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ABSTRACT. We introduce the concept of m—polar fuzzy labeling tree G
generated by m—polar fuzzy spanning subgraph S}’ and investigate some of
its properties. We present the concept of bipartite m—polar fuzzy labeling
graphs. Furthermore, we present an algorithm for finding an m—polar
fuzzy spanning subgraph S’ of an m—polar fuzzy labeling tree G,
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1. INTRODUCTION

In 1965, Zadeh[12] introduced the mathematical frame work to discuss the phe-
nomena of vagueness and uncertainty in real life systems. It is expressed with the
comfort of membership function valued in the real unit interval [0, 1]. In 1994, Zhang
[13] extended the concept of fuzzy sets and introduced the concept of bipolar fuzzy
sets whose membership degrees range belong to interval [—1,1]. The membership
degree 0 of an element means the element is inconsequent to the analogous property,
the membership degree (0, 1] revels that the element fascinate the assertive property
where as the membership degree [—1,0) revels that the element fascinates the con-
verse property. But sometimes modeling in actual world investigations often contain
multi-agent, multi-attribute, multi-objects, multi-index, multi-polar information or
uncertainty rather than a single bit. With the analysis to classical, fuzzy and bipo-
lar fuzzy models an m-polar fuzzy model give more efficiency and more preciseness,
extensibility and accuracy. Chen et al. [7] introduced the notion of m-polar fuzzy
set as a generalization of bipolar fuzzy set and showed that bipolar fuzzy sets and
2-polar fuzzy sets are cryptomorphic mathematical notions.

Based on Zadeh’s fuzzy relations [12] Kauffmann defined in [8] a fuzzy graph. Rosen-
feld [11] described the structure of fuzzy graphs obtaining analogs of several graph
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theoretical concepts. Bhattachariya [5] discussed the connectivity ideas between
fuzzy cut nodes and fuzzy bridges named as some remarks on fuzzy graph. Buhtani
and Rosenfeld [6] introduced the concept of strong arcs in fuzzy graphs. Nagoorgani
and Rajalaxami [9, 10] worked on the properties of fuzzy labeling graphs and intro-
duced the idea of fuzzy labeling tree. Akram et al.[l, 2, 3, 4] has initiated several
concepts, including bipolar fuzzy graphs, m-polar fuzzy graphs, certain metrics in
m-polar fuzzy graphs. In this article, we present the concept of m—polar fuzzy la-
beling tree &) generated by m—polar fuzzy spanning subgraph S’ and interrogate
some of its properties. We precede the concept of bipartite m—polar fuzzy labeling
graphs. Furthermore, we present an algorithm for finding m—polar fuzzy spanning
subgraph S7’ of an m—polar fuzzy labeling tree G}

2. LABELING TREE BASED ON m—POLAR FUZZY SET

Definition 2.1 ([7]). An m—polar fuzzy set in a universe X is a function C' :
X — [0,1]™. The degree of membership of each element x € X is denoted by
C(z) =(PLoC(x),P,oC(x),..., Py oC(x)), where P, o C : [0,1]™ — [0,1] is the
i—th projection mapping.

Note that [0, 1]™ (mth-power of [0, 1]) is considered as a poset with the point-wise
order <, where m is an arbitrary ordinal number (we make an appointment that
m = {n|n < m} when m > 0), < is defined by = < y < p;(z) < p;(y) for each i € m
(z,y €[0,1]™), and P; : [0,1]™ — [0,1] is the i—th projection mapping (i € m).
0 = (0,0,...,0) is the smallest value in [0,1]™ and 1 = (1,1,...,1) is the greatest
value in [0, 1]™.

Definition 2.2 ([3]). Let C be an m—polar fuzzy set in a universe X. An m—polar
fuzzy relation D = (PyoD, PyoD, ..., PypoD) on Cisamapping D : X x X — [0,1]™
such that, D(xy) < inf{C(z),C(y)}, for all x,y € X, that is, for all x,y € X and
for each 1 <i < m, P;o D(zy) < inf{P; o C(z), P, o C(y)}, where P; o C(z) denotes
the i—th degree of membership of the element x and P; o D(zy) denotes the i—th
degree of membership of the relation xy € E.

Definition 2.3 ([3, 7]). An m—polar fuzzy graph G = (C, D) on a nonempty set
X is a pair of functions C : X — [0,1]™ and D : X x X — [0,1]™ such that for
all z,y € X, D(uwv) < inf{C(u),C(v)}, i.e., P, o D(uv) < inf{P; o C(u), P; o C(v)},
1 <4 <m. We call C is an m—polar fuzzy vertex set of G and D is an m—polar
fuzzy edge set of G. Note that P; o D(uv) = 0 for all wv € X2 —E, 1 <i < m.
D is called an m—polar fuzzy relation on C. An m—polar fuzzy relation D on C' is
called symmetric if P; o D(uv) = P; o D(vu) for all u,v € X.

Definition 2.4 ([3]). An m-polar fuzzy path P = z — y is a sequence of distinct
vertices * = x1,x2, - ,&n, = y such that for all j there exists at least one i such
that, P; o (z;xzj11) > 0.

Definition 2.5. An edge P; o D(xy) where 1 < ¢ < m is called an m—polar fuzzy
bridge of G = (C, D), if its extraction shorten the strength of connectedness between
some other pair of vertices in G.
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Definition 2.6. A vertex y is an m—polar fuzzy cut vertex of G = (C, D), if its
extraction shorten the strength of connectedness between some other pair of vertices
in G.

Definition 2.7. A vertex x is an m—polar fuzzy end vertex of G = (C, D), if there
is absolutely one strong neighbor in G associated with this vertex.

Definition 2.8. An arc P; o D(zy), where 1 < i < m, of an m—polar fuzzy graph
is called strong arc if its weight is as great as the strength of connectedness of its
m—polar fuzzy end nodes.

Definition 2.9. An m—polar fuzzy strong path is a path consisting of all m—polar
fuzzy strong arcs.

Definition 2.10. An m—polar fuzzy path P = x—y is said to be strongest m—polar
fuzzy path, if its strength equals to its connectedness.

Example 2.11. Consider a 3-polar fuzzy graph G as shown in Fig. 1.

21(0.5,0.4,0.8)

£2(0.5,0.6,0.7)

1’3(0.6, 0.4, 0.3)

FIGURE 1. 3-polar fuzzy graph

By computations, it is easy to see, xoxs, T1T2, Tox4 are 3-polar fuzzy bridges.
9 is 3-polar fuzzy cut vertex. 1, x5, x4 are 3-polar fuzzy end vertices of G.
T1T2, TaXs, Toxy are 3-polar fuzzy strong arcs. x1 — 9 — o5, 1 — To — T4 are
3-polar fuzzy strong paths. x1 — x9 — x5, 1 — T2 — x4, T4 — T2 — T are strongest
3-polar fuzzy paths.

Definition 2.12. An m—polar fuzzy labeling graph Gy = (C}, D)) is defined as,
if the mappings Cy/ : X — [0,1]™ and Dy : X x X — [0,1]™ are bijective, where
as all the edges and vertices have distinct membership values and P; o D;j(acy) <
PioCy(x) NPioCy(y) for all z,y € X,1 <i <m.

Definition 2.13. A cycle is said to be an m—polar fuzzy labeling cycle, if its has
an m—polar fuzzy labeling.
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Definition 2.14. An m—polar fuzzy labeling tree Gy = (C};, D;)) is defined as if
it has an m—polar fuzzy labeling and an m—polar fuzzy spanning subgraph S’ =
(Cy, Fy) which is a tree, where for all arcs (x,y) not in Sy, P; o Dy(zy) < (P;o
Fy(zy))*°, where 1 <i <m.

Example 2.15. A 3—polar fuzzy labeling tree can be seen in Fig.2.

11(0.72,0.81,0.56) u1(0.72,0.81,0.56)

(0.31,0.29,0.44)

u3(0.68, 0.55, 0.76) u3(0.68,0.55, 0.76)

3—polar fuzzy labeling tree 3—polar fuzzy Spanning subgraph
FIGURE 2. 3—polar fuzzy labeling tree

Theorem 2.16. If Gy is an m—polar fuzzy labeling tree then arcs of m—polar fuzzy
spanning subgraph Sy’ are m—polar fuzzy bridges of G-

Proof. Given that G is an m—polar fuzzy labeling tree generated by an m—polar
fuzzy spanning subgraph S;’. Let (a,b) be an arc in Sy’. Then (P; o D'(ab))> <
P; o D(ab) < (P; o D(ab))*>°, where 1 < ¢ < m. Thus arc (a,b) is an m—polar fuzzy
bridge of Gy O

Remark 2.17. Every m—polar fuzzy labeling graph is not an m—polar fuzzy la-
beling tree. As shown in Example 2.17.

Example 2.18. Consider a 3—polar fuzzy labeling graph.
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a(0.84,0.59, 0.76)

6(0.91,0.49, 0.78)

(0.60,0.57,0.43)

¢(0.66,0.73, 0.61) d(0.72,0.61, 0.89)

FIGURE 3. 3—polar fuzzy labeling graph

By direct calculations, it can be seen that a 3—polar fuzzy labeling graph is not
a 3—polar fuzzy labeling tree because it does not have any 3—polar fuzzy spanning
subgraph which fulfill the condition P;0 Dy (zy) < (P;o F}(xy))>, where 1 <4 < m.

Proposition 2.19. If Gy = (C}, Dy) is an m—polar fuzzy labeling tree, then its
spanning subgraph Sy = (C, F’) is also an m—polar fuzzy labeling graph.

Proof. Let Gy = (Cy, Dy)) be an m—polar fuzzy labeling tree. Then, by definition
of m—polar fuzzy labeling graph, C} and D, are bijective in G}. Since S} is
anm—polar fuzzy spanning subgraph of Gy, Dy = F if (x,y) € F,’, which implies
that bijection is preserved in S;’. Thus S} is an m—polar fuzzy labeling graph. [

Remark 2.20. Let G* be complete and G, is an m—polar fuzzy labeling tree. Then
das (x) # dss () where Sy, is an m—polar fuzzy spanning subgraph of G .

Example 2.21. Consider a 4—polar fuzzy labeling tree as shown in Fig.4.
In 4—polar fuzzy labeling tree,

day (z) = (1.16,1.73,0.92, 1.5),ng(y) = (1.34,1.79,1.3,1.68),

das (z) = (1.05,1.6,1.15, 1.53),dgg(w) =(1.29,1.98,1.21,1.73).
In 4—polar fuzzy spanning subgraph,

dse () = (0.58,0.67,0.50,0.55),d5;(y) = (1.09,1.32,0.95,1.23),

dse () = (0.50,0.70,0.57,0.59),d5;(w) = (1.01,1.35,1.02,1.27).

Routine calculations show that dgw (z) # ds (z) for all 7,y € X.
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2(0.64,0.92, 0.54, 0.63)

x(0.64,0.92,0.54,0.63)

(0.28,0.63,0.19, 0.46

(0408570 ‘€L°0 ‘€G°0)¢

¥(0.72,0.68,0.84,0.89)  (0.25,0.47,0.35,0.45)  2(0.84,0.81,0.76, 0.71) y(0.72,0.68,0.84, 0.89) 2(0.84,0.81,0.76,0.71)

4—polar fuzzy labeling tree 4—polar fuzzy spanning subgraph
FIGURE 4. 4—polar fuzzy labeling tree

Definition 2.22. Let G = (C, D) be an m—polar fuzzy graph. The height of an
m—polar fuzzy graph G denoted by H(G) is defined as

(sup (ProD(zy))),( sup (PpoD(zy))), -, ( sup (Pm o D(zy)))

1<j<n 1<j<n 1<j<n
Proposition 2.23. If S = (C;",F;") is an m—upolar fuzzy spanning subgraph of
an m—polar fuzzy labeling tree Gy = (Cy, Dy;), then for all (z,y) not in Sy, (P; o
F(xy))> # height of Gy .

Proof. Let (z,y) be an arc not in Si’. Then (z,y) € G and (z,y) is not m—polar
fuzzy bridge of G, because the arcs of S’ are m—polar fuzzy bridges of Gj. By
definition of m—polar fuzzy labeling tree, if (z,y) is not in S, then (z,y) < (P; o
F(zy))>. We know S} is a tree. Thus there will be only one path between z and
y. So strength of connectedness between x and y is equal to strength of m—polar
fuzzy path, i.e.,
(1£?£n(P1 o D(zy))), (lglg_lgn(Pz o D(zy))), - (1%?&(1% o D(zy))).

This shows that (P; o F(zy))™ is not equal to maximum of P; o C’s. Hence (P; o
F(zy))> # height of G. O

Proposition 2.24. If G} is an m—polar fuzzy labeling tree then there exists exactly
one strong path between any two vertices of Gy .

Proof. Proof is obvious, if G* is a tree.

Now choose a path (z,y) from an m-—polar fuzzy labeling tree G; s.t. P; o
D(z;y;) > 0 for all 1 < j < n. As G} is an m—polar fuzzy labeling tree and in
its spanning subgraph the path connecting all the vertices is strong, all the arcs are
strong. Thus between any two vertices arcs are strong. Similarly, choose another
path between z and y, because G} is connected. But P; o D is bijective. So,
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getting another strong path is impossible. Hence there exists exactly one strong
path between any two vertices. O

3. BIPARTITE m—POLAR FUZZY LABELING TREE

Definition 3.1. A bipartite m—polar fuzzy labeling graph G} = (G}, D) is de-
fined as, if set of vertices X can be distributed into two nonempty m—polar fuzzy
independent sets X; and X5. Where as, two vertices of an m—polar fuzzy graph are
called m—polar fuzzy independent. If there does not exist any strong arc between
them.

Example 3.2. Consider a 3—polar fuzzy labeling graph as shown in Fig. 5.

©1(0.59,0.73,0.83) £2(0.69, 0.89,0.76)
(0.43,0.21,0.72)

(0.52,0.63,0.57)

(0.67,0.80,0.42)
3(0.83,0.91,0.68) £4(0.76,0.68,0.55)

FIGURE 5. bipartite 3—polar fuzzy labeling graph

It is easy to compute that given graph is bipartite 3—polar fuzzy labeling graph,
because set of vertices X can be distributed into two nonempty 3—polar fuzzy inde-
pendent sets X7 and Xo. Here, X1 = {21, 22} and Xy = {x3,24}.

Proposition 3.3. In any pair of vertices there will be a strong m—polar fuzzy path
if Gy is connected m—polar fuzzy labeling graph.

Proposition 3.4. Every m—polar fuzzy labeling tree is a bipartite m—mpolar fuzzy
graph.

Proof. Suppose Gj is an m—polar fuzzy labeling tree and it is connected. Then, by
Proposition 3.3, there exists a strong m—polar fuzzy path between any two vertices
of Gy. Thus, there exists m—polar fuzzy independent sets X; and X, such that
the strong arc of the path have one vertex in X; and other in X5. O

Proposition 3.5. If G* is K{ ,, and G} is an m—polar fuzzy labeling tree, then G
is a complete bipartite m—polar fuzzy graph.

Proof. 1t is trivial that G} is an m—polar fuzzy labeling tree, if G* is a tree. Then,

K7, is an m—polar fuzzy labeling tree, which is also a complete bipartite graph.

Since K7 ,, graph can be distributed into two non empty independent sets X; and

Xo, X7 = {2} and Xy = {x1, 22, -+ ,x, }. All the arcs of G} are strong arcs. Thus

the vertices € X is a strong neighbor of {z1,22, -+ ,2,} € Xa. O
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Remark 3.6. Every m—polar fuzzy labeling graph is not a complete bipartite

m—polar fuzzy graph. For example k3, is not complete bipartite m—polar fuzzy
graph.

Algorithm for finding m—polar fuzzy spanning subgraph S}’ of an m—polar
fuzzy labeling tree G, when degree of membership of edges are in in-
creasing order s.t e; < ex < -+ < e, and ¢; = (r1,72, "+ , T ), where G* is
complete.

Step 1. Consider an m—polar fuzzy labeling tree such that G* is complete with
|X| =n.

Step 2. Choose an arbitrary cycle and remove an m—polar fuzzy weakest arc
(there exist only one m—polar fuzzy weakest arc because degree of membership of
all the edges are in increasing order as well as P; o Dy is bijective).

Step 3. Repeat step 2 until no cycle remains.

Step 4. The remaining graph is the m—polar fuzzy spanning subgraph S;;’ of an

m~—polar fuzzy labeling graph Gj,, where all arcs of S} are m—polar fuzzy bridges
of G¥.
P

Example 3.7. The above algorithm is explained with the following 3—polar fuzzy
labeling tree as shown in Fig 6.

(0.81,0.69,0.77) b(0.61,0.92,0.81) (0.81,0.69,0.77) b(0.61,0.92, 0.81)
(0.23,0.32,0.39)

(0.56,0.60, 0.63)
(0.31,0.35,0.42)
(0.56, 0.60, 0.63)

(0.40,0.52, 0.61)

¢(0.80, 0.89, 0.85) d(0.73,0.82,0.74) ¢(0.80, 0.89, 0.85) d(0.73,0.82,0.74)

3—polar fuzzy labeling tree 3—polar fuzzy spanning subgraph

FIGURE 6. 3—polar fuzzy labeling tree when G* is complete

4. CONCLUSION

Fuzzy graph theory plays an important role in many fields including decision
makings, computer networking and management sciences. An m-polar fuzzy graph,
generalization of a fuzzy graph, is useful for handling multi attribute, multi agents
and multipolar information models. In this research article, we have introduced the
concept of an m-polar fuzzy labeling tree ) generated by m—polar fuzzy span-
ning subgraph S;’. We also precede the concept of bipartite m—polar fuzzy labeling
graphs. We are extending our research work to (1) m-polar fuzzy magic graphs, (2)
m-polar fuzzy hypergraphs, (3) m-polar fuzzy soft graphs.
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