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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [14] in his classical paper.
Using the concept of fuzzy sets Chang [1] introduced fuzzy topological spaces and
several other authors continued the investigation of such spaces. Chattopadhyay et
al. [2] and Ramadan [9] introduced new definition of smooth topological spaces as
a generalization of fuzzy topological spaces. Kandil [4] introduced and studied the
notion of fuzzy bitopological spaces as a natural generalization of fuzzy topological
spaces. Lee et al. [6] introduced the concept of smooth bitopological spaces as a
generalization of smooth topological spaces and Kandil’s fuzzy bitopological spaces.
Mashhour [8], Kerre et. al., [5] and Zahran [15] introduced the notion of fuzzy
regular semi open and regular semi closed sets and investigate the relationship among
fuzzy regular semi continuity and fuzzy regular semi irresolute mappings. In 2003,
Lee [7] introduced the concept of preopen sets in smooth bitopological spaces. In
this paper, we introduce and study the concept of r-(i, j)-fuzzy regular semi open
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(closed) sets in smooth bitopological spaces. By using r-(i, j)-fuzzy regular semi
open (closed) sets, we define a new fuzzy closure operator namely r-(i, j)-fuzzy
regular semi interior (closure) operator. Also, we generalize the notions of FP-
regular semi continuous (open, closed), FP-regualr semi irresolute (irresolute open,
irresolute closed) mappings in smooth bitopological spaces. We show that FP-regular
continuous mapping is FP-regular semi continuous, however, the converse is not
true. Also, we show that FP-regular semi irresolute mapping and FP-regular semi
continuous mappings are independent. Therefore, we have given characterizations
of all mentioned types of mappings. Finally, we established some counter examples
to show that these types are not equivalent.

2. Preliminaries

Throughout this paper, let X be a non-empty set, I = [0, 1], I0 = (0, 1]. A fuzzy
set λ of X is a mapping λ : X → I, and IX be the family of all fuzzy sets on X.
The complement of a fuzzy set λ is denoted by 1− λ. For λ ∈ IX , λ(x) = λ for all
x ∈ X. For each x ∈ X and t ∈ I0, a fuzzy point xt is defined by

xt(y) =

{
t if y = x

0 if y 6= x.

Let Pt(X) be the family of all fuzzy points in X. All other notations and definitions
are standard in the fuzzy set theory.

Definition 2.1 ([12]). A function τ : IX → I is called a smooth topology on X, if
it satisfies the following conditions:

(i) τ(0) = τ(1) = 1.
(ii) τ(

∨
i∈J µi) ≥

∧
i∈J τ(µi), for any {µi : i ∈ J} ⊆ IX .

(iii) τ(µ1 ∧ µ2) ≥ τ(µ1) ∧ τ(µ2), for all µ1, µ2 ∈ IX .

The pair (X, τ) is called a smooth topological space. The triple (X, τ1, τ2) is called
a smooth bitopological spaces (for short, smooth bts), where τ1 and τ2 are smooth
topologies on X. Throughout this paper, the indices i, j ∈ {1, 2}.

Theorem 2.2 ([3]). Let (X, τ) be a smooth topological space. Then for each λ ∈ IX
and r ∈ I0, we define an operator Cτ : IX × I0 → IX as follows: Cτ (λ, r) =

∧
{µ ∈

IX : λ ≤ µ, τ(1 − µ) ≥ r}. For λ, µ ∈ IX and r, s ∈ I0, the operator Cτ satisfies
the following statements:

(C1) Cτ (0, r) = 0.
(C2) λ ≤ Cτ (λ, r).
(C3) Cτ (λ, r) ∨ Cτ (µ, r) = Cτ (λ ∨ µ, r).
(C4) Cτ (λ, r) ≤ Cτ (λ, s), if r ≤ s.
(C5) Cτ (Cτ (λ, r), r) = Cτ (λ, r).

Theorem 2.3 ([3]). Let (X, τ) be a smooth topological space. Then for each λ ∈ IX
and r ∈ I0, we define an operator Iτ : IX × I0 → IX as follows: Iτ (λ, r) =

∨
{µ ∈

IX : µ ≤ λ, τ(µ) ≥ r}. For λ, µ ∈ IX and r, s ∈ I0, the operator Iτ satisfies the
following statements:

(I1) Iτ (1, r) = 1.
(I2) Iτ (λ, r) ≤ λ.
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(I3) Iτ (λ, r) ∧ Iτ (µ, r) = Iτ (λ ∧ µ, r).
(I4) Iτ (λ, r) ≤ Iτ (λ, s), if s ≤ r.
(I5) Iτ (Iτ (λ, r), r) = Iτ (λ, r).
(I6) Iτ (1− λ, r) = 1− Cτ (λ, r) and Cτ (1− λ, r) = 1− Iτ (λ, r).

Definition 2.4 ([10]). Let (X, τ1, τ2) be a smooth topological space, λ ∈ IX and
r ∈ I0. Then a fuzzy set λ is called an:

(i) r-(i, j)-fuzzy regular open (for short, r-(i, j)-fro) if λ = Iτi(Cτj (λ, r), r).
(ii) r-(i, j)-fuzzy regular closed (for short, r-(i, j)-frc) if λ = Cτi(Iτj (λ, r), r).

Definition 2.5 ([13]). Let (X, τ) be a smooth topological space. For λ, µ ∈ IX
and r ∈ I0.

(1) The r-fuzzy regular closure of λ, denoted by RCτ (λ, r), and is defined by
RCτ (λ, r) =

∧
{µ ∈ IX |µ ≥ λ, µ is r-frc }.

(2) The r-fuzzy regular interiror of λ, denoted by RIτ (λ, r), and is defined by
RIτ (λ, r) =

∨
{µ ∈ IX |µ ≤ λ, µ is r-fro }.

Definition 2.6 ([11]). Let (X, τ1, τ2) be a smooth bts and λ ∈ IX , r ∈ I0. Then
a fuzzy set λ is called an:

(i) r-(i, j)-fuzzy semi open (for short, r-(i, j)-fso) if there exists µ ∈ IX with
τi(µ) ≥ r and µ ≤ λ ≤ Cτj (µ, r), i, j = 1, 2, i 6= j.

(ii) r-(i, j)-fuzzy semi closed (for short, r-(i, j)-fsc) if there exists µ ∈ IX with
τi(1− µ) ≥ r and Iτj (µ, r) ≤ λ ≤ µ, i, j = 1, 2, i 6= j.

3. r-(i, j)-fuzzy regular semi open and r-(i, j)-fuzzy regular semi closed
sets

Definition 3.1. Let (X, τ1, τ2) be a smooth bts and λ ∈ IX , r ∈ I0.
(i) λ is called an r-(i, j)-fuzzy regular semi open (for short, r-(i, j)-frso), if there

exists r-(i, j)-fro set µ ∈ IX and µ ≤ λ ≤ Cτj (µ, r), i, j = 1, 2, i 6= j.
(ii) λ is called an r-(i, j)-fuzzy regular semi closed (for short, r-(i, j)-frsc), if there

exists r-(i, j)-frc set µ ∈ IX and Iτj (µ, r) ≤ λ ≤ µ, i, j = 1, 2, i 6= j.
(iii) The r-(i, j)-fuzzy regular semi interiror of λ, denoted byRSIij(λ, r), is defined

by RSIij(λ, r) =
∨
{µ ∈ IX | µ ≤ λ, µ is r-(i, j)-frso }.

(iv) The r-(i, j)-fuzzy regular semi closure of λ, denoted by RSCij(λ, r) is defined
by RSCij(λ, r) =

∧
{µ ∈ IX | µ ≥ λ, µ is r-(i, j)-frsc }.

Theorem 3.2. Let (X, τ1, τ2) be a smooth bts. For λ ∈ IX , r ∈ I0, the following
statements are equivalent:

(1) λ is r-(i, j)-frso.
(2) λ ≤ Cτj (Iτi(λ, r), r).

(3) 1− λ is r-(i, j)-frsc.
(4) Iτi(Cτj (λ, r), r) ≤ (1− λ, r).

Proof. (1)⇒(2): Let λ be an r-(i, j)-frso set. Then there exists an r-(i, j)-fro set
µ such that µ ≤ λ ≤ Cτj (µ, r). Since µ is r-(i, j)-fro set and also since every r-
(i, j)-fro set r-τi-fuzzy open, τi(µ) ≥ r and by Theorem 2.3, Iτi(µ, r) = µ. Since
µ ≤ λ, we have µ = Iτi(µ, r) ≤ Iτi(λ, r). Thus Cτj (µ, r) ≤ Cτj (Iτi(λ, r), r). So
λ ≤ Cτj (Iτi(λ, r), r).
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(2)⇒(1): Put µ = Iτi(λ, r) and let µ be a r-(i, j)-fro set. Then by (2), λ ≤
Cτj (Iτi(λ, r), r) ≤ Cτj (µ, r). Thus µ = Iτi(λ, r) ≤ λ ≤ Cτj (µ, r). So λ is r-(i, j)-frso
set.

(1)⇔(3): It is easily proved from the following:
µ ≤ λ ≤ Cτj (µ, r)⇔ 1−Cτj (µ, r) ≤ 1−λ ≤ 1−µ⇔ Iτj (1−µ, r) ≤ 1−λ ≤ 1−µ.

(By Theorem 2.3(I6)).
(2)⇔(4): It follow immediately by taking the complement of the two sides. �

Theorem 3.3. Let (X, τ1, τ2) be a smooth bts. Then

(1) any union of r-(i, j)-frso sets is r-(i, j)-frso set,
(2) any intersection of r-(i, j)-frsc sets is r-(i, j)-frsc set.

Proof. (1) Let {λα : α ∈ Γ} be a family of r-(i, j)-frso. Then for each α ∈ Γ, there
exists r-(i, j)-fro set να ∈ IX such that

να ≤ λα ≤ Cτj (να, r)(3.1)

Also, να ≤ ∨να implies that Cτj (να, r) ≤ Cτj (∨να, r). Then, from (3.1), we have
∨να ≤ ∨λα ≤ Cτj (να, r) ≤ Cτj (∨να, r).

Since τi(∨να) ≥ ∧(να) is r-(i, j)-fro set, ∨λα is r-(i, j)-frso.
(2) It is similar to (1). �

Theorem 3.4. Let (X, τ1, τ2) be smooth bts, λ, µ ∈ IX and r ∈ I0.

(1) If λ is r-(i, j)-fro set, then λ is r-(i, j)-frso.
(2) If λ is r-(i, j)-frso and Iτi(λ, r) ≤ µ ≤ Cτj (λ, r), then µ is r-(i, j)-frso.
(3) If λ is r-(i, j)-frsc and Iτj (λ, r) ≤ µ ≤ Cτi(λ, r), then µ is r-(i, j)-frsc.

Proof. (1) Let λ is r-(i, j)-fro, since λ ≤ λ ≤ Cτj (λ, r). Then λ is r-(i, j)-frso.
(2) Let λ be r-(i, j)-frso such that Iτi(λ, r) ≤ µ ≤ Cτj (λ, r). Then there exists

r-(i, j)-fro set ν ∈ IX such that ν ≤ λ ≤ Cτj (ν, r). It implies Cτj (λ, r) ≤ Cτj (ν, r)
and thus µ ≤ Cτj (ν, r). Also, ν ≤ Iτi(λ, r) ≤ µ. It follows that, ν ≤ µ ≤ Cτj (ν, r).
So, µ is r-(i, j)-frso.

(3) It is similar to (2). �

Remark 3.5. Note that every r-(i, j)-fro (resp. r-(i, j)-frso) set is r-(i, j)-frso (resp.
r-(i, j)-fso) set. However, the converse is not true as shown in the following example.

Example 3.6. Let X = {a, b, c}, λ, µ, δ ∈ IX are defined as λ(a) = 0.5, λ(b) =
0.5, λ(c) = 0.6; µ(a) = 0.4, µ(b) = 0.5, µ(c) = 0.6; δ(a) = 0.4, δ(b) = 0.5, δ(c) = 0.4.
We define smooth topologies τ1, τ2 : IX → I as follows:

τ1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = µ,

0 otherwise,

τ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = δ,

0 otherwise.

Then the fuzzy set µ is 1
2 -(1, 2)-fro set, µ ≤ λ ≤ Cτj (µ, r) and λ is 1

2 -(1, 2)-frso set

but not 1
2 -(1, 2)-fro set.

Example 3.7. Let X = {a, b, c}, λ, µ, δ ∈ IX are defined as λ(a) = 0.4, λ(b) =
0.5, λ(c) = 0.6; µ(a) = 0.3, µ(b) = 0.5, µ(c) = 0.6; δ(a) = 0.6, δ(b) = 0.5, δ(c) = 0.5.
We define smooth topologies τ1, τ2 : IX → I as follows:
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τ1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = µ,

0 otherwise,

τ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = δ,

0 otherwise.

Then the fuzzy open set µ, µ ≤ λ ≤ Cτj (µ, r) and λ is 1
2 -(1, 2)-fso set but not

1
2 -(1, 2)-frso set.

Proposition 3.8. Let (X, τ1, τ2) be smooth bts. For λ, µ ∈ IX and r ∈ I0. Then:

(1) RSIij(1− λ, r) = 1−RSCij(λ, r).
(2) RSCij(1− λ, r) = 1−RSIij(λ, r).
(3) If λ ≤ µ, then RSCij(λ, r) ≤ RSCij(µ, r).
(4) If λ ≤ µ, then RSIij(λ, r) ≤ RSIij(µ, r).

Proof. We prove (1), using Definition 3.1.
1−RSCij(λ, r) = 1−

∧
{µ ∈ IX | µ ≥ λ, µ is r-(i, j)-frsc}.

=
∨
{1− µ ∈ IX | 1− µ ≤ 1− λ, 1− µ is r-(i, j)-frso}.

= RSIij(1− λ, r).
(2) It is similar to the proof of (1).
(3) It follows from Definition 3.1.
(4) Taking the complement of (3) and (1). �

Theorem 3.9. Let (X, τ1, τ2) be smooth bts. For λ, µ ∈ IX and r ∈ I0. It satisfies
the following statements:

(1) λ is r-(i, j)-frso ⇔ λ = RSIij(λ, r).
(2) λ is r-(i, j)-frsc ⇔ λ = RSCij(λ, r).
(3) RSCij(0, r) = 0 and RSIij(1, r) = 1.
(4) RIτi(λ, r) ≤ RSIij(λ, r) ≤ λ ≤ RSCij(λ, r) ≤ RCτi(λ, r).
(5) RSCij(λ, r) ∨RSCij(µ, r) ≤ RSCij(λ ∨ µ, r).
(6) RCτi(RSCij(λ, r), r) = RSCij(RCτi(λ, r), r) = RCτi(λ, r).

Proof. (1) Let λ be r-(i, j)-frso. Then

RSIij(λ, r) = ∨{ρ ∈ IX : ρ ≤ λ, ρ is r -(i, j)-frso} = λ.

Conversely, let λ = RSIij(λ, r). Since RSIij(λ, r) is the arbitrary union of r-
(i, j)-frso, λ is r-(i, j)-frso.

(2) It is similar to (1).
(3) It is easily obtained from Definition 3.1.
(4) Clearly, RIτi(λ, r) =

∨
{ρ ∈ IX : ρ ≤ λ, ρ is r -(i, j)-fro}

≤
∨
{ρ ∈ IX : ρ ≤ λ, ρ is r -(i, j)-frso}

= RSIij(λ, r).
Then RIτi(λ, r) ≤ RSIij(λ, r). On one hand,

RSCij(λ, r) =
∧
{ρ ∈ IX : ρ ≥ λ, ρ is r -(i, j)-frsc} ≤ RCτi(λ, r).

Finally, we have

RIτi(λ, r) ≤ RSIij(λ, r) ≤ λ ≤ RSCij(λ, r) ≤ RCτi(λ, r).

(5) Since, µ ≤ µ ∨ ρ, ρ ≤ µ ∨ ρ. Then by Proposition 3.8(3), we have
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RSCij(µ, r) ≤ RSCij(µ ∨ ρ, r) and RSCij(ρ, r) ≤ RSCij(µ ∨ ρ, r).

Thus, RSCij(µ, r) ∨RSCij(ρ, r) ≤ RSCij(µ ∨ ρ, r).
(6) Since RCτi(λ, r) is r-(i, j)-frsc set, then

RSCij(RCτi(λ, r), r) = RCτi(λ, r)(3.2)

Now it remains to prove only the relation:

RCτi(RSCij(λ, r), r) = RCτi(λ, r).

Since, λ ≤ RSCij(λ, r), RCτi(λ, r) ≤ RCτi(RSCij(λ, r). It remains to prove:
RCτi(RSCij(λ, r), r) ≤ RCτi(λ, r). Let the contrary, that is, RCτi(RSCij(λ, r), r) �
RCτi(λ, r). Then RCτi(RSCij(λ, r), r) > RCτi(λ, r). Thus, there exists r-(i, j)-frc
set ρ ∈ IX , ρ ≥ λ such that

RCτi(λ, r)(x) < ρ(x) < RCτi(RSCij(λ, r), r)(x).(3.3)

Since λ ≤ ρ, RSCij(λ, r) ≤ RSCij(ρ, r)
= RSCij(RCτi(λ, r), r)
= RCτi(ρ, r).

So, RSCij(λ, r) ≤ RCτi(ρ, r) and this implies RCτi(RSCij(λ, r), r) ≤ RCτi(λ, r)
which contradicts to the relation (3.3). Hence the result holds. �

4. Fuzzy pairwise regular semi continuous mappings

Definition 4.1. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y
be a mapping. Then f is said to be:

(i) FP-regular continuous, if f−1(µ) is r-(i, j)-fro for each µ ∈ IY , ηi(µ) ≥ r,
i, j = 1, 2, i 6= j.

(ii) FP-regular semi irresolute (resp. FP-regular semi continuous), if f−1(µ) is r-
(i, j)-frso for each r-(i, j)-frso set µ ∈ IY (resp. µ ∈ IY , ηi(µ) ≥ r), i, j = 1, 2, i 6= j.

(iii) FP-regular semi irresolute open (resp. FP-regular semi open), if f(λ) is
r-(i, j)-frso in Y for each r-(i, j)-frso set λ ∈ IX (resp. λ ∈ IX , τi(λ) ≥ r).

(iv) FP-regular semi irresolute closed (resp. FP-regular semi closed), if f(λ) is
r-(i, j)-frsc in Y for each r-(i, j)-frsc set λ ∈ IX (resp. λ ∈ IX , τi(1− λ) ≥ r).

(v) FP-regular semi irresolute homeomorphism iff f is bijective, f and f−1 are
FP-regular semi irresolute.

Remark 4.2. (1) Every FP-regular continuous mapping is FP-regular semi contin-
uous. However, the converse is not true as shown in the following example.

(2) FP-regular semi irresolute mappings and FP-regular semi continuous map-
pings are independent.

Example 4.3. Let X = {a, b, c} = Y , λ1, λ2 ∈ IX , λ3, λ4 ∈ IY are defined as
λ1(a) = 0.4, λ1(b) = 0.5, λ1(c) = 0.6; λ2(a) = 0.4, λ2(b) = 0.5, λ2(c) = 0.4; λ3(a) =
0.5, λ3(b) = 0.5, λ3(c) = 0.6; λ4(a) = 0.4, λ4(b) = 0.5, λ4(c) = 0.6. We define smooth
topologies τ1, τ2, η1, η2 : IX → I as follows:

τ1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ1,

0 otherwise,

τ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ2,

0 otherwise,
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η1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ3,

0 otherwise,

η2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ4,

0 otherwise.

For r = 1
2 , η1(λ3) ≥ r and there exist a 1

2 -(1, 2)-fro set λ1 such that λ1 ≤ λ3 ≤
Cτj (λ1, r), f

−1(λ3) is 1
2 -(1, 2)-frso set in X and also η2(λ4) ≥ r, there exist a 1

2 -

(2, 1)-fro set λ2 such that λ2 ≤ λ4 ≤ Cτj (λ2, r), f
−1(λ4) is 1

2 -(2, 1)-frso set in X,

but f−1(λ3) is not 1
2 -(1, 2)-fro set in X. Then the identity mapping f is FP-regular

semi continuous but not FP-regular continuous.

Example 4.4. Let X = {a, b, c} = Y , λ1, λ2 ∈ IX , λ3, λ4, λ5, λ6 ∈ IY are de-
fined as λ1(a) = 0.4, λ1(b) = 0.5, λ1(c) = 0.6; λ2(a) = 0.4, λ2(b) = 0.5, λ2(c) =
0.4; λ3(a) = 0.4, λ3(b) = 0.3, λ3(c) = 0.6; λ4(a) = 0.4, λ4(b) = 0.5, λ4(c) =
0.4; λ5(a) = 0.5, λ5(b) = 0.5, λ5(c) = 0.6; λ6(a) = 0.5, λ6(b) = 0.5, λ6(c) = 0.4.
We define smooth topologies τ1, τ2, η1, η2 : IX → I as follows:

τ1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ1,

0 otherwise,

τ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ2,

0 otherwise,

η1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ3,

0 otherwise,

η2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = λ4,

0 otherwise.

For r = 1
2 , the fuzzy set λ5 is r-η1-frso set in Y , f−1(λ5) is r-(1, 2)-frso set in X

and also the fuzzy set λ6 is r-η2-frso set in Y , f−1(λ6) is r-(2, 1)-frso set in X.
But η1(λ3) ≥ r and there exists no r-(1, 2)-fro set µ such that µ ≤ λ ≤ Cτj (µ, r).
Then the identity mapping f is FP-regular semi irresolute but not FP-regular semi
continuous.

Example 4.5. We define smooth topologies τ1, τ2, η1, η2 : IX → I as follows:

τ1(λ) =



1 if λ ∈ {0, 1},
1
2 if λ = 0.3,
1
2 if λ = 0.4,
1
2 if λ = 0.6,

0 otherwise,

τ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.3,
1
2 if λ = 0.6,

0 otherwise,

η1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.3,

0 otherwise,

η2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.4,

0 otherwise.

For r = 1
2 , η1(0.3) ≥ r, there exist a r-(1, 2)-fro set 0.3 in X such that 0.3 ≤ 0.3 ≤

Cτj (0.3) = 0.4 and η2(0.4) ≥ r, there exist a r-(2, 1)-fro set 0.3 in X such that

0.3 ≤ 0.4 ≤ Cτj (0.3) = 0.4. But the fuzzy set 0.5 is r-(1, 2)-frso set in Y , there exists

no r-(1, 2)-fro set µ in X such that µ ≤ 0.5 ≤ Cτj (µ). Then the identity mapping
id : (X, τ1, τ2) → (Y, η1, η2) is FP-regular semi continuous but not FP-regular
semi irresolute.
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Theorem 4.6. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y be
a mapping. The following statements are equivalent:

(1) f is FP-regular semi irresolute.
(2) For each r-(i, j)-frsc set µ ∈ IY , f−1(µ) is r-(i, j)-frsc set in X.
(3) f(RSCij(λ, r)) ≤ RSCij(f(λ), r), for each λ ∈ IX and r ∈ I0.
(4) RSCij(f

−1(µ), r) ≤ f−1(RSCij(µ, r)), for each µ ∈ IY and r ∈ I0.
(5) f−1(RSIij(µ, r)) ≤ RSIij(f−1(µ), r), for each µ ∈ IY and r ∈ I0.

Proof. (1)⇔(2): It is obvious.
(2)⇒(3): Suppose (2) holds and let f(RSCij(λ, r)) � RSCij(f(λ), r), for some

λ ∈ IX and r ∈ I0. So there exists y ∈ Y, t ∈ (0, 1] such that

f(RSCij(λ, r))(y) > t > RSCij(f(λ), r)(y).

If f−1(y) = ∅, then it is a contradiction, because f(RSCij(λ, r))(y) = 0. Thus, if
f−1(y) 6= ∅, then there exists x ∈ f−1(y) such that

f(RSCij(λ, r))(y) ≥ RSCij(λ, r)(x) > t > RSCij(f(λ), r)(f(x)).(4.1)

Also, RSCij(f(λ), r)(f(x)) < t, implies that there exists r-(i, j)-frsc set µ with
f(λ) = µ such that RSCij(f(λ), r)(f(x)) ≤ µ(f(x)) < t. Moreover, f(λ) ≤ µ
implies λ ≤ f−1(µ). From (2), f−1(µ) is r-(i, j)-frsc. So RSCij(λ, r) ≤ f−1(µ) and
this implies:

RSCij(λ, r)(x) ≤ f−1(µ)(x) = µ(f(x)) < t.(4.2)

From relations (4.1) and (4.2) we see that

RSCij(λ, r)(x) > t and RSCij(λ, r)(x) ≤ t

which is a contradiction. Hence the result holds.
(3)⇒(4): Put λ = f−1(µ)(µ ∈ IY ) and apply (3), we have

f(RSCij(f
−1(µ, r)) ≤ RSCij(f(f−1(µ), r)) ≤ RSCij(µ, r).

Then, RSCij(f
−1(µ), r) ≤ f−1(RSCij(µ, r)).

(4)⇒(5): It follows immediately by taking the complement of (4).
(5)⇒(1): Suppose (5) holds and let µ be r-(i, j)-frso in Y . By (5)

f−1(RSIij(µ, r)) ≤ RSIij(f−1(µ), r).

Then, f−1(µ) ≤ RSIij(f−1(µ), r). But RSIij(f
−1(µ), r) ≤ f−1(µ).

Thus RSIij(f
−1(µ), r) = f−1(µ). So, f−1(µ) is r-(i, j)-frso. Hence f is FP-regular

semi irresolute. �

Theorem 4.7. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y be
a mapping. The following statements are equivalent:

(1) f is FP-regular semi continuous.
(2) f(RSCij(λ, r)) ≤ RCηi(f(λ), r), for each λ ∈ IX .
(3) RSCij(f

−1(µ), r) ≤ f−1(RCηi(µ, r)), for each µ ∈ IY .
(4) f−1(RIηi(µ, r)) ≤ RSIij(f−1(µ), r), for each µ ∈ IY .
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Proof. (1)⇒(2): Suppose (1) holds and let λ ∈ IX . Assume that there exists λ ∈ IX
and r ∈ I0 such that f(RSCij(λ, r)) � RCηi(f(λ), r). Then there exists y ∈ Y, t ∈
(0, 1] such that f(RSCij(λ, r))(y) > t > RCηi(f(λ), r)(y).

If f−1(y) = ∅, then f(RSCij(λ, r))(y) = 0. Thus, there exists x ∈ f−1(y) such
that

f(RSCij(λ, r))(y) > RSCij(λ, r))(x) > t > RCηi(f(λ), r)(y)(4.3)

Since RCηi(f(λ), r)(y) < t, there exists r-(i, j)-frc set µ such that f(λ) = µ. So,
RCηi(f(λ), r)(y) ≤ µ and this implies RCηi(f(λ), r)(f(x)) ≤ µ(f(x)) < t. Moreover,
f(λ) ≤ µ implies λ ≤ f−1(µ). Hence, 1 − λ ≥ 1 − f−1(µ) . Since f−1(1 − µ) is
r-(i, j)-frso, from (1),

f−1(1− µ) ≤ RSIij(1− λ, r) or 1−RSIij(1− λ, r) ≤ 1− f−1(1− µ).
Hence, RSCij(λ, r) ≤ f−1(µ). This gives

RSCij(λ, r)(x) ≤ f−1(µ)(x) = µ(f(x)) < t.

But the last relation contradicts the relation (4.3) above. Therefore, the result in
(2) is true.

(2)⇒(3): Take λ = f−1(µ)(µ ∈ IY ) and apply (2), we have the required result.
(3)⇒(4): Taking the complement of (3), we have the result.
(4)⇒(1): Suppose (4) holds and let µ ∈ IY be a r-(i, j)-fro set. Since every

r-(i, j)-fro set is r-(i)-fuzzy open, ηi(µ) ≥ r. Then by (4),
f−1(RIηi(µ, r)) ≤ RSIij(f−1(µ), r) or f−1(µ) ≤ RSIij(f−1(µ), r),

since ηi(µ) ≥ r. But RSIij(f
−1(µ), r) ≤ f−1(µ). Thus, f−1(µ) = RSIij(f

−1(µ), r).
So f−1(µ) is r-(i, j)-frso. Hence f is FP-regular semi continuous. �

Theorem 4.8. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y be
a mapping. The following statements are equivalent:

(1) A map f is FP-regular semi irresolute open.
(2) f(RSIij(λ, r)) ≤ RSIij(f(λ), r), for each λ ∈ IX and r ∈ I0.
(3) RSIij(f

−1(µ), r) ≤ f−1(RSIij(µ, r)), for each µ ∈ IY and r ∈ I0.
(4) For any λ ∈ IY and any r-(i, j)-frso set µ ∈ IX such that µ ≥ f−1(λ), there

exists a r-(i, j)-frsc set ρ ∈ IY with λ ≤ ρ such that f−1(ρ) ≤ λ.

Proof. (1)⇒(2): Since RSIij(λ, r) ≤ λ, RSIij(λ, r) ≤ f(λ). By (1), f(RSIij(λ, r))
≤ RSIij(f(λ), r).

(2)⇒(3): Suppose (2) holds. Take λ = f−1(µ), λ ∈ IY and apply (2).
(3)⇒(4): Let µ ∈ IX be a r-(i, j)-frsc set. Since f−1(λ) ≤ µ,

1− µ ≤ 1− f−1(λ) = f−1(1− λ.

It follows, RSIij(1− µ, r) ≤ 1− µ ≤ RSIij(f−1(1− λ), r). By (3),

1− µ ≤ RSIij(f−1(1− λ), r) ≤ f−1(RSIij(1− λ, r)).

It implies

µ ≥ 1− f−1(RSIij(1− λ, r)) = f−1(1−RSIij(1− λ, r)) = f−1(RSCij(λ, r)).

Then, µ ≥ f−1(RSCij(λ, r)). Take ρ = RSCij(λ, r)). Then ρ is r-(i, j)-frsc such
that µ ≥ f−1(ρ) and ρ ≥ λ. Thus the result holds.
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(4)⇒(1): Let ω be r-(i, j)-frso in X. Put λ = 1− f(ω) and µ = 1− ω. It is easy
to see that µ ≥ f−1(λ). By part (4), there exists r-(i, j)-frsc set ρ ∈ IY such that
ρ ≥ λ and µ ≥ f−1(ρ) or 1− ω ≥ f−1(ρ). It implies ω ≤ 1− f−1(ρ) = f−1(1− ρ).
Thus f(w) ≤ ff−1(1− ρ) ≤ 1− ρ. On the other hand, λ ≤ ρ, f(ω) = 1− λ implies
f(ω) = 1− λ ≥ 1− ρ. Finally, we have f(ω) = 1− ρ. So f(ω) is r-(i, j)-frso. Hence
f is FP-regular semi irresolute open. �

Theorem 4.9. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y be
a mapping. The following statements are equivalent:

(1) f is FP-regular semi open.
(2) f(Iτi(λ, r)) ≤ RSIij(f(λ), r), for each λ ∈ IX .
(3) Iτi(f

−1(µ), r) ≤ f−1(RSIij(µ, r)), for each µ ∈ IY .
(4) For any λ ∈ IY and any µ ∈ IX such that τi(1 − µ) ≥ r, µ ≥ f−1(λ), there

exists r-(i, j)-frsc set ρ ∈ IY with λ ≤ ρ and µ ≥ f−1(ρ).

Proof. (1)⇒(2): Since Iτi(λ, r) ≤ λ, (λ ∈ IX), f(Iτi(λ, r)) ≤ f(λ). But, by (1),
f(Iτi(λ, r)) is r-(i, j)-frso. Then f(Iτi(λ, r)) ≤ RSIij(f(λ), r).

(2)⇒(3): Suppose (2) holds. Put λ = f−1(µ), µ ∈ IY and apply (2), we have

f(Iτi(f
−1(µ), r)) ≤ RSIij(ff−1(µ), r) ≤ RSIij(µ, r).

Then, Iτi(f
−1(µ), r) ≤ f−1(RSIij(µ, r)).

(3)⇒(4): Suppose (3) holds and let λ ∈ IY and µ ∈ IX such that τi(1 − µ) ≥ r
and µ ≥ f−1(λ). Since 1− µ ≤ 1− f−1(λ) = f−1(1− λ),

Iτi(1− µ) = 1− µ ≤ Iτi(f−1(1− λ), r) or 1− µ ≤ f−1(RSIij(1− λ, r)).

Then, µ ≥ 1 − f−1(RSIij(1 − λ, r)) = f−1(RSCij(λ, r)). Take ρ = RSCij(λ, r).
Thus ρ is r-(i, j)-frsc and ρ ≥ λ such that µ ≥ f−1(ρ).

(4)⇒(1): Let ω be a fuzzy set such that ω ∈ IX and τi(ω) ≥ r. Put µ = 1−ω and
λ = 1− f(ω). Then µ ≥ f−1(λ). Thus there exists r-(i, j)-frsc set ρ such that ρ ≥ λ
and µ ≥ f−1(ρ). So 1 − ω ≥ f−1(ρ) implies ω ≤ f−1(1 − ρ). Thus f(w) ≤ 1 − ρ.
Also, λ ≤ ρ, f(ω) = 1 − λ ≥ 1 − ρ. So f(ω) = 1 − ρ. Hence f(ω) is r-(i, j)-frso.
Therefore f is FP-regular semi open. �

Theorem 4.10. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y
be a mapping. The following statements are equivalent:

(1) f is FP-regular semi irresolute closed.
(2) f(RSCij(λ, r)) ≥ RSCij(f(λ), r), for each λ ∈ IX .

Proof. (1)⇒(2): Let λ ∈ IX . Since λ ≤ RSCij(λ, r), f(λ) ≤ f(RSCij(λ, r)). It
implies RSCij(f(λ), r) ≤ f(RSCij(λ, r)).

(2)⇒(1): Suppose (2) holds and λ ∈ IX such that λ is r-(i, j)-frsc. Then
RSCij(f(λ), r) ≤ f(λ). But f(λ) ≤ RSCij(f(λ), r). Thus f(λ) is r-(i, j)-frsc.
So f is FP-regular semi irresolute closed. �

Theorem 4.11. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y
be a mapping. The following statements are equivalent:

(1) f is FP-regular semi closed.
(2) RSCij(f(λ), r)) ≤ f(RCτi(λ, r)), for each λ ∈ IX .
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Proof. (1)⇒(2): Suppose (1) holds and let λ ∈ IX . Since λ ≤ RCτi(λ, r), f(λ) ≤
f(RCτi(λ, r)). Then, RSCij(f(λ), r) ≤ f(RCτi(λ, r)).

(2)⇒(1): Suppose (2) holds and let λ ∈ IX be a r-(i, j)-frc set. ThenRSCij(f(λ), r) ≤
f(RCτi(λ, r)). It implies RSCij(f(λ), r) ≤ f(λ). But RSCij(f(λ), r) ≥ f(λ).
Thus, f(λ) = RSCij(f(λ), r). So f(λ) is r-(i, j)-frsc. Hence f is FP-regular semi
closed. �

Theorem 4.12. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y
is bijective. Then:

(1) f is FP-regular semi irresolute closed iff f−1(RSCij(µ, r)) ≤ RSCij(f−1(µ), r)
for each µ ∈ IY and r ∈ I0.

(2) f is FP-regular semi irresolute closed iff f is FP-regular semi irresolute open.

Proof. (1)(⇒): Let f be FP-regular semi irresolute closed. From Theorem 4.10, we
have

f(RSCij(λ, r)) ≥ RSCij(f(λ), r)), λ ∈ IX .

Let µ ∈ IY and put λ = f−1(µ), we have

f(RSCij(f
−1(µ), r)) ≥ RSCij(ff−1(µ), r) = RSCij(µ, r).

It implies RSCij(f
−1(µ), r) ≥ f−1(RSCij(µ, r)).

(⇐): On the other hand, let the condition is satisfied and let µ ∈ IX such that µ
is r-(i, j)-frsc. Then f(µ) ∈ IY . Apply the condition, we have

RSCij(f
−1f(µ, r)) ≥ f−1(RSCij(f(µ), r), r).

It implies that RSCij(µ, r) ≥ f−1(RSCij(f(µ), r), r). Then, f(RSCij(µ, r)) ≥
RSCij(f(µ), r). Thus by Theorem 4.10, f is FP-regular semi irresolute closed.

(2) Apply Theorem 4.10 and taking the complement, we have the required result.
�

From Theorems 4.6, 4.8, 4.10, 4.12, we obtain the following Theorem.

Theorem 4.13. Let (X, τ1, τ2) and (Y, η1, η2) be smooth bts’s. Let f : X → Y
be a mapping. The following statements are equivalent:

(1) f is FP-regular semi irresolute homeomorphism.
(2) f is FP-regular semi irresolute and FP-regular semi irresolute open.
(3) f is FP-regular semi irresolute and FP-regular semi irresolute closed.
(4) f(RSIij(λ, r)) = RSIij(f(λ), r), for each λ ∈ IX , r ∈ I0.
(5) f(RSCij(λ, r)) = RSCij(f(λ), r), for each λ ∈ IX , r ∈ I0.
(6) RSIij(f

−1(µ), r) = f−1(RSIij(µ, r)).
(6) RSCij(f

−1(µ), r) = f−1(RSCij(µ, r)), µ ∈ IY , r ∈ I0.

Note that the composition of two FP-regular semi irresolute mappings is FP-
regular semi irresolute. In general, the composition of two FP-regular semi contin-
uous mappings is not FP-regular semi continuous.

Example 4.14. We define smooth topologies τ1, τ2, η1, η2, σ1, σ2 : IX → I as fol-
lows:

209



A. Vadivel et al./Ann. Fuzzy Math. Inform. 13 (2017), No. 2, 199–211

τ1(λ) =



1 if λ ∈ {0, 1},
1
2 if λ = 0.3,
1
2 if λ = 0.4,
1
2 if λ = 0.6,

0 otherwise,

τ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.3,
1
2 if λ = 0.6,

0 otherwise,

η1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.3,

0 otherwise,

η2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.4,

0 otherwise.

σ1(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.5,

0 otherwise,

σ2(λ) =


1 if λ ∈ {0, 1},
1
2 if λ = 0.4,
1
2 if λ = 0.5,

0 otherwise.

For r = 1
2 , η1(0.3) ≥ r, there exist a r-(1, 2)-fro set 0.3 in X such that 0.3 ≤ 0.3 ≤

Cτj (0.3) = 0.4 and η2(0.4) ≥ r, there exist a r-(2, 1)-fro set 0.3 in X such that

0.3 ≤ 0.4 ≤ Cτj (0.3) = 0.4. σ1(0.5) ≥ r, there exist a r-(1, 2)-fro set 0.3 in Y

such that 0.3 ≤ 0.5 ≤ Cτj (0.3) = 0.6 and σ2(0.5) ≥ r, there exist a r-(2, 1)-fro

set 0.4 in Y such that 0.4 ≤ 0.5 ≤ Cτj (0.4) = 0.6. But σ1(0.5) ≥ r, there exists

no r-(1, 2)-fro set µ in X such that µ ≤ 0.5 ≤ Cτj (µ). Then the identity mapping
id : (X, τ1, τ2)→ (Y, η1, η2) and id : (Y, η1, η2)→ (Z, σ1, σ2) are FP-regular semi
continuous but id : (X, τ1, τ2)→ (Z, σ1, σ2) is not FP-regular semi continuous.

5. Conclusions

In this paper, we have introduced r-(i, j)-fuzzy regular semi open (closed) sets in
smooth bitopological spaces and studied some of its properties. By using r-(i, j)-
fuzzy regular semi open (closed) sets, we have defined a new fuzzy closure operator
namely r-(i, j)-fuzzy regular semi interior (closure) operator. Also, we have intro-
duced FP-regular semi continuous and FP-regular semi irresolute mappings. More-
over, we have investigated the relationship among FP-regular semi continuous and
FP-regular semi irresolute mappings. Finally, we have given some counter examples
to show that these types of mappings are not equivalent.

These results will help to extent the some generalized open sets and hence it will
help to improve smooth bitopological spaces. In future some generalized open sets
can be prepared using the results.
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