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1. Introduction

There are several theories which deals with uncertainty like, theory of fuzzy sets
[21], theory of intuitionists fuzzy sets [3], theory of vague sets [8], theory of interval
mathematics [4], theory of rough sets [18] and theory of probability [9]. But these
theories have their inherent limitations due to the inadequacy of the parametrization
tool associated with these theories. No mathematical tool can deal with various kind
of uncertainties successfully which can occur while modeling problems in engineering,
economics and environmental areas. Moldstove [16] presented the concept of soft
sets, that can be seen as a new mathematical tool to deal with uncertainties. He
applied the concept of soft sets in various directions like smoothness of function,
game theory, theory of measurement and so on. Theoretical work on soft sets have
been presented by Maji et al.[14]. They were the first who gave practical application
of soft sets in decision making problems [13]. Aktas and Cagman [1] proposed the
concept of soft groups and study its various properties. Ali et al. [2] investigated
several operations on soft sets. Soft semi groups and soft ideals over a semigroup
have been studied by Shabir and Ali [19]. By using t-norm, Aygunoglu and Aygun
presented fuzzy soft groups [5].

Topological spaces show up naturally in almost every branch of mathematics.
Topological structures depends on the ideas of set theory. Shabir and Naz [20]
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proposed and discussed the notions of soft topology over an initial universe with a
fixed set of parameters. After that different researchers studied the notion of soft
topological spaces [6], [10], [22], [7], [15].

In 2012, the notion of double-framed soft sets have been introduced by Jun et al.
[11]. They applied it in BCK/BCI algebras and examined many results with uni int
concepts. Later on, Jun et al. [12] defined the notion of a (closed) double-framed
soft ideals in BCK/BCI algebras. They discussed relation between double-framed
soft algebra and double-framed soft ideal. Naz [17] studied algebraic structural
properties of double framed soft (DFS) sets. She defined new operations for DFS
set and studied their characteristics. She also studied classes of MV-algebras and
BCK/BCI-algebras of DFS sets.

The aim of this paper is to study the double-framed soft topological space defined
on an initial universe with fixed set of parameters. Some basic notions related to soft
sets and double-framed soft sets are given in section 2. In section 3, we present double
framed soft topological space. We discuss some basic notions like DFS open set, DFS
closed set, DFS closure, DFS neighborhood and verified their basic properties. We
also define DFS relative topology. We discuss how from soft topology we obtained
DFS topology and vice versa. We discuss the parametrized topologies corresponding
to DFS topology.

2. Preliminaries

Let U be an initial universe and E be the set of parameters. Let P (U) be the
family of all subsets of U and A, B be non empty subsets of E.

Definition 2.1 ([16]). A soft set over U is a pair (F,A) , where F is a mapping
from A to the family of all subsets of U that is F : A −→ P (U).

In other words, a soft set is a parametrized family of subsets of the universe U.
For ε ∈ A, F (ε) may be considered as the set of ε−approximate elements of the soft
set (F,A) . Clearly soft set is not a set.

Definition 2.2 ([2]). A soft set (F,A) is said to be null soft set (with respect to
the parameters set A), denoted by ΦA, if for all e ∈ A, F (e) = ∅ (null set).

Definition 2.3 ([2]). A soft set (F,A) over U is relative whole set (with respect to
the parameters set A), denoted by UA, if for all e ∈ A, F (e) = U .

The relative whole soft set with respect to the universe set of parameters E is
called the absolute soft set over U.

Definition 2.4 ([2]). The relative complement of a soft set (F,A) is denoted by
(F,A)

′
and is defined by (F,A)

′
= (F ′, A) where F ′ : A −→ P (U) is a mapping

given by

F ′ (α) = U − F (α) for all α ∈ A.

Definition 2.5 ([17]). Let τ be the collection of soft sets over U with set of pa-
rameter E. Then τ is said to be a soft topology on U , if it satisfies the following
axioms:

(i) ΦE , ŨE belongs to τ .
(ii) (2) The union of any number of soft sets in τ belongs to τ .
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(iii) (3) The intersection of any two soft sets in τ belongs to τ .
The triplet (U, τ, E) is called a soft topological space over U.

Definition 2.6 ([11]). Let U be an initial universe and E be the set of parameters.
A double framed pair 〈(ψ, η) ;A〉 is called a double-framed soft (DFS) set over U ,
where ψ and η are mappings from A to P (U).

We shall use the notation A(ψ,η) to denote a double framed soft set over U .

We shall use DFS set to deonte a double framed soft set.

Definition 2.7 ([11]). For two double framed soft sets A(ψ,η) and B(λ,µ) over U, we
say that A(ψ,η) is double framed soft subset of B(λ,µ) ,if

(i) A ⊆ B,
(ii) ψ (e) ⊆ λ (e) and µ (e) ⊆ η (e) , for all e ∈ A.
This relation is denoted by A(ψ,η) v B(λ,µ).

Definition 2.8 ([17]). For two double framed soft sets A(ψ,η) and B(λ,µ) over U, the
extended uni-int double framed soft set of A(ψ,η) and B(λ,µ) is defined as a double
framed soft set (A ∪B)(ψ∪̃λ,η∩̃µ),

where ψ∪̃λ : (A ∪B) −→ P (U) defined by

e −→

 ψ (e) if e ∈ A−B
λ (e) if e ∈ B −A

ψ (e) ∪ λ (e) if e ∈ A ∩B

and η∩̃µ : (A ∪B) −→ P (U) , defined by

e −→

 η (e) if e ∈ A−B
µ (e) if e ∈ B −A

η (e) ∩ µ (e) if e ∈ A ∩B.

It is denoted by A(ψ,η) tε B(λ,µ) = (A ∪B)(ψ∪̃λ,η∩̃µ). We shall call this extended

uni-int double framed soft set as union of double feamed soft sets.

Definition 2.9 ([17]). For two double framed soft set A(ψ,η) and B(λ,µ) over U, the
extended int-uni double framed soft set of A(ψ,η) and B(λ,µ) is defined as a double-
framed soft set (A ∪B)(ψ∩̃λ,η∪̃µ),

where ψ∩̃λ : A ∪B −→ P (U) is defined by

e −→

 ψ (e) if e ∈ A−B
λ (e) if e ∈ B −A

ψ (e) ∩ λ (e) if e ∈ A ∩B

and η∪̃µ : A ∪B −→ P (U) defined by

e −→

 η (e) if e ∈ A−B
µ (e) if e ∈ B −A

η (e) ∪ µ (e) if e ∈ A ∩B.

It is denoted by A(ψ,η) uε B(λ,µ) = (A ∪B)(ψ∩̃λ,η∪̃µ). We shall call this extended

int-uni double framed soft set as intersection of double framed soft sets.
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Definition 2.10 ([17]). Let A(ψ,η) be a double framed soft set over U. The com-
plement of a double framed soft set A(ψ,η) is defined as a double framed soft set
A(ψc,ηc), where

ψc : A −→ P (U) and ηc : A −→ P (U)

are defined as
ψc (e) = (ψ (e))

c
and ηc (e) = (η (e))

c
.

It is denoted by A(ψ,η)c
∼= A(ψc,ηc).

Definition 2.11 ([17]). A double framed soft set A(κ,φ) over U is said to be a
relative absolute double-framed soft set, if

κ : A −→ P (U) and φ : A −→ P (U)

are defined as
κ (e) = U and φ (e) = ∅ for all e ∈ A.

Definition 2.12 ([17]). A double framed soft set A(φ,κ) over U is said to be a
relative null double framed soft set, where

κ : A −→ P (U) and φ : A −→ P (U)

are defined as
κ (e) = U and φ (e) = ∅ for all e ∈ A.

3. Double framed soft topological spaces

Througout this section, X will be an initial universe and E be the set of param-
eters.

Definition 3.1. Let E(ψ,η) be a double framed soft set over X and x be an element
of X. Then x ∈ E(ψ,η), whenever x ∈ ψ (e) and x /∈ η (e), for all e ∈ E. We say that
x /∈ E(ψ,η), if x /∈ ψ (e) , for some e ∈ E or x ∈ η (e) , for some e ∈ E.

Definition 3.2. Let X be an initial universe and E be the set of parameters. For
x ∈ X, we define a DFS set E(x,xc), where

x : E −→ P (X) and xc : E −→ P (X)

are defined as
x (e) = {x} and xc (e) = {x}c for all e ∈ E.

Proposition 3.3. Let E(ψ,η) and E(λ,µ) be double framed soft sets on X. Then

(1)
(
E(ψ,η) tε E(λ,µ)

)c
= E(ψ,η)c uε E(λ,µ)c .

(2)
(
E(ψ,η) uε E(λ,µ)

)c
= E(ψ,η)c tε E(λ,µ)c .

Proof. (1) By definition of double framed soft sets,
(
E(ψ,η) tε E(λ,µ)

)
= E(ψ∪λ,η∩µ).

Then
(
E(ψ,η) tε E(λ,µ)

)c
= E(ψ∪λ,η∩µ)c = E((ψ∪λ)c,(η∩µ)c). On one hand,

(ψ ∪ λ)
c

(e) = ((ψ ∪ λ) (e))
c

= (ψ (e) ∪ λ (e))
c

= ((ψ (e))
c ∩ (λ (e))

c
)

= (ψc (e) ∩ λc (e))

= (ψc ∩ λc) (e) .
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Thus (ψ ∪ λ)
c

= (ψc ∩ λc) for e ∈ E. Also

(η ∩ µ)
c

(e) = ((η ∩ µ) (e))
c

= (η (e) ∩ µ (e))
c

= ((η (e))
c ∪ (µ (e))

c
)

= (ηc (e) ∪ µc (e))

= (ηc ∪ µc) (e) .

So

(η ∩ µ)
c

= (ηc ∪ µc) for all e ∈ E.

Hence (
E(ψ,η) tε E(λ,µ)

)c
= E((ψ∪λ)c,(η∩µ)c)

= E(ψc∩λc,ηc∪µc)

= E(ψc,ηc) uε E(λc,µc)

= E(ψ,η)c uε E(λ,µ)c .

(2) By definition of double framed soft sets, E(ψ,µ) uε E(λ,µ) = E(ψ∩λ,η∪µ).

Then
(
E(ψ,η) uε E(λ,µ)

)c
= E((ψ∩λ)c,(η∪µ)c). On the other hand,

(ψ ∩ λ)
c

(e) = (ψ (e) ∩ λ (e))
c

= ((ψ (e))
c ∪ (λ (e))

c
)

= (ψc (e) ∪ λc (e))

= (ψc ∪ λc) (e) .

Thus (ψ ∩ λ)
c

= ψc ∪ λc. Similarly, (η ∪ µ)
c

= ηc ∩ µc. So(
E(ψ,η) uε E(λ,µ)

)c
= E((ψ∩λ)c,(η∪µ)c)

= E(ψc∪λc,ηc∩µc)

= E(ψc,ηc) tε E(λc,µc)

= E(ψ,η)c tε E(λ,µ)c .

�

Definition 3.4. Let Υ̃ be the collection of double framed soft (shortly DFS) sets

on X, where X is an initial universe and E as a set of parameters. Then Υ̃ is said

to be double framed soft topology over X, if Υ̃ satisfy the following conditions:

(i) E(φ,κ) and E(κ,φ) belongs to Υ̃.

(ii) The intersection of two or finite DFS sets in Υ̃ belongs to Υ̃.

(iii) The union of arbitrary DFS sets in Υ̃ belongs to Υ̃.

In this case,
(
X, Υ̃, E

)
is said to be a double framed soft topological space on X.

Example 3.5. Let X = N, E = {e1, e2} and

Υ̃ =
{
E(φ,κ), E(κ,φ), E(ψ1,η1), E(ψn,ηn) : n ≥ 2

}
,

where E(ψ1,η1) is defined as:
583



Samreena Khan et al. /Ann. Fuzzy Math.Inform. 13 (2017), No. 5, 579–592

ψ1 : E −→ P (X)

e −→
{

N if e = e1
∅ if e = e2,

η1 : E −→ P (X)

e −→
{

∅ if e = e1
N if e = e2

and E(ψn,ηn) : n ≥ 2 is defined as:
ψn : E −→ P (X)

e −→
{
{n, n+ 1, n+ 2, ...} if e = e1 for all n ≥ 2

∅ if e = e2 for all n ≥ 2,

ηn : E −→ P (X)

e −→
{
{1, 2, 3, ...n− 1} if e = e1 for all n ≥ 2

N if e = e2 for all n ≥ 2.

Then Υ̃ is a DFS topology and
(
X, Υ̃, E

)
is a DFS topology space.

Definition 3.6. Let
(
X, Υ̃, E

)
be a DFS topological space on X. The elements of

Υ̃ are called DFS open sets.

Definition 3.7. Let
(
X, Υ̃, E

)
be a DFS topological space on X. A DFS set E(δ,γ)

is said to be DFS closed set, if its compliment E(δ,γ)c belongs to Υ̃.

Proposition 3.8. Let
(
X, Υ̃, E

)
be a DFS soft topological space on X. Then

(1) E(φ,κ) and E(κ,φ) are DFS closed sets,
(2) the arbitrary intersection of DFS closed sets is DFS closed set over X,
(3) the union of finite or two DFS closed sets is DFS closed set.

Proof. Straightforward. �

Example 3.9. Let X be an initial universe and E be the set of parameters.

Let Υ̃ consists of null DFS set E(φ,κ) and absolute DFS set E(κ,φ), i.e., Υ̃ ={
E(φ,κ), E(κ,φ)

}
. Then Υ̃ is a DFS topology over X and is called indiscrete DFS

topology and the triplet
(
X, Υ̃, E

)
is called DFS indiscrete topological space.

Example 3.10. Let X be an initial universe and E be the set of parameters. Let

Υ̃ be the collection of all DFS sets overX with parameter set E. Then Υ̃ is a DFS

topology and is called discrete DFS topology and
(
X, Υ̃, E

)
is called discrete DFS

topological space.

Theorem 3.11. Let
(
X, Υ̃, E

)
be a DFS topological space over X. Then

(
X, Υ̃ψ, E

)
is a soft topological space, where

Υ̃ψ =
{

(ψ,E) : E(ψ,η) ∈ Υ̃
}

.
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Proof. Since E(φ,κ) and E(κ,φ) belongs to Υ̃, (φ,E) and (κ,E) belongs to Υ̃ψ, where
φ (e) = φ and κ (e) = X, for all e ∈ E.

Let {(ψi, E) : i ∈ E} be the collection of soft sets in Υ̃ψ. Then E(ψi,ηi) ∈ Υ̃ which

implies that tεE(ψi,ηi) = E(∪ψi,∩ηi) ∈ Υ̃. Thus ∪i∈I (ψi, E) belongs to Υ̃ψ.

Let (ψ1, E) and (ψ2, E) be soft sets in Υ̃ψ. Then E(ψ1,η1) and E(ψ2,η2) belongs to

Υ̃. Since E(ψ1,η1) and E(ψ2,η2) are DFS open sets, E(ψ1,η1) uε E(ψ2,η2) ∈ Υ̃. Thus

E(ψ1∩ψ2,η1∪η2) ∈ Υ̃. TSo (ψ1 ∩ ψ2, E) ∈ Υ̃ψ. Hence Υ̃ψ =
{

(ψ,E) : E(ψ,η) ∈ Υ̃
}

is

a soft topology. �

Theorem 3.12. Let (X,Υ, E) be a soft topological space over X. Then
(
X, Υ̂, E

)
is a DFS topological space over X, where Υ̂ is defined as

Υ̂ =
{
E(ψ,η) : η (e) = (ψ (e))

c
for all e ∈ E and (ψ,E) ∈ Υ

}
.

Proof. As (φ,E) ∈ Υ, where φ (e) = φ, for all e ∈ E, define κ = (φ (e))
c

= X. Then

E(φ,κ) ∈ Υ̂. Similarly, (κ,E) ∈ Υ implies that E(κ,φ) ∈ Υ̂.

Let
{
E(ψi,ηi) : i ∈ I

}
be collection of DFS sets in Υ̂. Then (ψi, E) ∈ Υ and ηi (e) =

(ψi (e))
c
. Since Υ is soft topology, ∪i∈I (ψi, E) ∈ Υ. On one hand, (∪ψi)c (e) =

∩ψci (e) = ∩ (ψi (e))
c
. Thus (∪ψi)c (e) = ∩ηi (e). So E(∪ψi,∩ηi) = tεE(ψi,ηi) ∈ Υ̂.

Hence tεE(ψi,ηi) belongs to Υ̂.

Let E(ψ1,η1) and E(ψ2,η2) ∈ Υ̂. Then (ψ1, E) , (ψ2, E) ∈ Υ, η1 (e) = (ψ1 (e))
c

and η2 (e) = (ψ2 (e))
c
. Since (ψ1, E) and (ψ2, E) are soft open sets, (ψ1, E) ∩

(ψ2, E) = (ψ1 ∩ ψ2, E) ∈ Υ. On the other hand, (ψ1 ∩ ψ2)
c

(e) = ψc1 (e) ∪ ψc2 (e) .
Thus (ψ1 ∩ ψ2)

c
(e) = ((ψ1 (e))

c ∪ (ψ2 (e))
c
) = (η1 (e) ∪ η2 (e)). So (ψ1 ∩ ψ2)

c
(e) =

(η1 ∪ η2) (e). Hence E(ψ1∩ψ2,η1∪η2) = E(ψ1,η1) uε E(ψ2,η2) ∈ Υ̂. Therefore Υ̂ is DFS

topology and
(
X, Υ̂, E

)
is DFS topological space. �

Proposition 3.13. Let
(
X, Υ̃, E

)
be a DFS topological space and

Υ̃eψ =
{
ψ (e) � E(ψ,η) ∈ Υ̃

}
,

then for each parameter e ∈ E, Υ̃eψ form a topology on X.

Proof. Straightforward. �

From Theorem 3.11 and Proposition 3.13 we observe that corresponding to first

component of DFS sets in Υ̃ we have a topology Υ̃eψover X corresponding to each
parameter e ∈ E. Thus from a DFS topology we get a family of parametrized
topologies on X.

Remark 3.14. (1) In DFS topology, we can not obtained parametrized topology
corresponding to second component of DFS sets.

(2) Converse of the Proposition 3.13 is not hold.

Example 3.15. Let X∗ = R, E∗ be the set of parameters and

Υ̃ =
{
E∗(φ,κ), E

∗
(κ,φ), E

∗
(ψi,ηi)

: i ∈ N
}
,
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where E∗(ψi,ηi) is defined as

ψi (e∗) = R , ηi (e∗) = {1, 2, 3...i} .

If i, j ∈ N and j � i, then E∗(ψi,ηi) tεE
∗
(ψj ,ηj)

= E∗(ψi,ηi) and E∗(ψi,ηi) uεE
∗
(ψj ,ηj)

=

E∗(ψj ,ηj). Thus
(
R, E∗, Υ̃

)
is DFS topology over R. Now consider,

Υ̃ηe =
{
∅,R, E∗ηi = {1, 2, 3...i} : i ∈ N

}
.

As ∪
i∈N

Eψi = N but ∪
i∈N

Eψi = N /∈Υ̃ηe ,
(

Υ̃ηe ,R
)

is not a topological space.

Example 3.16. Let X = {x1, x2, x3} , E = {e1, e2} and

Υ̃ =
{
E(φ,κ), E(κ,φ), E(ψ1,η1), E(ψ2,η2), E(ψ3,η3)

}
,

where E(ψ1,η1), E(ψ2,η2), E(ψ3,η3),E(ψ4,η4) are DFS set on X defined as:
ψ1 : E −→ P (X)

e −→
{
{x1} if e = e1
{x2, x3} ife = e2,

η1 : E −→ P (X)

e −→
{
{x1, x3} if e = e1,

φ if e = e2

ψ2 : E −→ P (X)

e −→
{
{x2} if e = e1
{x2} ife = e2,

η2 : E −→ P (X)

e −→
{
{x1} if e = e1
{x1, x2} ife = e2,

ψ3 : E −→ P (X)

e −→
{
{x1, x2} if e = e1
{x3} ife = e2

and
η3 : E −→ P (X)

e −→
{
{x1} if e = e1
φ ife = e2.

Then Υ̃ is not a topology as

E(ψ1,η1) tε E(ψ2,η2) = E(δ,γ) /∈ Υ̃,

where δ : E −→ P (X)

e −→
{
{x1, x2} if e = e1
{x2, x3} if e = e2

and γ : E −→ P (X)

e −→
{
{x1} if e = e1
φ if e = e2.
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But

Υ̃(e1)ψ
= {φ,X, {x1} , {x2} , {x1, x2}}

and

Υ̃(e2)ψ
= {φ,X, {x2} , {x3} , {x2, x3}}

are topologies on X.

Proposition 3.17. Let
(
X, Υ̃1, E

)
and

(
X, Υ̃2, E

)
be two double-framed soft topo-

logical spaces on X. Then the intersection
(
X, Υ̃1 ∩ Υ̃2, E

)
is also a DFS topological

spaces on X.

Proof. Straightforward. �

Remark 3.18. The union of two DFS topological spaces need not to be a DFS
topological space.

Example 3.19. Let X = {x1, x2, x3} , E = {e1, e2} ,

Υ̃1 =
{
E(φ,κ), E(κ,φ), E(α1,β1), E(α2,β2)

}
and

Υ2 =
{
E(φ,κ), E(κ,φ), E(ψ,η)

}
,

where E(α1,β1), E(α2,β2), E(ψ,η) are DFS open set illustrated as:

Example 3.20. Consider E(α1,β1), E(α2,β2) and E(ψ,η) defined as follows:
α1 : E −→ P (X)

e −→
{
{x1} if e = e1
{x1} if e = e2,

β1 : E −→ P (X)

e −→
{
{x1, x2} if e = e1
{x2, x3} if e = e2,

α2 : E −→ P (X)

e −→
{
{x1} if e = e1
{x1} if e = e2,

β1 : E −→ P (X)

e −→
{
{x2} if e = e1
{x2} if e = e2,

ψ : E −→ P (X)

e −→
{
{x2, x3} if e = e1
{x1} if e = e2

and
η : E −→ P (X)

e −→
{
{x1, x3} if e = e1

φ if e = e2.

Then Υ1 and Υ2 are DFS topologies on X. But

Υ1 tε Υ2 =
{
E(φ,κ), E(κ,φ), E(α1,β1), E(α2,β2), E(ψ,η)

}
587
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is not a DFS topology as E(α1,β1) tε E(ψ,η) = E(α1∪ψ,β1∩η), where
α1 ∪ ψ : E −→ P (X)

e −→
{

X if e = e1
{x1} if e = e2

and
β1 ∩ η : E −→ P (X)

e −→
{
{x1} if e = e1
φ if e = e2.

We can see that E(α1,β1)tεE(ψ,η) /∈ Υ1tεΥ2. Thus Υ1tεΥ2 is not a DFS topology.
So (X,Υ1 tε Υ2, E) is not a DFS topological space.

Definition 3.21. Let
(
X, Υ̃, E

)
be a DFS topological space over X and E(ψ,η) be

a DFS set over X with E as a set of parameters. Then the closure of E(ψ,η) is the

intersection of all DFS closed superset of E(ψ,η) and is denoted by E(ψ,η).

Of course E(ψ,η) is the smallest DFS closed set containing E(ψ,η).

Theorem 3.22. Let
(
X, Υ̃, E

)
be a DFS topological space over X and E(ψ,η) and

E(γ,δ) be DFS sets over X. Then

(1) E(φ,κ) = E(φ,κ) and E(κ,φ) = E(κ,φ),

(2) E(ψ,η) v E(ψ,η),

(3) E(ψ,η) is DFS closed set if and only if E(ψ,η) = E(ψ,η),

(4) E(ψ,η) = E(ψ,η),

(5) E(ψ,η) v E(γ,δ) implies that E(ψ,η) v E(γ,δ),

(6) E(ψ,η) tε E(γ,δ) = E(ψ,η) tε E(γ,δ),

(7) E(ψ,η) uε E(γ,δ) v E(ψ,η) uε E(γ,δ).

Proof. (1) The proof is obvious.
(2) By definition, the proof is obvious.
(3) Let E(ψ,η) be a DFS closed set over X. Then E(ψ,η) is itself a DFS closed

set on X containing E(ψ,η). Thus E(ψ,η) is the smallest DFS closed set containing

E(ψ,η), i.e., E(ψ,η) = E(ψ,η).
(4) Proof follows from (3).
(5) Let E(ψ,η) v E(γ,δ). Then DFS closed super sets which contains E(γ,δ) will

also contain E(ψ,η). This means that the DFS closed super sets of E(γ,δ) are also
DFS closed super sets of E(ψ,η). Thus the intersection of DFS closed super sets
of E(ψ,η) is contained in the intersection of DFS closed super sets of E(γ,δ), i.e.,

E(ψ,η) v E(γ,δ).
(6) Since E(ψ,η) v E(ψ,η) tε E(γ,δ) and E(γ,δ) v E(ψ,η) tε E(γ,δ), by (5),

E(ψ,η) v E(ψ,η) tε E(γ,δ) and E(γ,δ) v E(ψ,η) tε E(γ,δ).

Thus E(ψ,η) tε E(γ,δ) v E(ψ,η) tε E(γ,δ).

For reverse inclusion, as E(ψ,η) v E(ψ,η) and E(γ,δ) v E(γ,δ),

E(ψ,η) tε E(γ,δ) v E(ψ,η) tε E(γ,δ).
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Since the union of DFS closed sets E(ψ,η) tε E(γ,δ) is DFS closed set, by (5),

E(ψ,η) tε E(γ,δ) v E(ψ,η) tε E(γ,δ).

(7) Since E(ψ,η) uε E(γ,δ) v E(ψ,η) and E(ψ,η) uε E(γ,δ) v E(γ,δ),

E(ψ,η) uε E(γ,δ) v E(ψ,η) and E(ψ,η) uε E(γ,δ) v E(γ,δ).

Then E(ψ,η) uε E(γ,δ) v E(ψ,η) uε E(γ,δ).
�

Definition 3.23. Let
(
X, Υ̃, E

)
be a DFS topological space on X with parameters

set E, and E(ψ,η) be a DFS set on X. We define a DFS Set E(ψ,η) associated with

E(ψ,η), where ψ : E −→ P (X) is defined as ψ (e) = ψ (e) and ψ (e) is closure of ψ (e)

in
(
X, Υ̃eψ

)
.

Proposition 3.24. Let
(
X, Υ̃, E

)
be a DFS topological space on X and E(ψ,η) be

a DFS set. Then E(ψ,η) v E(ψ,η).

Proof. Let E(ψ,η) = E(δ,γ). Then by definition, E(ψ,η) v E(δ,γ) implies that ψ (e) ⊆
δ (e) and γ (e) ⊆ η (e) , for all e ∈ E, where δ (e) is a closed set in

(
X, Υ̃eψ

)
.

Since ψ (e) is the smallest closed set containing ψ (e) , ψ (e) ⊆ δ (e). Thus E(ψ,η) v
E(ψ,η). �

Corollary 3.25. Let
(
X, Υ̃, E

)
be a DFS topological space on X and E(ψ,η) be a

DFS set on X. Then E(ψ,η) = E(ψ,η) if and only if E(ψ,η)
c ∈ Υ̃.

Proof. Assume that E(ψ,η) = E(ψ,η). Then E(ψ,η) is DFS closed set implies that

E(ψ,η)
c ∈ Υ̃.

Conversely, if E(ψ,η)
c ∈ Υ̃, then E(ψ,η) is DFS closed set containing E(ψ,η), i.e.,

E(ψ,η) v E(ψ,η). Thus E(ψ,η) v E(ψ,η), as E(ψ,η) is the smallest DFS closed set

containing E(ψ,η). From Proposition 3.24, we have E(ψ,η) v E(ψ,η). So E(ψ,η) =

E(ψ,η). �

Definition 3.26. Let
(
X, Υ̃, E

)
be a DFS topological space on X and x ∈ X and

E(α,β) be a DFS set over X. Then x is known to be interior point of E(α,β), if there
exist a DFS open set E(ψ,η) such that

x ∈ E(ψ,η) v E(α,β).

Definition 3.27. Let
(
X, Υ̃, E

)
be a DFS topological space on X and E(α,β) be a

DFS set over X. Then E(α,β) is called DFS neighborhood of x ∈ X, if there exist a
DFS open set E(ψ,η) such that x ∈ E(ψ,η) v E(α,β).
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Proposition 3.28. Let
(
X, Υ̃, E

)
be a DFS topological space on X and E(ψ,η) be

a DFS set on X and x be an element of X. If x is an interior point of E(ψ,η), then

x is also an interior point of ψ (e) , for all e ∈ E in
(
X, Υ̃eψ

)
.

Proof. Let x be an interior point of E(ψ,η). Then by definition, there exist a DFS
open set E(ψ1,η1) such that x ∈ E(ψ1,η1) v E(ψ,η). This means that x ∈ ψ1 (e) and
x /∈ η1 (e) , for all e ∈ E and ψ1 (e) ⊆ ψ (e) and η (e) ⊆ η1 (e) , for all e ∈ E. Thus

x ∈ ψ1 (e) ⊆ ψ (e) , for all e ∈ E, where ψ1 (e) is an open set in
(
X, Υ̃eψ

)
. So x is

an interior point of ψ (e) , for all e ∈ E in
(
X, Υ̃eψ

)
. �

Proposition 3.29. Let
(
X, Υ̃, E

)
be a DFS topological space on X. Then

(1) every x ∈ X has a DFS neighborhood,
(2) E(ψ,η) uε E(λ,µ) is a DFS neighborhood of some x ∈ X, if E(ψ,η) and E(λ,µ)

are DFS neighborhoods of x,
(3) if E(ψ,η) v E(λ,µ) and E(ψ,η) is DFS neighborhood of any x ∈ X, then E(λ,µ)

is also a DSF neighborhood of x.

Proof. (1) For every x ∈ X, x ∈ E(κ,φ). Since E(κ,φ) is DFS open set on X, x ∈
E(κ,φ) v E(κ,φ). Then E(κ,φ) is a DFS neighborhood of x.

(2) Let E(ψ,η) and E(λ,µ) be two DFS neighborhoods of x. Then by definition,
there exist DFS open sets E(ψ1,η1) and E(λ1,µ1) such that

x ∈ E(ψ1,η1) v E(ψ,η) and x ∈ E(λ1,µ1) v E(λ,µ).

Thus x ∈ E(ψ1,η1) uε E(λ1,µ1) v E(ψ,η) uε E(λ,µ), since E(ψ1,η1), E(λ1,µ1) ∈ Υ̃.

So E(ψ1,η1) uε E(λ1,µ1) ∈ Υ̃. Hence E(ψ,η) uε E(λ,µ) is DFS neighborhood of x.
(3) Suppose E(ψ,η) v E(λ,µ) and E(ψ,η) is DFS neighborhood of any x ∈ X. Then

by definition. there exist a DFS open set E(ψ1,η1) such that x ∈ E(ψ1,η1) v E(ψ,η).
Since E(ψ,η) v E(λ,µ), x ∈ E(ψ1,η1) v E(ψ,η) v E(λ,µ). Thus x ∈ E(ψ1,η1) v E(λ,µ).
So E(λ,µ) is also a DFS neighborhood of x.

�

Proposition 3.30. Let
(
X, Υ̃, E

)
be a DFS topological space on X and E(ψ,η) be

a DFS set over X with set of parameter E. Then E(ψ,η) is a DFS neighborhood of
each x ∈ ∩e∈Eψ (e) , if x /∈ η (e) , for all e ∈ E.

Proof. Let x ∈ ∩e∈Eψ (e) imply that x ∈ ψ (e) , for all e ∈ E. Then by hypothesis,
x ∈ E(ψ,η) v E(ψ,η). Thus E(ψ,η) is a DFS neighborhood of x. �

Definition 3.31. Let
(
X, Υ̃, E

)
be a DFS topological space on X and Y be a non

empty subset of X. Then

Υ̃Y =
{
E(ψ̂,η̂) : E(ψ,η) ∈ Υ̃ such that ψ̂ (e) = ψ (e) ∩ Y and η̂ (e) = η (e) ∩ Y

}
is called DFS relative topology on X and

(
Y, Υ̃Y , E

)
is known as DFS subspace of(

X, Υ̃, E
)

. In fact, Υ̃Y is a DFS topology on Y.
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Example 3.32. If
(
X, Υ̃, E

)
is DFS discrete topological space, then any DFS

subspace of
(
X, Υ̃, E

)
is DFS discrete topological space.

Example 3.33. If
(
X, Υ̃, E

)
is DFS indiscrete topological space, then any DFS

subspace of
(
X, Υ̃, E

)
is DFS indiscrete topological space.

Proposition 3.34. Let
(
X, Υ̃, E

)
be a DFS topological space on X and Y be a non

empty subset of X. Then
(
Y, Υ̃e

ψ̂

)
is a subspace of

(
X, Υ̃eψ

)
.

Proof. Since
(
Y, Υ̃Y , E

)
is DFS topological space on Y ,

(
Y, Υ̃e

ψ̂

)
is a topological

space, for every e ∈ E. On the other hand,

Υ̃e
ψ̂

=
{
ψ̂ (e) : E(ψ̂,η̂) ∈ Υ̃Y

}
=

{
ψ (e) ∩ Y : E(ψ,η) ∈ Υ̃

}
=

{
ψ (e) ∩ Y : ψ (e) ∈ Υ̃eψ

}
.

Then
(
Y, Υ̃e

ψ̂

)
is a subspace of

(
X, Υ̃

)
. �

Definition 3.35. Let E(ψ̂,η̂) be a DFS open set in Υ̃Y . Then E(ψ̂,η̂)
c is closed in

Υ̃Y , where ψ̂c (e) = Y ∩ (ψ (e))
c

and η̂c (e) = Y ∩ (η (e))
c
.

4. Conclusion

In this paper, we have studied double-framed soft topological space. We have
defined DFS open set, DFS closed set, DFS closure, DFS neighborhood , and inves-
tigated their basic properties. We also discussed how from soft topology we obtained
DFS topology and vice verca.
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