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1. INTRODUCTION

The theory of fuzzy sets was introduced by L.A. Zadeh [28] in 1965. Kramosil
and Michalek [10] introduced the fuzzy metric spaces (FM-spaces) by generalizing the
concept of probabilistic metric spaces to fuzzy situation. George and Veeramani [7]
modified the concept of fuzzy metric spaces introduced by Kramosil and Michalek
[10]. In [3] Abbas et al. discussed some fixed point theorems of non-compatible
mappings in fuzzy metric space. On the other hand, Atanassov [2] introduced the
concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. Park[19] has
introduced and studied the notion of intuitionistic fuzzy metric spaces. Further,
Saadati et al.[20] proposed the idea of a continuous t-representable under the name
modified intuitionistic fuzzy metric space which is a milestone in developing fixed
point theory. In a series of papers the authors [1, 8, 9, 11, 12, 13, 17, 18, 27] proved
several fixed point results in intuitionistic fuzzy metric space. In [4] Alaca, Turkoglu
and Yildiz, proved the well known fixed point theorems of Banach and Edelstein
in intuitionistic fuzzy metric spaces with the help of Grabiec [5]. Sharma, Sharma
and Tseki [21] studied for the first time contraction type mappings in 2-metric space.
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In 1992, Dhage [6] in introduced a new class of generalized metric space called D-
metric space. Singh and Chouhan [25] defined S-metric space by using the concept
of D-metric space. However, Mustafa and Sims in [14, 15] have pointed out that
most of the results claimed by Dhage and others in D-metric spaces are invalid,
they introduced a new concept of generalized metric space called G-metric space
[26]. Using the concept of G-metric space, Sun and Yang [20] introduced the notion
of @-Fuzzy metric space. Sedghi et. al. in [24] introduced D*-metric space which
is a generalization of G-metric space. Using the concept of D*-metric space, Sedghi
and Shobe [22] defined M-fuzzy metric space. Sedghi et. al [23] defined S-metric
space which is a generalization of D*-metric space and G-metric space. Recently,
Malviya [10] initiated the concept of N fuzzy metric space.

In this paper, the notion of an N-intuitionistic fuzzy metric space is introduced
and defined the various types of mapping over N-intuitionistic fuzzy metric space.
Some properties of an N-intuitionistic fuzzy metric space are studied.

2. PRELIMINARIES

Definition 2.1. A binary operation * : [0,1] x [0,1] — [0, 1] is continuous ¢-norm,
if x is satisfying the following conditions:
(1) * is commutative and associative,
(2) * is continuous,
(3) ax1=a, for all a € [0,1],
(4) a*b < cxd, whenever a < ¢ and b < d, for each a, b, c,d € [0, 1].

Definition 2.2. A binary operation ¢ : [0, 1] x [0,1] — [0, 1] is continuous ¢-conorm,
if ¢ is satisfying the following conditions:
(1) © is commutative and associative,
(2) o is continuous,
(3) a0 =a, for all a € [0,1],
(4) aob < cod, whenever a < ¢ and b < d, for each a, b, c,d € [0, 1].

Definition 2.3. The 5-tuple (X, M, N, %, ¢) is said to be intuitionistic fuzzy metric
space, if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm
and M, N are fuzzy sets on X? x (0, 00) satisfying the following conditions: for all
z,y,z € X, s,t>0,

(1) M(z,y, )+N(x y,t) < 1

(2) M(z,y,t) >

) M)~ 12—y

(4) M(z,y,t) = M(y,z,t);

(5) M(z,z,t+s) > M(z,y,t) * M(y, 2, s);

(6) M(z,y,.):(0,00) — (0,1] is left-continuous;
(7) limysoo M(z,y,t) =1

(8) N(z,y,t) > 0;

(9) Nlr,yt) =0z = y;

(10) N(z,y,t) = N(y,,t);

(11) N(w,2t+5) < N(z,9,6) o N(y, 2 5);

(12) N(z,y,.): (0,00) — (0,1] is right-continuous;
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(13) lim¢—oo N(z,y,t) = 0;
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (z,y,t)

and N (z,y,t) denote the degree of nearness and the degree of non-nearness between
x and y with respect to ¢, respectively.

3. N-INTUITIONISTIC FUZZY METRIC SPACE

Definition 3.1. The 5-tuple (X, N1, N, %,¢) is said to be N - intuitionistic fuzzy
metric space, if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-
conorm and Ny,Ny are fuzzy sets on X2 x (0, c0) satisfying the following conditions:
for all z,y,z € X, r,s,t >0,

Ny(z,y,2,t) + Na(z,y, 2,t) < 1;

Nl(fﬂ,y,Z,t) > 0,

Ni(z,y,2,t) =1 if and only if x =y = z;

Ni(z,y,z,m+s+t) > Ni(z,z,a,7) * N1(y,y,a,s) * N1 (z,z,a,t);
Ni(z,y,2,.): (0,00) = (0,1] is left-continuous;

No(z,y,2,t) > 0;

Ny(z,y,2,t) =0 if and only if x =y = z;

No(z,y,z,mr+s+1) < No(z,z,a,7) 0 Na(y, y, a, s) o Na(z, 2z, a,t);
Nao(z,y,2,.): (0,00) = (0,1] is right-continuous;

Then (N, N») is called an N-intuitionistic fuzzy metric on X.

Example 3.2. Consider X = R is a real line and S is an S-metric on X defined by
Sy, 2) = |o—z[+ [y — 2|,

Define a * b * ¢ = min{a, b, ¢} and a©boc = max{a,b,c} for every a,b,c € [0,1] and
let N1, N2 be the function on X3 x [0, 00) is defined by

Nl(xvyaz7t) = m
(3.1) _ S("E7y7z)
N2($7y727t) T t+S(z,y,2)

for all z,y,z € X and t > 0.
Then (R, Ny, N, ,¢) is an N-intuitionistic fuzzy metric space.

4. TOPOLOGY INDUCED BY N-INTUITIONISTIC FUZZY METRIC

Definition 4.1. Let (X, Ny, Ny, *,¢) be an N- intuitionistic fuzzy metric space. For
t > 0, the open ball B(z,r,t) with center € X and radius 0 < r < 1 is defined by

B(.’[,T,t) :{ng:Nl(yvyaxat) > 1—7’,N2(y7y,$,t) <T}'

Proposition 4.2. Let (X, Ny, Na, *x,0) be an N-intuitionistic fuzzy metric space.
Define t = {A C X : x € A if and only if there exist t > 0 and r, 0 < r < 1 such
that B(z,r,t) C A}. Then T is a topology on X.

Proof. Obviously, ¢ and X belong to 7.
Let Ay, Ag, ..., A; € 7. Take U = U;c;A; and let @ € U. Then a € U;erA;. Thus
a € A; for some a € A; and for some i € I. Since A; € 7, thereexists0 <r < 1,t >0
such that B(a,r,t) C A;. So B(a,r,t) C A; C Ujer4; = U. Hence U € 7.
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Let Ay, Ay, As, ..., , Ay € T and U = NjerA;. Let a € U. Then a € A;,Vi € 1.
Thus for each ¢ € I, there exists 0 < r; < 1,¢, > 0 such that B(a,r;,t;) C A;. Let
r = min{r;,i € I} and ¢ = max{t;,¢ € I'}. Then r < r;,Vi € I. Thus r < r; for
allie IL1 —r <1—r; forallie I. Also, t > 0. So B(a,r,t) C A;,Vi € I. Hence
Bl(a,r,t) C NierA; = U. Therefore U € 7. O

Theorem 4.3. Let (X, N1, Na,*,0) be an N -intuitionistic fuzzy metric space. Let
B(z,r1,t) and B(x,ra,t) be open balls with the same center x € X and t > 0 with
radius 0 < r; < 1 and 0 < r9 < 1 respectively. Then we either have B(x,r1,t) C
B(z,ra,t) or B(x,re,t) C B(x,r,t).

Proof. Let x € X and ¢t > 0. Consider the open balls B(z,r1,t) and B(z,re,t) with
0<ri<1,0<ry <1.

If 4 = ro, then the result is trivial.

Let us assume that r1 # ro. Without loss of generality, assume that 0 < r; <
ro < 1. Then 1 —ro <1 —1ry. Now, let a € B(x,r1,t). It follows that

Ny(a,a,z,t) >1—1m
>1—179

No(a,a,z,t) <rq
<To

(4.1)

Thus a € B(a,rg,t). This implies that B(a,r1,t) C B(a,rs,t).
Assuming that 0 < 7, <r; < 1. Then 1 —r; < 1 —1ry. Now, let a € B(z, 79, 1).
It follows that

Ni(a,a,z,t) >1—19

>1—r
(4.2)
Na(a,a,z,t) <1y
<7
Thus a € B(a,r1,t). This implies that B(a,rs,t) C B(a,r1,t). d

Theorem 4.4. Let (X, Ny, Na, x,¢) be an N -intuitionistic fuzzy metric space, then
forallz,y,z € X andt > 0, we have Ny (z,z,y,t) = N1(y,y,z,t) and Na(z, z,y,t) =
NQ(yvyamvt)'

Proof. Since N-intuitionistic fuzzy metric is induced by S-metric and in S—metric
space S(z,z,y) = S(y,y,x),Vz,y € X. Then in N-intuitionistic fuzzy metric space,
Nl(:E?xay»t) = Nl(il/,y,%t) and N2(£v£7yat) = NQ(yayvxvt)ﬂvxvy € th > 0. O

Remark 4.5. Ny(z,x,y,.) is non-decreasing and Ny (z,z,y, .) is non-increasing, for
all z,y € X.

Proposition 4.6. FEvery N-intuitionistic fuzzy metric space is Hausdorff.

Proof. Let (X, Ny, Na,*,0) be an N-intuitionistic fuzzy metric space. Let x,y be

two distinct points of X. Then 0 < Ni(z,z,y,t) <1 and 0 < No(z,z,y,t) < 1. Let

Ni(x,z,y,t) =11, No(z,z,y,t) = ro and r = max{ry, ro}. Then for each rq € (r,1),

there exist r3 and r4 such that r3xrsxrs > rg and (1—r4)o(1—rg)o(1—ry) < (1—r9).
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Put r5 = max{rs, r4} and consider the open balls B(z,1—rs5, %) and B(y,1—7rs, ).
Then clearly

t t
B(Z,l*?’%,g)mB(y,l*Tf},g) :¢
For if there exists z € B(z,1 — rs, %) N B(y,1 —rs, %), then
t t t
™ = Nl(xaxay7t) > Nl(xaz7y7§) *Nl('raxa:%g) *Nl(I,$,y, g)
> 75 kT %5

> T3 kT3 kTs

>ro<TmT1
(4.3) " " ¢
T2 = NQ(-Tyxa:%t) < NQ(&L’,Z}?J, g) <>N2(£7xay7 §> ONQ(.%',JJ,y, g)
< (1—T5)<>(1—7"5)<>(1—7"5)
< (1—T4)<>(1—T4)<>(1—7"4)
< (1 — ’I“o) < Ta.
which is a contradiction. Thus (X, Ny, N, *,¢) is Hasudorff O

Definition 4.7. A sequence z, in (X, N1, Na, %,¢) is converges to z € X if

Ny (Tp, xp, 2, t) =1 and No(2p, Tn, 2, t) =0
or
Ny (z,x,2p,t) =1 and No(z, z,x,,t) =0
as n — oo for each ¢t > 0. That is for each € > 0 and ¢t > 0 there exists n € N such
that for all n > ng,
Ny (T, xn,2,t) > 1 —€ and Na(zp, Tn, z,t) < €
or
Ni(z,x,zpn,t) > 1 — € and No(z,x,z,,t) < €.

Lemma 4.8. Let (X, N1, No, x,0) be an N-intuitionistic fuzzy metric space, where
* 18 minimum t-norm and ¢ is mazimum t-conorm. Let {x,} be a sequence in X. If
{zn} converges to x and {x,} also converges to y then x = y. That is the limit of
{zn} if exists is unique.

Proof. Let {x,} converges to x and y. Then Ny(x, z, x,,r) — 1 and No(x, z, z,, 1) —
0 as n — oo for each r > 0 and Ny(y,y,zn,t —2r) — 1 and Nao(y,y, Tn,t —2r) — 0
as n — oo for each t — 2r > 0.
Nl(l’,l‘,y,t) > Nl(x,x,xn,r) * Nl(.i?,.’l'},l‘n,’f‘) * Nl(yvyaxnvt - 2’[“)
=1x1%x1 as n— o0
—1
(4.4)
NZ(CU,%Z/J) < N2(l'71'7xn77’)QNQ(.’E,(E,(En,T)QNQ(y,y,.’IJn,t— 271)
=00000 as n -

— 0.
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Definition 4.9. Let (X, N1, No, x,¢) be an N-intuitionistic fuzzy metric space and
{zn} be a sequence in X is called Cauchy sequence. If for each ¢ > 0 and ¢ > 0
there exists ng € N such that
Ny (zp, T, Tm,t) > 1 — € and No(xp, Tn, T, t) < €
or
Ny (T, Ty Ty t) > 1 — € and No(Xp,, T, Tpy t) < €

for all n,m > n,.

Definition 4.10. Let (X, N1, Na,*,¢) be an N-intuitionistic fuzzy metric space.
If every Cauchy sequence in X is convergent in X, then X is called a complete
N-intuitionistic fuzzy metric space.

Lemma 4.11. Let (X, Ny, No,*,0) be an N-fuzzy metric space, where x and ¢ are
the minimum t-norm and mazimum t-conorm respectively, and {x,} be a sequence
in X. If {z,} converges to x, then {x,} is a Cauchy sequence.

Proof. For each r,t > 0, there is p € N. Then
Ni(zp, zp,z,7) = 1, No(p, Zp,x,7) = 0 as n — 0o

and

N1 (@ntp, Tntps Tt — 2r) = 1, No(Zptp, Tngp, T, t —27) = 0
as n — oo for each ¢t — 2r > 0.
On the other hand,

4.5

(Nl)(mn,xn, Tntp,T) > Ni(Zpn, Tn, 2,7) * N1 (2, Tn, 2, 7) * N1 (Znyp, Trgp, T, t — 21)
=1x1%x1 as n— o0
=1 [where 1x1x1=min{l,1,1}]

No(@n, Tny Tpaps T) < No(Tny Ty 2, 7) © No(Zpy T, ©,7) © No(Zpgps Tnsp, T, T — 27)
=00000 as n — o0
=0 [where 00000 =max{0,0,0}].

Thus {z,} is a Cauchy sequence. O

Definition 4.12. Let (X, Ny, N3, *,¢) and (X', N7, N4, %, ¢) be N-intuitionistic fuzzy
metric spaces. Then a function f : X — X' is said to be continuous at a point z € X
if and only if it is sequentially continuous at z, that is whenever {x,,} is convergent
to  we have {f(x,)} is convergent to f(z).

Lemma 4.13. Let (X, Ny, Na,*,0) be an N -intuitionistic fuzzy metric space. Let
{z,} and {y,} be two sequences in X and suppose {x,} = x,{yn} =y as n — o
and N1(z,z,y,t,) = Ni(z,z,y,t), No(x,z,y,t,) = Na(z,z,y,t) asn — co. Then
N1 (Zpy Ty Yny tn) = Ni(z, 2, y,t) and Na(Tp, Tn, Yn, tn) = No(x,2,y,t)as n — oo.

Proof. Since, lim,, o0 Zpn = @, limy, 00 Y = y and lim,, oo N1(2, 2, y,t,) = N1 (2, 2,9, t),
limy, 00 No(x, 2, y,t,) = Nao(z,z,y,t), there is ng € N such that |t — ¢,| < § for
282
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n>ngand § < %
Since Ni(xz,x,y,t) is non-decreasing with respect to t,

Nl(xn7xnayn7t) Z Nl(l"ruxnay’nat_ 6)
1) 1) o
2 Nl(zn,xn,x, g) * Nl(zn,xn,x, g) * Nl(yTHynaxvt - %)
1)
G

> Nl(l'namnaxa g) * Nl(xnaxnaxa g) * Nl(ynvynaxa

6
*Nl(ynvynayatf 6) *Nl(y7y7xat7 26)

Since Na(x,z,y,t) is non-increasing with respect to t,
No(Tn, Tn, Ynst) < No(Zn, Tn, Yn,t — 6)

é 6 59
< No(2p, @, T, g) o No(zp, Tn, T, §) © No(Yn, Yn, T, t — E)
4.7 1) 6
( ) SNQ(In7$n,JI,g)QNQ(Z’n,.’En,JT,g)
§ §
<o N2(ymyn,$, 6) 0N2(yn7yn7 y,t— 6) 0N2(y7ya-r7t - 26)

Combining the arbitrariness of § and the continuity of Ny(z,z,y,.), Na(x,2,y,.)
w.r.to t. For large enough n, we have

Nl(l’,l’,y,t) > Nl(l'n,l'n,yn,tn) > Nl(yay,l'vt)
Ny(z,2,y,t) > N1 (Tny Tny Yn, tn) > N1(z,2,y,t)  Using 4.4
= lim Ni(Zn, T, Yn,tn) = Ni(z,2,y,1t)

n—oo
(4.8)
No(z,2,y,t) < No(Tpny Ty Yn, tn) < No(y,y,2,t)
No(z,x,y,t) < No(Tp, Ty Ynytn) < No(x,z,y,t)  Using 4.4
= lim No(zp,Zn,Yn,tn) = No(x,z,9,t).

n— oo

Lemma 4.14. Let (X, N1, No, x,0) be an N -intuitionistic fuzzy metric space. If
there exists g € (0,1) such that Ny(z,x,y,g9t) > No(x,x,y,t), Na(z,z,y,gt) <
No(z,z,y,t), for allz,y € X, t >0 and
lim, 00 N1(z,9,2,t) = 1,
lim,, oo No(z,y,2,t) =0
Then © =y.
Proof. Suppose that there exists g € (0, 1) such that Ny (z,x,y, gt) > Ni(z, z,y,t),
No(z,2,y,gt) < Na(z,z,y,t) for all z,y € X and ¢t > 0.
Then Ny (z,z,y,t) > Ni(z,z,y, é) Thus Ny (z,z,y,t) > Ni(z,z,y, g%)
Similarly, Na(z,x,y,t) < Na(z,z,y, é) So

No(z,z,y,t) < No(x, z,vy, gin)7 for positive integer n.

Taking limit as n — oo, Ni(z,z,y,t) > 1, Na(z,z,y,t) < 0. Hence x = y. O
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5. THE VARIOUS TYPES OF MAPPING IN N-INTUITIONISTIC FUZZY METRIC SPACES

Definition 5.1. Let S and T maps from an N-intuitionistic fuzzy metric space
(X, N1, N, x,0) into itself. The maps S and T are said to be compatible, if for all
t>0,

lim, oo N1(STxy, STy, TSy, t) =1 and lim,, oo No(STxy, STxy, TSy, t) =0

Example 5.2. Let X = [2,20). For each ¢t € (0,00) and for all z,y, 2 € X, define
- _ _lz—zlt+ly—z]
Ni(z,y,2,1) = m and No(w,y,2,t) = m
Clearly (X, Ny, Na, *,0) is an N-intuitionistic fuzzy metric space, where * is defined
by a * b ¢ = min{a, b, c} and ¢ is defined by a ¢ b ¢ = max{a,b,c}. Let S and T
be self maps of X defined as

2 if x=2or x>35,
Tx)=<12if 2<x<5
””T‘H if x> 5.

2 if x =2 >5
(5.1)  S@)=4q. . Lot ATI™
6 if 2<z<5
Let sequence {z,} be defined as z,, =5 + %771 > 1. Then we have lim,,_,o0 STy, =
lim;, o0 Ty, = 2. Thus, S and T satisfy the property (E.A.). Also,

hmn_)oo Nl(STl'n,STJ)n,TSJTn,t) = m = H—LO = 1,

limy, o0 No (ST, ST, TSy, t) = 252522 = 00 =0,

So, S and T are compatible.

Definition 5.3. Let S and T be maps from an N-intuitionistic fuzzy metric space
(X, N1, Na, x,0) into itself. The maps are said to be weakly compatible, if they
commute at their coincidence points, that is, Sz = Tz implies that STz = T'Sz.

Definition 5.4. Let S and T be maps from an N-intuitionistic fuzzy metric space
(X, N1, Na, %, ) into itself. The maps .S and T are said to be semicompatible, if for all
t > 0. lim, 0o N1(STxp, STxp, T2,t) = 1 and lim, oo No(STxy, STz, T2,t) =0
whenever{z,} is a sequence in X such that lim, ., Sz, = lim, o Tx, = z for
some x € X.

Remark 5.5. The semicompatible of the pair (S,7"), need not imply the semicom-
patible of (T, 5).

Example 5.6. Let X = [0,1] and (X, N1, N, *,0) be the N-intuitionistic fuzzy
metric space with
Nl(.%',y, Z,t) == [GXp M‘:‘y—zu]—l

and
NQ(xaCU,Z,t) =1- [exp M‘Ily—d]]—l
for all z,y,2,€ X,t > 0.

Define self-map as follows:
if 0< 1
(5.2) Suaz{x? Sk

Let I be the identity map on X and z, = & — 1. Then, {ISz,} = {Sz,} =

£ # S{i}. Thus (I,5) is not semicompatible. Again as (I,S) is commuting, it is
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compatible. Further, for any sequence {x,} in X such that {z,} — = and {Sz,,} —
x, we have {STz,} = {Sz,} = x = Ix. Hence (S, 1) is always semicompatible.

Remark 5.7. The above example gives an important aspect of semicompatibility as
the pair of self-maps (1, .5) is commuting, hence it is weakly commuting, compatible
and weak compatible yet it is not semicompatible. Further, it is to be noted that
the pair (S, 7) is semicompatible but (I,.5) is not semicompatible here.

The following is an example of a pair of self- maps (A, S) which is semicompatible
but not compatible.

Example 5.8. Let X = [0,2] and (X, Ny, No, %,0) be an N-intuitionistic fuzzy
metric, where * is defined by a * b * ¢ = min{a, b, ¢} and ¢ is defined by aoboc =

and Na(x,y,2,t) = lz—z|+ly—z|

— t I it o et
max{a,b,c}. Ni(2,y,2,%) = gr=pr=s FH— 2y

Define self-maps A and S as follows:

2 if 0<z<1 2 if =1
(5.3) Awy=47 2=" Sa)= e
g if 1<ax<2 otherwise

and ¥, =2 — 5-,n > 1. Then we have S(1) = A(1) =2 and 5(2) = A(2) = 1. Also

SA(1) = AS(1) =1 and SA(2) = AS(2) = 2. Thus, (4, S) is weak compatible.
Again, Az, =1— ﬁ,an =1- 10%' Then, Az,, — 1, Sx,, — 1. Thus v = 1.

Furthermore, SAz,, = % — ﬁ, ASz, = 2.

Now, lim, o0 N1(ASTy, ASTy, Su,t) = lim, o0 N1(2,2,2,t) =1

and

lim,, oo No(ASxz,,, ASxy, Su,t) = lim, o Na(2,2,2,¢) = 0.

So
lim Ny (ASan, ASan, SAzn,t) = lim Ni(2,2, % — —— ¢
Jm No(ASzo, Az, SAT 1) = lim Ni(2.2,5 — 550.0)
t
(5.4) IR R
t
=— <1 Vt>0
t+g
and
‘ , 4 1
nli)Héo NQ(ASIn,ASZ'n, SAzn’t) = 'n,h~>nolo N2(2727 g - %’t)
12— 442 - &
(5.5) ¥ :

ot 2— 42— 4

1

12
Hence (A, S) is semicompatible but it is not compatible.

Definition 5.9. Let S and T be two self-maps of an N-intuitionistic fuzzy metric
space (X, N1, No,*,0). We say that S and T satisfy the property (E.A.), if there
exists a sequence {x,} such that lim, ,.{S2,} = lim,,.{T2,} = 2z for some
zeX.
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Example 5.10. Let (X, N1, N, %, ¢) be an N-intuitionistic fuzzy metric space where
X =[0,1],  is defined by a * b * ¢ = min{a,b,c} and ¢ is defined by acboc =
max{a,b,c} and Nyi(z,y,z,t) = m and Nao(z,y, z,t) = %
Define the self-maps S, 7 : X — X by

1—z if z€]0,3] Lif z€]0,3]
(5.6) Sle) = 0 if xe (3 21] T@) =43 if = ez(l 1]
2 1 2
Then for the sequence {z,} = {3 — 2},n > 2, we have
limp, o0 S(3 — 2) =limy e 5 + £ =5 =limy0e T(5 — 2).

Thus the pair (S, T) satisfies property (E.A.).
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