)
. This means that S̃

(
y1e1 , (αX,E)

)
6= S̃

(
y2e2 , (αX,E)

)
. �

Theorem 3.14. Let (αX,E) and (γX,E) be two soft compactifications of a soft
local compact Hausdorff space (X, c̃, E) with identical soft strength systems. Then
(αX,E) and (γX,E) are soft topologically equivalent.

Proof. We have{
S̃ (ye, (αX,E)) : ye∈̃SS (Y )E

}
=
{
S̃ (ze, (γX,E)) : ze∈̃SS (γX)E

}
.

Then Theorem 3.13 shows that none of the soft elements in either soft set is repeated.
Thus, for all soft point ye∈̃ (αX,E) , we can associate a unique soft point ze∈̃ (γX,E)

such that S̃ (ye, (αX,E)) = S̃ (ze, (γX,E)) . So we can define a soft mapping

(f, 1E) : (αX,E)→ (γX,E)

by (f, 1E) (ye) = ze. It is clear that (f, 1E) is a soft bijective mapping of (αX,E)
onto (γX,E) and for each soft point ye∈̃ (αX,E) ,

(3.1) S̃ (ye, (αX,E)) = S̃ ((f, 1E) (ye) , (γX,E)) .

Moreover, for each soft point xe∈̃SS (X)E ,

S̃ ((α, 1E) (xe) , (αX,E)) = S̃ ((f, 1E) ◦ (α, 1E) (xe) , (γX,E)) .

This means that

S̃ ((f, 1E) ◦ (α, 1E) (xe) , (γX,E)) = Ĩc̃ (xe) .

Since S̃ ((γ, 1E) (xe) , (γX,E)) = Ĩc̃ (xe) ,

S̃ ((f, 1E) ((α, 1E) (xe)) , (γX,E)) = S̃ ((γ, 1E) (xe) , (γX,E)) .

It follows that (f, 1E) ((α, 1E) (xe)) = (γ, 1E) (xe) , for each xe∈̃SS (X)E . Hence
(f, 1E) ◦ (α, 1E) = (γ, 1E) .
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Now we need only to show that (f, 1E) is a soft homeomorphism of (αX,E)
onto (γX,E) . It is seen that from (3.1), we have for any (F,E) ∈ SS (X)E ,

ye /̃∈(α, 1E) ((F,E)). Then (f, 1E) (ye) /̃∈(γ, 1E) ((F,E)). Thus

(f, 1E)
(

(α, 1E) ((F,E))
)

= (γ, 1E) ((F,E)).

So {
(α, 1E) ((F,E)) : (F,E) ∈ SS (X)E

}
and {

(γ, 1E) ((F,E)) : (F,E) ∈ SS (X)E

}
constitute soft closed bases for the soft compact spaces (αX,E) and (γX,E) , re-
spectively. Hence (f, 1E) is a soft homeomerphism of (αX,E) and (γX,E) . �

Definition 3.15. A soft extension ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
of a soft topological

space (X, c̃, E) is said to be a soft ideal extension, if
(i) any two distinct soft points of SS (Y )E have different soft strengths,

(ii)
{
k̃ (ψ, 1E) ((F,E)) : (F,E) ∈ SS (X)E

}
is a soft base for the soft closed sets

in
(
Y, k̃, E

)
.

Remark 3.16. A soft topological space (X, c̃, E) which admits a soft ideal extension

ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
is necessarily soft T0−space.

Proof. Indeed, for any soft points x1e, x
2
e∈̃SS (X)E , if Ĩc̃

(
x1e
)

= Ĩc̃
(
x2e
)
, from Propo-

sition 3.11, then S̃
(
(ψ, 1E)

(
x1e
)
, ε
)

= S̃
(
(ψ, 1E)

(
x2e
)
, ε
)
. Thus (ψ, 1E)

(
x1e
)

=

(ψ, 1E)
(
x2e
)
. From the Proposition 3.5, (X, c̃, E) is a soft T0−space. �

Corollary 3.17. Let (X, c̃, E) be a soft T0−space and ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
be

any soft ideal extension of (X, c̃, E). Then the soft ideal extension is also a soft
T0−space.

Proof. For arbitrary y1e , y
2
e ∈̃SS (Y )E , let Ĩk̃

(
y1e
)

= Ĩk̃
(
y2e
)
. Then

S̃
(
y1e , ε

)
=

{
(F,E) ∈ SS (X)E : y1e /̃∈k̃ ((ψ, 1E) ((F,E)))

}
=

{
(F,E) ∈ SS (X)E : (ψ, 1E) ((F,E)) ∈ Ĩk̃

(
y1e
)}

=
{

(F,E) ∈ SS (X)E : (ψ, 1E) ((F,E)) ∈ Ĩk̃
(
y2e
)}

=
{

(F,E) ∈ SS (X)E : y2e /̃∈k̃ ((ψ, 1E) ((F,E)))
}

= S̃
(
y2e , ε

)
.

This means that y1e = y2e . From the Proposition 3.5,
(
Y, k̃, E

)
is a soft T0−space. �
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Theorem 3.18. Let (X, c̃, E) be a soft T0−space and ε =
(

(ψ, 1E) ,
(
Y, k̃, E

))
be a

soft ideal extension of (X, c̃, E). Then ε is equivalent to ε∗ =
(

(θ, 1E) ,
(
X∗, d̃, E

))
of (X, c̃, E) , where (X∗, E) is a suitable collection of soft c̃−ideals on (X, c̃, E) con-
taining all the soft free ideals on SS (X)E .

Proof. Let (X∗, E) =
{
S̃ (ye, ε) : ye∈̃SS (Y )E

}
be a collection of the strength sys-

tem of ε on (X, c̃, E) . It is clear that (X∗, E) is a soft set of soft c−ideals on (X, c̃, E)
containing every soft free ideal on the same. We first give a soft closure operator on
(X∗, E) , together with a soft mapping

(Ω, 1E) : (X, c̃, E)→
(
X∗, d̃, E

)
by the formula (Ω, 1E) (xe) = Ĩc̃ (xe) , xe∈̃SS (X)E . From the Proposition 3.5, we
obtain that (Ω, 1E) is a soft one to one mapping. For any (F,E) ∈ SS (X)E , we get
a set

(F,E)
c

=
{
Ĩ ∈ SS (X∗)E : (F,E) /∈ Ĩ

}
.

Firstly, we prove that

B = {(F,E)
c

: (F,E) ∈ SS (X)E}
is a soft base for the soft closed sets with respect to some soft topology on (X∗, E) .
It is clear that Φc = Φ.

Now, let (F,E)
c
, (G,E)

c ∈ B. Then[
(F,E) ∪̃ (G,E)

]c
=

{
Ĩ ∈ SS (X∗)E : (F,E) ∪̃ (G,E) /∈ Ĩ

}
=

{
Ĩ ∈ SS (X∗)E : (F,E) /∈ Ĩ or (G,E) /∈ Ĩ

}
=

{
Ĩ ∈ SS (X∗)E : (F,E) /∈ Ĩ

}
∪̃
{
∼
I ∈ SS (X∗)E : (G,E) /∈ Ĩ

}
= (F,E)

c ∪̃ (G,E)
c
.

Thus, (F,E)
c ∪̃ (G,E)

c ∈ B.
Let d̃ be the soft closure operator that associated with this soft topology on

(X∗, E) . Then for all α̃∈̃SS (X∗)E , d̃ (α̃) is the intersection of all soft closed subsets
of (X∗, d∗, E) containing

d̃ (α̃) = ∩̃
{

(F,E)
c

: α̃∈̃ (F,E)
c

and (F,E) ∈ SS (X)E
}
.

Now we first examine that some of the relations involving d̃ and (Ω, 1E) : (X, c̃, E)→(
X∗, d̃, E

)
.

(i) For all (F,E) ∈ SS (X)E , (Ω, 1E) (c̃ ((F,E))) = (F,E)
c ∩̃ (Ω, 1E) ((X,E)) .

Indeed, xe∈̃c̃ ((F,E))⇒ (F,E) /∈ Ĩc̃ (xe) = (Ω, 1E) (xe) ∈̃ (F,E)
c ∩̃ ((Ω, 1E) ((X,E))) .

(ii) For all (F,E) ∈ SS (X)E , (Ω, 1E) ((F,E)) ⊆̃ (F,E)
c
.

Indeed, (Ω, 1E) ((F,E)) ⊆̃ (Ω, 1E) (c̃ ((F,E))) . From (i), (Ω, 1E) ((F,E)) ⊆̃ (F,E)
c

is obtained.
(iii) For all (F,E) ∈ SS (X)E , d̃ ((Ω, 1E) ((F,E))) = (F,E)

c
.
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We consider of (ii), it is sufficient to show that whenever (Ω, 1E) ((F,E)) ⊆̃
(G,E)

c
, for some soft set (G,E) ∈ SS (X)E , then (F,E)

c ⊆̃ (G,E)
c
.

Suppose (Ω, 1E) ((F,E)) ⊆̃ (G,E)
c

for some soft set (G,E) ∈ SS (X)E . Then
xe∈̃ (F,E)⇒ (Ω, 1E) (xe) ∈̃ (G,E)

c

⇒ Ĩc̃ (xe) ∈̃ (G,E)
c

⇒ (G,E) /∈ Ĩc̃ (xe)
⇒ xe∈̃c̃ ((G,E)) .

Thus (F,E) ⊆̃ c̃ ((G,E)) .
Now we prove that the following cases:
Case (a): (F,E) ⊆̃ (G,E)⇒ (F,E)

c ⊆̃ (G,E)
c
. Indeed,

Ĩ ∈ (F,E)
c ⇒ (F,E) /∈ Ĩ ⇒ (G,E) /∈ Ĩ ⇒

∼
Ĩ ∈ (G,E)

c
.

Case (b): For all (G,E) ∈ SS (X)E , (c̃ ((G,E)))
c

= (G,E)
c
. In fact,

Ĩ ∈ (c̃ ((G,E)))
c ⇔ c̃ ((G,E)) /∈ Ĩ .

Since Ĩ is a soft c̃−ideal, (G,E) /∈ Ĩ . Then Ĩ ∈ (G,E)
c
. Thus (c̃ ((G,E)))

c
= (G,E)

c
.

Now,

(F,E) ⊆̃c̃ ((G,E))⇒ (F,E)
c ⊆̃ (c̃ ((G,E)))

c
= (G,E)

c
.

So (F,E)
c ⊆̃ d̃ ((Ω, 1E) ((F,E))) and (iii) follows from the definition of d̃ . From (i)

and (iii), we have

(Ω, 1E) (c̃ ((F,E))) = d̃ ((Ω, 1E) ((F,E))) ∩̃ (Ω, 1E) ((X,E))

and

d̃ ((Ω, 1E) ((X,E))) = (X,E)
c
.

Also, we have (X,E)
c

= (X∗, E) . Indeed,

(X,E)
c

=
{
Ĩ ∈ (X∗, E) : (X,E) /∈ Ĩ

}
.

It is clear that (X,E)
c ⊆̃ (X∗, E) .

Conversely, S̃ (ye, ε) ∈ (X∗, E) and for each ye∈̃SS (Y )E , where

S̃ (ye, ε) =
{

(G,E) ∈ SS (X)E : ye /̃∈k̃ ((ψ, 1E) ((F,E)))
}
.

Then we have (X,E) /∈ S̃ (ye, ε) . Thus, S̃ (ye, ε) ∈ (X,E)
c
. So (X,E)

c
= (X∗, E) .

It is seen that
(
X∗, d̃, E

)
is an soft extension of (X, c̃, E) .

Now, we define a soft mapping

(f, 1E) :
(
Y, k̃, E

)
→
(
X∗, d̃, E

)
by the formula (f, 1E) (ye) = S̃ (ye, ε) . Then for all xe∈̃SS (X)E ,

F (f, 1E) ((ψ, 1E) (xe)) = S̃ ((ψ, 1E) (xe) , ε) = Ĩc̃ (xe) = (Ω, 1E) (xe) .

Thus (f, 1E) ◦ (ψ, 1E) = (Ω, 1E). Now, (F,E) ∈ SS (X)E . For any ye∈̃SS (Y )E ,

ye∈̃k̃ ((ψ, 1E) ((F,E)))⇔ (F,E) /∈ S̃ (ye, ε) = (f, 1E) (ye) ,
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i.e., (f, 1E) (ye) ∈̃ (F,E)
c
. So, the soft bijective mapping

(f, 1E) :
(
Y, k̃, E

)
→
(
X∗, d̃, E

)
installs a one to one correspondence between the soft closed sets of two spaces. Hence

(f, 1E) is a soft homeomorphism of
(
Y, k̃, E

)
onto

(
X∗, d̃, E

)
. Therefore the proof

is completed. �

4. Conclusions

One of the most important theories of topology is ideal topological spaces. This
theory is important in sub-branches of mathematics. Here, we defined and explored

the notions of
∼
I∼
c
soft free ideal and soft c̃− ideal. We also investigated soft ideal

extension of a given soft topological space.
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