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ABSTRACT. The motivation of the current paper is to define and study
some soft separation axioms in soft bitopological spaces in terms of pairwise
softness namely, pairwise soft T{, pairwise soft T}, pairwise soft Ty, and
pairwise soft R]. Characterizations and properties of these soft separation
axioms have been obtained. Moreover, we study the implications of these
types of soft separation axioms in soft and crisp cases. Finally, we show
that these properties are hereditary.
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1. INTRODUCTION

In 1999, Molodtsov [14] introduced the soft set theory as a new mathematical tool
for dealing with uncertainties inherent in many of real world problems. This theory
is a relatively new approach to discuss vagueness and uncertainties. It is getting
popularity among the researchers and a good number of papers is being published
every year. The main characteristic of soft set theory is that it is free of the difficulties
in the theories of probability, fuzzy set, interval-valued fuzzy set and other theories.
Some important applications of soft sets are in decision making, data mining, medical
diagnosis and complete (incomplete) information systems. Pei and Miao [18] showed
that the soft set is a simple information system. Topological structure of soft sets
also was studied by many of authors see [1, 4, 5, 6, 15, 16, 17, 19, 22]. Soft separation
axioms in soft topological spaces studied in some papers (see, for example, [4, 16]).
Ittanagi [2] introduced the concept of soft bitopological space and studied some
types of soft separation axioms for soft bitopological spaces from his point of view.
Recently, Kandil et al. [8] introduced the concept of generalized pairwise closed soft
sets and the associated pairwise soft separation axioms namely, PSR; and PST;
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The present paper is a continuation of [8], [9] and [10]. We introduce some pairwise
soft separation axioms in soft bitopological spaces namely, PSTy, PST}, PSR}, and
PSTy and study some of their properties. We show that these axioms are hereditary
properties. Moreover, we studied the implications of these types of soft separation
axioms in soft and crisp cases.

2. PRELIMINARIES

In this section, we briefly review some concepts and some related topics of soft
sets, soft topological spaces and soft bitopological spaces which are needed to used
in current paper.

Definition 2.1 ([16]). A pair (F, E) is called a soft set over X, where F is a mapping
given by F : E — P(X). A soft set can also be defined by the set of ordered pairs

(F,E)={(e,F(e)):e € E, F:E— P(X)}.

From now on, SS(X)g denotes the family of all soft sets over X with a fixed set
of parameters F.

Definition 2.2 ([10]). For two soft sets (F, E), (G, E) € SS(X)g, (F,E) is called
a soft subset of (G, E), denoted by (F, E)C(G, E), if F(e) C G(e), Ve € E. In this
case, (G, E) is called a soft superset of (F, E).

Definition 2.3 ([16]). The union of the soft sets (F, E) and (G, E), denoted by
(F, E)U(G, E), is the soft set (H, E) which defined as H(e) = F(e) UG(e), Ve € E.
nd
) =

Definition 2.4 ([16]). The intersection of the soft sets (F, E) and (G, E), denoted
by (F,E)N(G,E), is the soft set (M, F) which defined as M(e F(e) N G(e),
Ve € E.

Definition 2.5 ([16]). The complement of the soft set (F, F), denoted by (F, F)°,
is defined as (F,E)¢ = (F° E), where F¢ : E — P(X) is a mapping given by
Fe(e) =X\ F(e),Ve € E.

Definition 2.6 ([16]). The difference of the soft sets (F, E) and (G, E), denoted by
(F,E)\ (G, E), is the soft set (H, E), where for all e € E H(e) = F(e) \ G(e).
Clearly, (F. )\ (G, E) = (F, E)A(G, B

Definition 2.7 ([16]). A soft set (F, E) is called a null soft set, denoted by (¢, E),
if F(e) = ¢ for all e € E. Moreover, a soft set (F, E) is called an absolute soft set,
denoted by (X, E), if F(e) = X, Ve € E.

Clearly, we have (¢, E)¢ = (X, E) and (X, E)® = (¢, E).

For more details about the properties of the union, the intersection and the com-
plement of soft sets, you can see [4, 7, 18, 20, 22].

Definition 2.8 ([1, 15, 20]). A soft set (F,E) € SS(X)g is called a soft point in
(X, E), if there exist € X and e € E such that F(e) = {z} and F(¢') = ¢ for each
¢/ € E\ {e}. This soft point is denoted by (x., E) or ., i.e.,
z. : B — P(X) is a mapping defined by

Te(a) = { {} Zf = forall a € E.

10) if e#a
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The set of all soft points in (X, E) is denoted by &(X)g.

Definition 2.9 ([20]). A soft point (z., FE) is said to be belonging to the soft set
(G, E), denoted by z.€(G, E), if z.(e) C G(e), i.e., {x} C G(e).
Clearly, z.€(G, E) if and only if (z., E)C(G, E).

Definition 2.10 ([20]). A two soft points z.,, Y, over X are said to be equal, if
r =1y and e; = es.
Thus, e, # Ye, iff x # y or e1 # ea.

Proposition 2.11. [20] The union of any collection of soft points can be considered
as a soft set and every soft set can be expressed as a union of all soft points belonging
to it, i.e., (G, E) = U{(ze, E) : x.€(G, E)}.

Proposition 2.12. [20] Let (G, E), (H, E) be two soft sets over X. Then

(1) 2.€(G, E) & z.4(G, B)¢,

(2) z.€(G,E)U(H,E) < 2.€(G,E) or z.€(H, E),
(3) z.€(G, E)N(H,E) & 2.€(G,E) and z.€(H, E),
(4) (G,E)C(H,E) < [2.£(G,E) = 2.€(H,E)].

Definition 2.13 ([19]). Let n be a collection of soft sets over a universe X with a
fixed set of parameters E. Then, n C SS(X)g is called a soft topology on X if it
satisfies the following axioms:

(i) (X, E), (¢, E) € n, where ¢(e) = ¢ and X(e) = X, Ve € E,

(ii) the union of any number of soft sets in 7 belongs to 7,

(iii) The intersection of any two soft sets in 7 belongs to 7.

The triple (X, 7, E) is called a soft topological space. Any member of 7 is said
to be an open soft set. A soft set (F, E) over X is said to be a closed soft set in
(X,n, E), if its complement (F, )¢ is an open soft set in (X,n, E).

Definition 2.14 ([16]). A soft topological space (X,n,E) is said to be a soft
Ty [briefly, STy), if for each =4, yg € £(X)g with x, # yg, there exists (G,E) € n
such that ~ ~

2o €(G, E), ys€(G, E) or ys€(G, E), 2, ¢(G, E).

Definition 2.15 ([11]). A soft set (G, E) in a soft topological space (X,n, E) is

called a generalized closed soft set [briefly, g-closed soft set], if scl, (G, E)C(H, E),
whenever 3

(G,E)C(H,FE) and (H,E) € n.
Definition 2.16 ([11]). A soft topological space (X, 7, E) is called a soft T [briefly,
ST% ], if every g-closed soft set is a closed soft set.

Theorem 2.17 ([8]). A soft topological space (X,n, E) is a soft Ty if and only if
every soft point either open soft set or closed soft set.

Definition 2.18 ([16]). A soft topological space (X,n, E) is said to be a soft
Ty [briefly, STh], if for each x4, yg € £(X)Eg with x4 # yg, there exist (G, E), (H, E) €
n such that ©,€(G, E), yp¢(G, E) and yge(H, E), vo¢(H, E).

Theorem 2.19 ([16]). A soft topological space (X,n, E) is a soft Ty if and only if

every soft point is a closed soft set.
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Definition 2.20 ([16]). A soft topological space (X,n,E) is said to be a soft
Ty [briefly, ST5], if for each x4, yg € £(X)g with z, # yg, there exist (G, E), (H, E) €
n such that ©,E(G, E), yg€(H, F) and (G, E)N(H, E) = (¢, E).

For more details about the properties of the soft topological space, you can see

[? ) ) ) ) ) Y ) ) ]'

Definition 2.21 ([12]). A triple (X, 71, 72) is called a bitopological space [briefly,
bts], where 7y, 7o are arbitrary topologies on X. The collection 715 is a supra
topology on X, where

T2 ={GC X:G=G UGG €m,i=1,2}

Definition 2.22 ([3]). Let (X, 71,72) be a bts. Then (X, 71,72) is called:

(i) PTy, if for every x,y € X, x # y, there exists G € 115 such that
reGyédGorx g G, yeQqG,

(ii) PTh, if for every z,y € X, « # y, there exist G, H € 715 such that
re€G yédGandax g H,y€e H,

(iii) PTs, if for every z,y € X, x # y, there exist G, H € 715 such that
re€G,ye Hand GNH = ¢,

(iv) PRy, if z € clio{y} = y € clia{z},

(v) PRy, if clia{x} # cli2{y} there exist G, H € 115 such that
clig{z} C G, clio{y} C H and GNH = ¢.

Definition 2.23 ([2]). A quadrable system (X, n1, 72, E) is called a soft bitopological
space [briefly, sbts], where 1y, 1y are arbitrary soft topologies on X and E be a set
of parameters.

Definition 2.24 ([9]). Let (X, 71,12, E) be a sbts.

(i) A soft set (G, E) over X is said to be a pairwise open soft set in (X, 7,72, F)
[briefly, p-open soft set], if there exist an open soft set (G1, E) in 1, and an open
soft set (Ga, E) in 1o such that (G, E) = (G1, E)J(Ga, E).

(ii) A soft set (G, E) over X is said to be a pairwise closed soft set in (X, 71,72, F)
[briefly, p-closed soft set], if its complement is a p-open soft set in (X, n1, 72, E).

The family of all p-open (p-closed) soft sets in sbts (X, n1, 72, F) is denoted by
e (nSy), respectively, i.e., ma2 = {(G,E) € SS(X)g : (G,E) = (G1,E)J(G2, E) :
(G, E) € m;,i = 1,2}. Moreover, 112 is a supra soft topology on X.

Definition 2.25 ([9]). Let (X, 71,12, E) be a sbts and let (G, E) € SS(X)g. The

pairwise soft closure of (G, E), denoted by scli2(G, E), is the intersection of all
p-closed soft super sets of (G, E), i.e.,

scli2(G, E) = {(F, E) €, : (G, E)C(F, E)}.
Clearly, scli2(G, E) is the smallest p-closed soft set containing (G, E).
Definition 2.26 ([9]). Let (X, 71,72, E) be a sbts and let (G, E) € SS(X)g. The

pairwise soft interior of (G, E), denoted by sint12(G, E), is the union of all p-open
soft subsets of (G, E), i.e.,

sint12(G, E) = J{(H,E) € m» : (H, E)C(G, E)}.

Clearly, sint12(G, F) is the largest p-open soft set contained in (G, E).
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For more details about pairwise soft closure (interior) operator see [9].

Definition 2.27 ([9]). Let (X,n1,1n2, E) be a sbts and let (G, E) € SS(X)g. The
pairwise soft kernel of (G, E) [briefly, skeri2(G, E)], is the intersection of all p-open
soft supersets of (G, E), i.e.,

sker1o(G, E) = ({(H, E) € m2 : (G, E)C(H, E)}.
Theorem 2.28 ([9]). Let (X,n1,m2, FE) be a sbts and let (G, F),(H,E) € SS(X)g.

if (G,E) € ma, then sker12(G,E) = (G, E),
skeriz[sker12(G, E)| = sker12(G, E),
6) skeria[{(Hi, E) :i € A}]éﬂ:{skerlg(Hi,E) 11 e A},

(7) sk‘eru[U{(Gi, E) RS A}] = U{Ske’f'lg(Gi, E) RS A}
Definition 2.29 ([9]). A soft set (G, E) is said to be a pairwise A- soft set in a sbts
(X,m,m2, E) [briefly, pA-soft set], if sker12(G, E) = (G, E).
Theorem 2.30 ([9]). Let (X,n1,m2,E) be a sbts. Then, The family of all pA-
soft sets is a soft topology on X. This soft topology, we denoted by nya. The triple
(X, npn, E) is the soft topological space associated to the sbts (X, n1,m2, E). Members
of npa are called pA-open soft sets. A soft set (G, E) in a sbts (X,m,n2, E) is called
a pA-closed soft set, if its complement is a pA-open soft set. We denote the family
of all pA-closed soft set by ny, .
Theorem 2.31 ([9]). Let (X,n1,m2, E) be a sbts. Then,

mUnz €2 Cnpa €SS(X)E.

Definition 2.32 ([9]). A soft set (G, F) is said to be a pairwise A-closed soft set
in a sbts (X, m1,n2, E) [briefly, pA-closed soft set] if (G, E) = (F, E)N\(H, E), where
(F, E) is a p-closed soft set and (H, E) is a pA-soft set.

The family of all pA-closed soft sets we denoted by PACS(X,n1,72)E-
Theorem 2.33 ([9]). Let (X,n1,m2, E) be a sbts. Then

(1) every p-closed (p-open)soft set is a pA-closed soft set,

(2) every pA-open soft set is a pA-closed soft set.
Definition 2.34 ([3]). Let (X, 71,72, E) be a sbts. A soft set (G, E) is said to be a
gp-closed soft set, if scli2(G, E)C(H, E), whenever (G, E)C(H,E) and (H,E) is a
p-open soft set.

Theorem 2.35 ([3]). Let (X,m1,m2, E) be a sbts and (G, E) € SS(X)g. Then
every p-closed soft set is a gp-closed soft set.
Definition 2.36 ([38]). A sbts (X, 71,72, E) is said to be a pairwise soft T5 [briefly,
2
PSTy], if every gp-closed soft set is a p-closed soft set.
2

Theorem 2.37 ([3]). Let (X,n1,m2, E) be a sbts. Then
(X,n1,m2, E) is a PSTY iff every soft point is either p-open soft set or p-closed
soft set. ’
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Definition 2.38 ([3]). A sbts (X, n1,n2, E) is said to be a pairwise soft R [briefly,
PSR{], if zo€sclia(ys, E) = yp€sclia(xa, E), where x4,ys € £(X)E.

Theorem 2.39 ([8]). A sbts (X,n1,m2, E) is a PSR} iff every soft point is a gp-
closed soft set.

Theorem 2.40 ([3]). A sbts (X,m,n2, E) is a PSR iff xa€scliz(yg, E) =
sclig(zq, E) = sclia(yp, E).

Theorem 2.41. [8]] Let (X,n1,7m2, E) be a sbts. Then, (X,n1,m2, E) is a PSR{ if
and only if sclia(xo, E)Nsclia(yg, E) # (¢, E) = sclia(za, E) = sclia(ys, E).
Theorem 2.42 ([8]). A sbts (X,n1,m2, E) is a PSR} iff psclia(ta, E) = pskeria(zq, E),

3. PAIRWISE SOFT SEPARATION AXIOMS

Definition 3.1. A sbts (X, 91,792, E) is said to be a pairwise soft T{; [briefly, PST{],

if for each z,, ys € £(X)g with z, # yg, there exists (G, E) € n12 such that
2.€(G,E), ys&(G,E) or ys&€(G, E), 2.¢(G, E).

Example 3.2. Let X = {z,y}, E = {e1,e2} and let

771*{((;57 ) ( )a(leE)v<G2’E)}v
2 = {($, ), (X E),(Hy, E), (Hz, E)},

(leE) = {(61,{$}), (627¢)}7 (G27E) = {(ele)v (62’ {x})}v
(HhE) = {(61, {y})a (€2a¢)}’ (H27E) = {(ele)v (627 {y})}
Then, (X, M, M2, Ez is a sbts. Thus,
Mhe = {(¢7 E)a (X>E)’ (Gly E), (G27E)7 (Hla E), (Ha, E)a (P, E)}7
where

where

(P, E) ={(e1,X), (e2,6)}. It is clear that (X,n1,n9, E) is a PSTj.

Example 3.3. Let X = {z,y, 2}, E = {e1,e2} and
mn = {((ZNS,E),(X,E),(Gl,E),<G2,E)},
2 = {((ZSvE)v(X?E)v(H?E)}v

(Gh ) {(61,{x}) (627{£C7y})},
EGm E) ={(e1,{x}), (e2,{w})},
(

where

H,E) = {(e1, {z,y}), (e2, {z})}.
X, m1,m2, E)is a sbts. Thus,
m2 = {(¢’ )7 (X7E)7 (Gla E)a (G27E)a (H7 E)a (Pla E)7 (P27E)}a
where
(P1, E) = {(e1,{z, y}), (2, X)},
(P2, E) = {(e1,{z,y}), (e2, {y, 2})}.
So, (X,m,n2, F) is not PST; because y., # z., and there is no p-open soft set
contains y., but not contains z., or contains z., but not contains ye, .

Then,

Theorem 3.4. Let (X, 1,72, E) be a sbts. The following statements are equivalent:
(1) (X,m,m2, E) is a PSTY,
(2) 30112(:15047E) 7é SCZIQ(yBuE>7 vxou Yp € §<X)E7 e 7é Ys;

(3) Sker12(xaaE) 7é SkeTl?(yﬁaE)a v Ta, Yg € f(X)E, Lo 7é Yp-
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Proof. (1) = (2): Let x4, yg € §(X)E such that zo # ys. Then, by (1), there
exists (G, E) € my such that z,E(G, E), ys¢(G, E). Tt follows that z,&(G, E)°,
ys€(G, E)°. Thus, sclia(ys, E)C(G, E)°. Since 2,&(G, E)¢, za¢sclia(ys, E). So,
sclia(xa, E) # scliz(yg, E)[for xq€scliz(xq, E)]. Hence, (2) holds.

(2) = (3) : Let zq, ys € £&(X)E such that x4 # yg. Then, by (2), scliz(zq, E) #
sclia(ys, E). Thus, there exists a soft point z. such that z.€scliz(z4,F) and
zeéscllg(yg,E) or zeéscllg(xa,E) and z.€scli2(ys, E).

We claim that z.€sclia(zq, F) and zeéscllg(yg, E). Since zeéscllg(yg, E), there
exists a p-closed soft set (F, E) such that yg€(F, F) and zeé(F, E), or equivalently,
ysZ(F, E)¢ and z.E(F, E)°. So, 2,&(F, E)¢ because if z,&(F, E)¢, then z,&(F, E)
which implies that sclyo(za, E)C(F, E) which contradicts with z.¢(F, E). Now,
since 1,E(F,E)°, skeris(zs, E)C(F,E)°. Tt follows that ygéskerlg(xa,E) but
ypeskeriz(yg, E), then skeria(xq, E) # skeri2(yg, E). Hence, (3) holds.

(3) = (1) : Let o, ys € £&(X) g such that z,, # ys. Then, by (3), skeriz(zq, E) #
sker12(ys, E). Thus, there exists a soft point z. such that z.E€skeris(zq, F) and
zeéskzerlg(yﬁ,E) or zeésk‘erlg(xa,E) and z.€skeri2(yg, E).

We claim that z.Eskerio(zq, E) and z.Zskera(ys, E), then there exists (G, E) €
M such that ys€(G, E) but 2.¢(G, E). So, 24¢(G, E), for if 2,&€(G, E), then
skeria(a, E)C(G, E) which contradicts with z.¢(G, E)]. Hence, there exists (G, E) €
o such that yg€(G, E) and 2,¢(G, E). Therefore, (X, n1,m2, E) is a PST. O

Lemma 3.5. Let (X, 11,72, FE) be a sbts. Then,
(X,m,m2,E) is a PSTy if and only if for all z4,ys € §(X)E, o # ya, there
exists (G, E) € ma Un§y such that 2,€(G, E) and yg¢(G, E).

Proof. Straightforward. O

Theorem 3.6. Let (X,m1,m2, E) be a sbts. Then,
(X,m,m2, E) is a PSTy if and only if every soft point x. € (X)g is a pA-closed
soft set.

Proof. (=) : Let z. € {(X)p. Then, by Lemma 3.5, for each y, € {(X)g such that

Yo # Te, there exists (G, E) € mia Un§, such that z.€(G, E) and y,&(G, E).
We set ~
(Mv E) = m{(GvE) €Nt xeé(G7E)ayaé(G’ E)}
and ~
(N,E) = m{(Fv E) € niy : xE(F, E)ayaé(Fv E)}.
Then,
skeri2(M, E)
= fkerlzﬂ{(G,E) €Nz J?eé(Gv E), yt{é(Ga E)}
CN{sker12(G E) € ma : 2.€(G, E), yo (G, E) }[by Theorem 2.28 (6)]
= (G .E) € mz : 2.&(G, E),yaé(G, E)} [by Theorem 2.28 (4)]
= (M,E). )
Thus, skeri2(M, E)YC(M, E). So, (M, F) is a pA-soft set. Also, it is clear that (N, E)
is a p-closed soft set. Consequently, (N, E)N(M, E) is a pA-closed soft set. Now, if
569
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zg€(N, E)N(M, E), then zg€(N, E) and zg€(M, E). It follows that z3 # Yo Vya,
Yo 7# Te. Hence, z3 =z, and thus (N, E)N(M, E) = (z., E). Therefore, (z.,E) is a
pA-closed soft set.

Conversely, let z, € £&(X)g. Then , by hypothesis, (o, F) = (F, E)N(G, E),
where (F, E) is a p-closed soft set and (G, E) is a pA-soft set. For each yg € £(X)g
such that o # yg, we have ygé(F, E)N(G, E) implies ygé(R E)or ygé(G, E). Here
we have two cases: ~

Case 1: If yg&(F, E), then yg€(F, E)¢ and z,¢(F, E)°.

Case 2: If ys¢(G, E), then ygéskerlg(G, E). Thus, there exists (M, E) € no
such that (G, E)C(M, E) and ygé(M, E). But 2,&(G, E). So z,&(M, E).

From both cases, we have (X, 01,12, F) is a PST{. O

Theorem 3.7. If (X,n1, E) or (X,n2, E) is an STy, then (X,m,n2, E) is PST{.
Proof. 1t follows from the fact n; C n12, i = 1, 2. O

Remark 3.8. The converse of Theorem 3.7 is not true in general which shown in

the Example 3.2. It is clear that (X,n;, E) is not STy because x, # Y., and there

is no open soft set in 7; which contains one of points but not contains the other.
Similarly, (X, 72, F) is not STj.

Theorem 3.9. A sbts (X,m,n2, E) is PST§ if and only if (X, npa, E) is an STp.

Proof. The first direction is immediate from the fact that 1712 C mpa. To prove
the inverse direction, let zq,ys € &{(X)g with x, # yg. Then, by hypothesis,
there exists a pA-soft set (G, E) € npa such that 2,E(G, E), ys¢(G, E)(say). Thus,
ygéskerlg(G, E). So, there exists a p-open soft set (H, E) € 112 such that
(G, E)Q(H7E) and yﬂé(H’ E).
Hence, (H, E) € 12, 24€(H, E) and ys¢(H, E). Therefore, (X, 11,12, E) is a PST.
O

Theorem 3.10. Every PST7 is a PST{.
2

Proof. Let (X,m,m2, E) be a PST} and let z,, ys € {(X)g such that z, # ys.
2

Then, yﬁé(wa, E). Now, since z,, is a soft point in sbts (X, 11, 12, F), it follows that,
by Theorem 2.37, (24, F) is either p-closed soft set or p-open soft set.

If (z4, F) is a p-closed soft set, then (z,, E)¢ is a p-open soft set, i.e., (x4, F)¢ €
e and Yg€(zq, F)C, xaé(xq, E)°.

If (z4, F) is a p-open soft set, then (24, F) € n2 and yﬁé(xa,E), Ta€(Ta, E).
Thus, (X, n1,m2, F) is a PST{. O

Remark 3.11. The converse of Theorem 3.10 is not true in general which shown
in the following example.
Example 3.12. Let X = {z,y}, £ = {e1,e2} and let_

m = {(¢a E)v (Xa E)v (Gb E)a (GQa E)}7 N2 = {(¢a E)v (Xa E)> (Ha E)}a

(G1>E) = {(617 {CL‘}), (627 {y})}>
(G%E) = {(61, {y})a (627 {.’L‘})},

where
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(H,E) = {(e1,{z}), (e2, {z})}.
Then, (X, 11,72, FE) is a sbts. Consequently,
M2 = {((;57 E)a (X7 E)’ (le E)v (GQ,E)a (H’ E)v (Plv E)v (PQ, E)}v
where (PlvE) = {(617 {l‘}), (627X)}7 (P27E) = {(617X)7 (e2, {CL’})}
It is clear that (X, 1,72, F) is a PST{. Since the soft point
(ey, E) = {(e1,{z}), (e2,¢)} is neither p-open soft set nor p-closed soft set, by
Theorem 2.37, (X, 11,12, E) is not PST;

Theorem 3.13. If (X,m,m2, E) is PST5 , then (X, npn, E) is an ST%.
2

Proof. Straightforward. O

Remark 3.14. The converse of Theorem 3.13 is not true in general which shown
in the following example.

Example 3.15. In Example 3.12, we deduced that (X, 71,72, E) is not PST;. The
family of all soft points is &(X)p = {Te,sTeys Yeys Yer }- Now, skerlg(mel,zE) =
(G1,E)N(H,E) = (z¢,,E). Then, (x.,,E) is an open soft set in 7n,,. Also,
sker12(xe,, E) = (G2, EYN(H,E) = (x¢,, F). Thus, (z,, F) is an open soft set
in npa. Since (P, E) € ma, (P1, E) € npa which implies that (Py, E)° is a closed
soft set in npa. But (Pr, E)¢ = (Ye,, E). S0 (ye,, E) is a closed soft set in n4.

Similarly, (P2, E)® = (Ye,, E) it follows that (y.,, E) is a closed soft set in n,a.
Consequently, every soft point either open soft set or closed soft set in n,5. Hence,
(X, 7pa, E) is a STy [by Theorem 2.17].

Definition 3.16. A sbts (X, 11,12, E) is said to be a pairwise soft T} [briefly PSTy],
if for each zo, ys € {(X)g with xz, # yg, there exist (G, E), (H,E) € n2 such
that ©,€(G, E), yp¢(G, E) and yg€(H, E), vo¢(H, E).

Theorem 3.17. Let (X, 11,192, E) be a sbts. Then
(X,m1,m2,E) is a PSTY if and only if every soft point over X is a p-closed soft set.

Proof. (=): Let z, € &(X)g. Then by hypothesis, for each ysz € &(X)gp with
To # yp, there exist (G, E), (H,E) € mg such that 2,E(G, E), ys¢(G, E) and
ys€(H, E), to¢(H, E). Tt follows that sclyz (x4, E)C(H, E)°. Thus, ys¢sclia(ta, E)
for all yg with x4 # yg. So, scliz2(zqa, E) = (24, E). Hence, every soft point over X
is a p-closed soft set.

(«<): Obvious. O

Example 3.18. Let Z be the set of all integers numbers and E be a nonempty set
of parameters. We denote Z~(Z™) for the set of all negative (nonnegative) integers,
respectively. Let

m
={(Z,E), (¢, E)}U{(G,E) € S8(Z) : G<(e) is finite subset of ZT ¥V e € E},
and
M2
={(Z,E), (¢, E)}U{(H,E) € SS(Z)p : H%(e) is finite subset of Z~ ¥ e € E}.
It is easy to verify that 7; and 7, are soft topologies over Z. Then, (Z,n1,12, E) is
a sbts. Now, let 2, € {(Z)g. Then
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xe(a) = { ({;;} i{f ee:?éaa ,for all a € E.

Thus, if x € ZT, then (x., E)° € 1. If x € Z~, then (z¢, E)¢ € 1,. Consequently,
for every soft point (., E) in (Z, E), we have (2., E)° € n1 Uns C m12. So, every
soft point is a p-closed soft set. Hence, (Z,n1,12, E) is a PSTy.

Theorem 3.19. Let (X,n1,m2, E) be a sbts. If (X,n1,m2, E) is a PSTY then every
soft set is a pA-soft set, i.e., npa = SS(X)E is the discrete soft topology on X.

Proof. Let (G, E) be an arbitrary soft set over X. From Theorem 2.28(2), we have
(G, E)Cskery2(G, E). Now, if .¢(G, E), then (G, E)C (2., E)¢ implies sker15(G, E)
Cskerya(ze, E). Since (X,m1,1m2,E) is a PST}, (x, E)¢ is a p-open soft super-
set of (G, E). Thus, skeri2(G, E)C(z., E)C. Tt follows that z.&sker12(G, E). So,
sker12(G, E)C(G, E). Hence, sker12(G, E) = (G, E). Therefore, (G, E) is a pA-soft
set, i.e., npa = SS(X)E. O

Theorem 3.20. Every PSTY is a PSTY.
2

Proof. Tt is immediate from Theorem 3.17 and Theorem 2.37. O
Corollary 3.21. Every PSTy} is a PSTj.

Remark 3.22. The converse of Theorem 3.20 is not true in general which shown
in the following example.

Example 3.23. From Example 3.2, we get
an = {(¢7E)a (XvE)a (Gla E)C7 (G27E)cv (H17E)Ca (H27 E)C7 (Pv E)C}?

where
(le ) {(61,{@/}) (627 )}7 (GQv ) {(ela¢)v(e27{y}>}7
H1> ) {< 17{'1'}) (62’ >}” (H27 ) —{(61,¢),(62,{$})},
(P, E)¢ = {(e1,9), (e2, X)}.
Since a soft set (G, ) over X characterized by a function G : E — P(X),
| SS(X)g |=| P(X ) |IPl= 2IXIIEl Then, in present example we have | SS(X)g |=
16. We set SS(X)g = n§y U{(F;, E) :i=1,...,9},

where
(F1, E) = {(e1, {z}), (e2,{z})}, (F2, E) = {(ex,{z}), (e2.{y})},
(F37 ) {(61,{x}),(€ )}7 (F4’ ): {(e {y}) (627{2/})}7
(F57 ) {(61,{1/}),(62,{3;})} (Fﬁv ) {(e {y}) (627 )}7
(F7, E) ={(e1, X), (e2,{z})},  (Fs, E) = {(e1, X), (e2,{y})},
(Fo, E) = {(e1,X), (e2,0)}.

It is easy to verify that (F;, E) is not gp-closed soft set, i = 1,...,9. It follows
that, every gp-closed soft set is a p-closed soft set. Consequently, (X, 71,72, E) is a
PST;. 1t is clear that (z.,, E) is a soft point but it is not p-closed soft set. Thus,

(X, 11,72, E) is not a PST?.
Theorem 3.24. If (X, m, E) or (X,n2, E) is an STy, then (X, 11,12, E) is a PSTY.
Proof. Straightforward. a

Remark 3.25. The converse of Theorem 3.24 is not true in general which shown
in the following example.
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Example 3.26. In Example 3.18, we have (X, n1, 12, F) is a PST". If z is a positive
integer and e € F, then (z., F) is a soft point in (Z, E) but it is not closed soft set
in 72, because z.(e) = {z} € Z~. Thus, by Theorem 2.19, (X, 72, E) is not ST.

Similarly, if y is a negative integer and a € E, then (y,, E) is a soft point in (Z, E)
but it is not closed soft set in 71, because yq(a) = {y} € Z*. Thus, (X,n, E) is
not STy. Consequently, (X,n1,E) and (X, 72, E) are not ST;. Though, we have
(X,m,m2, E) is a PSTY.

Theorem 3.27. If (X,m1,n2, E) is a PSTY, then it is a PSR}.

Proof. Let (X,m1,m2, E) be a PSTy. Then, every soft point (z., E) is a p-closed
soft set, it follows that every soft point (z., E) is a gp-closed soft sets [by Theorem
2.35]. Therefore, by Theorem 2.39, (X, 11,12, FE) is a PSR}. O

Remark 3.28. The converse of Theorem 3.27 is not true in general which shown
in the following example.

Example 3.29. Let X = {a,b}, E = {e1,e2} and let
= {(¢7E)a (X7E)a (GaE)}v 2 = {(¢a E)v (XaE)7 (Hv E)}a

(Gv E) = {(617 {a})v (62, {b})}v (Ha E) = {(61, {Nb})v (627 {a})}

Then, (X,n1,n2, E) is a sbts. Thus, n12 = {(¢, E), (X, E), (G, E),(H, E)}.
Moreover, 1§, = {((;S, E),(X,E),(G,E), (H,E)}. Tt is clear that

sclia(ae, , E) = sclya(be,, E) = (G, E) and scli2(ae,, E) = sclia(be,, E) = (H, E).
Thus, ae, €sclia(be,, F) and b, Esclia(ae,, E), be, €scl12(ae,, E) and ae, €sclia(be, , F).
Also, we have R ~ }

e, €scl12(bey, E), be, €sclia(ae,, E) and ac,&scli2(bey, E), be,Escliz(ae,, E).
So, (X,m,m2, E) is a PSR{. Tt is clear that (a.,, E) is a soft point but it is not
p-closed soft set. Hence, (X, n1,n2, E) is not PSTy.

where

Theorem 3.30. A sbts (X,m,n2, E) is a PSTY if and only if it is PSTy and PSR}.

Proof. The first direction is immediate from the Corollary 3.21 and Theorem 3.27.
To prove the inverse direction, let z, € &(X)g. Suppose that y,Esclia(ze, E).
Then by PSR property, scli2(ya, E) = sclia(x., E) [by Theorem 2.40]. By PSTg
property, we have (yo, E) = (%, E) [by Theorem 3.4 (2)]. Thus, y,&(x., E). So,
scliz2(xe, E) = (e, E). Hence, (X, n1,m2, F) is a PSTY. O

Theorem 3.31. If (X,n1,m2, E) is PST} , then (X,npa, E) is an STy.
Proof. Tt is immediate from Theorem 3.19. d

Definition 3.32. A sbts (X,n1,72, F) is said to be a pairwise soft Rj [briefly,
PSRy, if for each x4, yg € £(X) g, sclia(Ta, E) # scli2(ys, E), thereexist (G, E), (H,E) €
2 such that SCZlQ(‘rOU E)Q(G7 E)a SCZIQ(yﬁv E)Q(H7 E) and (Ga E)ﬁ(Ha E) = ((ba E)

Theorem 3.33. If (X,m,n2, E) is a PSR}, then it is PSR}.

Proof. Let sclia(zq, E) # scli2(ys, E). Then, by hypothesis, there exists (G, E),
(H, E) € n12 such that
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scha(wa, E)S(G, E), scha(ys, E)C(H, E) and (G, E)A(H, E) = (¢, E).
It follows that sclia(za, E)Asclia(ys, B)C(G, E)YN(H, E) = (¢, E). Thus,

scha(ta, E)scha(ys, E) = (6, ).
So, by Theorem 2.41, (X,n1,m2, FE) is a PSR}. O

Remark 3.34. The converse of Theorem 3.33 is not true in general which shown
in the following example.

Example 3.35. Let X be an infinite universe and let E be a set of parameters.
Then 7., C SS(X)g is a soft topology on X , where

Neo = {(60, E)}YU{(G,E) € SS(X)g : G(e) is finite V e € E} [see Proposition 3.1
in [16] ]. Thus, (X, McosNeos E) is a PSTY. So it is PSRY. [here n12 = 1¢o). Now, for
any two non-null soft set (G, E), (F, E) in n.,, G(e), F°(e) are finite for all e € E.
It follows that G¢(e) U F°(e) is finite, for all e € E. So, (G, E)°U(F, E)¢ is a finite
soft set . On the other hand, R ~

(G E)A(F, ) = (X, E)\ (G, Ef"(X, B) \ (F, E)° = (X, E)\ [(G, B)*O(F, B].

Hence, (G, E)N\(F, E) # (¢, E). Therefore, (X, Nco, eo, E) is not PSRY.

Definition 3.36. A sbts (X,n;,n2, E) is said to be a pairwise soft Ty [briefly,
PSTy], if ¥V 24, yg € &(X)E, Ta # yp, there exist (O, E), (Oy,, E) € n12 such

that (O, , E)N(O,,, E) = (¢, E), where (O, , E) means that z,&(O,,, E).

s>
Example 3.37. For any soft topologyn on X, we have (X,n, SS(X)g, E) isa PST;.

Theorem 3.38. Every PSTy is a PSTY.

Proof. Immediate. O

Remark 3.39. The converse of Theorem 3.38 is not true in general as shown in
Example 3.35.

Theorem 3.40. If (X, m, E) or (X,n2, E) is a STy, then (X,n1,1n2, E) is a PSTy.
Proof. Tt is clear from the fact 11,72 C n12. O
Theorem 3.41. (X,n1,m2, E) is a PSTy if and only if it is PST{ and PSR;.

Proof. 1t is easy to prove that every PSTy is a PST(. Let sclia(a, E) # scli2(ys, E).
Then, z, # yg. Thus, there exist (G, E), (H, E) € n12 such that
2a€(G, E), ys€(H, E) and (G, E)N(H, E) = (4, E).

It follows that, by Theorem 2.28, skeria(7q, E)C(G, E) and sker12(ys, E)C(H, E).
So, by Theorems 2.42 and 3.27,

sclia(za, BYC(G, E), sclia(ys, E)S(H, E) and (G, E)A(H, E) = (¢, E).
Hence, (X, 1,192, F) is a PSR;.

Conversely, let z, # yg. Then, by given and Theorem 3.4, scliz(zq,E) #
scli2(yp, E). Thus, by hypothesis there exist (G, E), (H, E) € m12 such that

30[12(xa7 E)Q(Ga E)a SCZ12(yﬁ’ E)Q(Ha E) and (Gv E)ﬁ(Hv E) = (‘57 E)
It follows that ©,&(G, E), y3€(H, E) and (G, E)N\(H, E) = (¢, E).
So, (X,m,m2, E) is a PSTy. O
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Corollary 3.42. Let (X,n1,m2, E) be a sbts. The following diagram holds:

PST; = PST; = PST; = PST}.
3 \

PSR: = PSR},

Theorem 3.43. Let (X, 11,12, E) be a sbts. Then

(1) if (X,m,m2,E) is a PST;, then (X,n,n5) is a PT;, i = 0,1
ec€F,

(2) if (X,m,m2, E) is a PSR, then (X,n$,n5) is a PR;, i=0,1, for alle € E.

2, for all

7277

Proof. (1) We shall prove the theorem at ¢ = 0 and the others are similar. Let
x,y € X such that z # y. Then z. # y. V e € E. Since (X,n1,1n2, E) is a PST{,
there exists (G, E) € 112 such that 2.&(G, E), y.&(G, E) or z.4(G, E), y.€(G, E).
We claim that z.€(G, E), y.Z(G, E), then € G(e) and y & G(e). Now, since
(G,E) € ma, G(e) € n%y. Thus, for all z,y € X such that z # vy, there exists
G(e) € 1%, such that x € G(e), y € G(e) or & G(e), y € G(e). So, (X,n$,ns, E) is
a PTO

(2) At i =0, see Theorem 5.7 in [8]. Similarly, At i = 1. O

Theorem 3.44. Let (X, 1,12, E) be a sbts and Y C X. Then (Y, iy, n2y, E) is a
sbts onY. ]\{oreover, My2y = N2y, where

may = {(Y,E)ﬁ(G, E) : (G, E) S 7’]12},
and

myay = {(H, E) S SS(Y)E : (H, E) ES (Hl,E)O(H27E), (Hz,E) (S 771'Y7Z' = 172}

Proof. Since (X, n1,1m2, FE) is a sbts, (X,m, E) and (X, 172, E) are soft topological
spaces on X. Since Y C X, (Y, m1v, E) and (Y, n2y, F) are soft topologies on Y [see
Definition 27 in [19]]. Consequently, (Y, my, 2y, F) is a sbts on Y.

Now, Since (X, 11,12, E) is a sbts, (X,n12, E) is a supra soft topological space.
Then, (Y, n12y, F) is a supra soft topological space on Y.

Now, let (G, E) € m12y. Then, there exists (H, E') € 112 such that

(G.B) = (V.E)Y(H.E)
= (V, E)AI(Hy, EYO(Hy, B)), (Hy,E) € ny and (Hy, E) €
=Y, E)A(H,, )]U[(Y E)N(Ha, E)].
Since (Y,E)N (H17 E) € my an ( EYA(Hs, E) € nay,
(Y, E)A(Hy, E)|O[(Y, E)A(Hs, E)] € myay. Thus, (G,E) € miyay. So, ni2y C
myay-
By similar way, we can prove that 11y2y C n12y . O

Theorem 3.45. Let (X,m1,12, F) be a sbts and let Y C X. Then

(1) if (X,m,m2, E) is a PST}, then (Y,my,n2y, E) is a PST*, =0, %
(2) if (X,m,m2, E) is a PSR}, then (Y,my,n2y, E) is a PSR!, i =0,1.
Proof. Straightforward. O
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4. CONCLUSION

. Soft sets play a very important role in general and soft topology and they are now
the research topics of many topologists worldwide. Some important applications
of soft sets are in decision making, data mining, medical diagnosis and complete
(incomplete) information systems, etc. Indeed a significant theme in general, soft
topology and real analysis concerns the variously modified forms of continuity, sepa-
ration axioms etc. by utilizing crisp and soft sets. The concept of a soft bitopological
space was introduced by Ittanagi [2]. Kandil et al.[9] introduced some structures of
soft bitopological space (X, 71,72, F). In this paper, we introduced and studied
some classes of soft bitopological spaces, namely, PSTy, PST}, PSTy and PSR}
spaces. Characterizations of these spaces are obtained. Moreover, we studied the
implications of these types of soft separation axioms in soft and crisp cases. Finally,
we showed that these soft separation axioms are hereditary properties. The future
work is to introduce the relation between the family of all information system with
set of subjects X and the family of all soft bitopologies on X itself, also we will
give some application in decision making by utilizing properties of soft bitopological
space.
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