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1. INTRODUCTION

Theory of fuzzy set was introduced by Zadeh [22] in 1965. After the pioneering
work of Zadeh, there has been a great effort to obtain fuzzy analogues of classical
theories. Among other fields, progressive developments are made in the field of fuzzy
metric spaces and fuzzy normed linear spaces [2, 3, 4, 5, 6, 8, 9, 10, 12]. The notion
of intuitionistic fuzzy set has been introduced by Atanassov [1] as a generalized fuzzy
set. Park [17], who first introduced the idea of intuitionistic fuzzy metric space and
studied some basic properties. On the other hand, Saadati and Park [18] made an
important contribution on the intuitionistic fuzzy topological spaces.

They have also introduced the notion of intuitionistic fuzzy normed linear space
and studied some basic properties in such spaces. There has been a good amount
of work done in intuitionistic fuzzy set such as Mandal and Samanta [13, 141]. Re-
cently Vijayabalaji et al.[21] introduced concept of intuitionistic fuzzy n-normed
linear space and developed some results. Samanta et al. [19] considered a fuzzy
normed linear space which was introduced by Bag and Samanta [2] and defined an
intuitionistic fuzzy normed linear space in general setting ( taking * and < as t-
norm and t-co-norm respectively ). They mainly studied different results on finite
dimensional intuitionistic fuzzy normed linear space. Bag and Samanta [5] modified
the definition of intuitionistic fuzzy normed linear space introduced by Saadati et
al. [18] and studied finite dimensional intuitionistic fuzzy normed linear space. In
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their approach they have avoided the decomposition technique which is very much
dependent on the restricted t-norm and ¢-conorm.

On the other hand, Narayanan and Vijayabalaji [16] extended Bag and Samanta
type [2] fuzzy normed linear space to fuzzy n-normed linear space and established
some basic results. In 2014, Samanta and Bag [20] considered the fuzzy n-normed
linear space introduced by Narayanan and Vijayabalaji [16] and studied some results
on completeness and compactness of finite dimensional fuzzy n-normed linear spaces.
In this context, it is worth mentioning the work of Dapke and Aage [7], Murugadas
and Lalitha [15].

Following the definition of intuitionistic fuzzy n-normed linear space introduced
by Vijayabalaji and Thillaigovindan [21], in this paper, a modified definition of intu-
itionistic fuzzy n-normed linear space is given and some results on finite dimensional
intuitionistic fuzzy n-normed linear space are obtained.

The organization of the paper is as follows:

Section 2 comprise of some preliminary results. In Section 3, definition of intuitionis-
tic fuzzy n-normed linear space is given. Some fundamental results on completeness
and compactness are established in finite dimensional intuitionistic fuzzy n-normed
linear spaces in Section 4.

2. PRELIMINARIES

Definition 2.1 ([11]). A binary operation *: [0, 1] x [0, 1] — [0, 1] is a t-norm,
if it satisfies the following conditions:

(1) * is associative and commutative,

(2)ax1l=a Ya€el0, 1],

(3) axb < cxd, whenever a < ¢ and b < d for each a,b,¢,d € [0, 1].

If * is continuous, then it is called continuous t-norm.

Following are the examples of some t-norms that are frequently used as fuzzy
intersections defined for all a, b € [0, 1].

(1) Standard intersection: a * b = min(a, b).

(2) Algebraic product: a *b = ab.

(3) Bounded difference: a * b = max(0, a +b—1).

(4) Drastic intersection:

a forb=1
axb= b fora=1
0 for otherwise.

The relations among these t-norms are
a * b(Drastic)< maxz(0, a+b—1) < ab < min(a, b).

Definition 2.2 ([11]). A binary operation ¢ : [0, 1]x[0, 1] — [0, 1] is a t-co-norm,
if it satisfies the following conditions:
(i) ¢ is associative and commutative,
(i) a0 =a Yae |0, 1],
(iii) a{b < ¢dd, whenever a < ¢ and b < d for each a,b,c,d € [0, 1].
If < is continuous then it is called continuous t-co-norm.
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Following are the examples of some t-co-norms.
(1) Standard union: a{b = max(a, b).
(2) Algebraic sum: a)b =a + b — abd.
(3) Bounded sum : ab = min(l, a+b).
(4) Drastic union:

a forb=0

ab=< b fora=20

1 for otherwise.

Relations among these t-co-norms are
a{b (Drastic)> min(l, a+b) > a+b—ab> max(a, b).

Definition 2.3 ([16]). Let n € N (The set of all Natural numbers) and X be a real
linear space of dimension d > n(d can be infinite). A real valued function ||., ., ..., .||

on X" satisfying the following four properties is called an n-norm on the linear space
X:

(i) ||z1, 22, ..., zp|| = 0 if and only if 1, xa, ...., 2, are linearly dependent.

(ii) ||z1, 2, ..., n|| invariant under any permutation of z1,xa, ...., Tp..

(iii) ||x1, ®2, ..., cxn|| = |c|||T1, 22, ..., 2y || for any real c.

(iv) [|e1, 2, ooy Tn—1, y+2|| < |21, 225 ooy Tn1, Yl |+ |21, T2y oy Tn—1, 2] Yy, 2 € X
The pair (X, ||.,., ..., .||) is called an n-normed linear space.

Definition 2.4 ([16]). Let U be a linear space over the field F (C or R). A fuzzy
subset N of U x R (R- set of real numbers) is called a fuzzy norm on U, if

(N1) Vt € Rwitht <0, N(z, t) =0.

(N2) (Vte R,t >0,N(z, t)=1)iff z =0.

(N3)Vte R, t >0, N(cx , t) = N(x, %‘), if ¢ #0.
(Nd)Vs,t e R; z,uc U, N(x+u, s+t)> N(x, s)*«N(u, t).

(N5) N(z, .) is a non-decreasing function of R and 75lim N(z, t)=1
bde el

The pair (U, N) will be referred to as a fuzzy normed linear space. In [2], particular
t-norm "min” is taken for x.

Definition 2.5 ([17]). Let % be a t-norm, <) be a t-conorm and V be a linear space
over the field F( R or C). An intuitionistic fuzzy norm (IFN) on V is an object of
the form
A ={((z, t),N(=,t), M(z,1t): (x,t) €V xR,
where N and M are fuzzy sets on V' x R, N denotes the degree of membership and
M denotes the degree of non-membership (z , t) € V x R satisfying the following
conditions:
(IFN1) Vt € R with ¢t <0, N(x
(IFN2) (Vt € R, t>0N( t) .
(IFN3) Vt € R, t > 0, N(cx t):N(x,i),ifc;éo.
(IFN4)VstER z,u €U, N(;U , $+t)> N(z, s)*N(u, t).
(IFN5) 1m N(z, t)=1.
(IFNG) Vt E RW1th t<0, M(z, t)=1.
(IFN7) (Vt € R,t > 0, M(z , t) =0) iff z = 0.
(IFN8) Vt € R, t > 0, M(cx ,t)=M(x, L), if ¢ #£0.
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(IFN9) Vs,t e R; z,u eV, M(z+u, s+t) < Mz, s)OM(u, t).
(IFN10) tli}m Mz, t)=0.
Then we say (V, A) is an intuitionistic fuzzy normed linear space.

The definition of intuitionistic fuzzy n-normed linear space as introduced by Vi-
jayabalaji et al.[21] is given below.

Definition 2.6 ([21]). An intuitionistic fuzzy n-normed linear space (or) in short
i-f-n-NLS is an object of the form

A={(X, N(z1,22, o, T, t), M(x1,2Z2, . ccc,Tp,t)) : (21, 2Z2, ey zp) € X"},

where X is a linear space over a field F, * is a continuous t-norm, < is a continuous
t-conorm and N,M are fuzzy sets on X" x (0,00), N denotes the the degree of
membership and M denotes the degree of non-membership of (z1, o, ....,zp,t) €
X™(0,00) satisfying the following conditions:

i) N(x1, 22, .oy, t) + M (21,22, ooy Tpy t) < 1.

11) N($1,J}2, ....,J?n,t) > 0.

iii) N(x1,x2, ..., @y, t) = 1 if and only if xy, xa, ...., 2, are linearly dependent.
iv) N(z1,xa,...., Ty, t) is invariant under any permutation of x1,xa, ...., .

v) N(z1,Z9, ...y cTpn,t) = N (21,22, ..., Tny, ﬁ), ifce F, ¢c#0.

Vi) N(21,22, ooy @y + 20, 8 + 1) > N(21,22, ey Tny 8) % N(21, Tay ovry 20, 1)

i) N(z1,22,....,Zn,t) : (0,00) — [0, 1] is continuous in ¢.
viiil) M (21, %2, .oy T, t) > 0.
xi) M(zy1,xa,....,xpn,t) = 0 if and only if x1, zs, ...., x, are linearly dependent.
x) M(x1,xa,...., Ty, t) is invariant under any permutation of x1,xa, ...., .
xi) M(z1,xa,...., cxn,t) = M(x1, T2, ..., Tp, ﬁ), ifceF, c#0.

xii) M(x1, 2o, oy @p + 20, 8 + 1) < M(21, 22, ooy Tny S)OM (21, T2,y ooy 2, T).
xiii) M (z1, 22, .ory Tnyt) 1 (0,00) = [0, 1] is continuous in ¢.

(
(
(
(
(
(
(vi
(
(
(
(
(
(

3. INTUITIONISTIC FUZZY N-NORMED LINEAR SPACE

Following the definition of intuitionistic fuzzy n-normed linear space given by
Vijayabalaji et al.[21], in this Section a modified definition of intuitionistic fuzzy
n-normed linear space is given.

Definition 3.1. Let x be a t-norm, <> be a t-conorm and V be a linear space over
the field F (R or C) of dimension d > n. An intuitionistic fuzzy n-norm (IFN) on V
is an object of the form
A={(x1,22, ey Tp, t), N(1, X2,y ooy Ty, ), M (1, T2, ooy T 1)
2 (21,22, ey Tpy t) € V™ X R},
where N and M are fuzzy sets on V™ x R, N denotes the degree of membership and
M denotes the degree of non-membership of (1, xa,....,x,,t) € V™ x R satisfying
the following conditions:
(IFN1) Vt € R with t <0, N(x1,x2,....,xn,t) = 0.
(IFN2) Vt € R with t > 0, N (21,22, ..., xn,t) = 1 if and ounly if z1, z9, ..., z,, are
linearly dependent.
(IFN3) N(z1, 22, ...., Zpn,t) is invariant under any permutation of a1, xs, ..., Z,.
(IFN4) Ve € F, ¢ # 0, N(21,%2, ..., CTpyt) = N(T1,T2, ..., Ty, ﬁ)
178
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(IFN5) Vs,t € R,
N(21,Z2, ey Ty + @0, 8+ 1) > N(T1, T2, covy Ty, 8) * N (21, Ta, ooy T, ).
(IFNG) tlim N(zy1, T2,y Tp,t) = 1.
— 00

(IFN7) Vt € R with t <0, M(x1,xa,....,Tp,t) = 1.

(IFN8) Vt € R with ¢ > 0, M (z1, 22, ..., xpn,t) = 0 if and only if xy, za, ...., 2, are
linearly dependent.

(IFN9) M (21, 2, ..., Tp,t) is invariant under any permutation of z1, za, ...., Zp.

(IFN10) Ve € F, ¢ # 0, M(x1,Ta, ..., Ty, t) = M (21,2, ..., Tn, \%I)

(IFN11) Vs,t € R,

M(x1, 00, ey + 2,8+ 1) > M(21,22, oy Ty, ) OM (11, T2, .oy 1, ).
(IFN12) tlim M(z1,22, oy Tpyt) = 0.
—500

Then (V, A) is called an intuitionistic fuzzy n-normed linear space.

Remark 3.2. The non-decreasing property of N(x1,xa, ...., &y, .) follows from (IFN2),
and (IFN5) and non-increasing property of M (z1, 2, ...., Zp, .) follows from (IFN8)
and (IFN11).

Example 3.3. Let (X, |[,.,...,.]|) be an n-normed linear space as in Definition
2.3[16]. Define

for t € R, (z1,22,...,2,) € X"

e
N(:C17x2, ...-,‘Tnat) = { t+||a:1,:E(2)7m~,$n|| when t <0
> U,

[|z1,22,....,%n]] + n
M(a1, 09, oy, 1) = 4 Tovsaar sl fort € RY,(z1, 22, ...,2,) € X
1 when t < 0.

Solution. In Example 3.3[20], it is shown that N satisfies the conditions (IFN1)
to (IFNG). Now we shall show that M satisfies the conditions (IFN11) to (IFN12).
(i) (IFNTIFN7) follows from Definition.
(11) Vvt > 0, M(Jfl,.’ljg,....,fbn,t) =0

& MR =
& ||z, 22, ey x| =0
& 21,29, ..., Ty, are linearly independent.
Then (IFN8) holds.
(iii) Since ||z1, 2, ....,x,|| is invariant under any permutation of 1, g, ...., Zyn,
M(x1, g, ...., Ty, t) is invariant under any permutation of x1,xa, ...., z,.

Then (IFN9) holds.

(iv) For ¢ # 0 and V¥t > 0 we have
—lzr,xa,..., cxy||
M(a:l,xg,....,cxmt) = —||z1,zQ,....,czn||+t
_ _lelllz1,@2,.... 0]
T elllzr, x|
— Z1,%2,....,%n |
o122, samllF

= M(x1, 22, ..., Ty, m).

Then (IFN10) holds.
179



T. Bag /Ann. Fuzzy Math. Inform. 13 (2017), No. 2, 175-188

(v) We consider only the case when s,¢ > 0. Since other cases are obvious,

Hzn,@2,tn_1yll @182, @01, T
SUPPOSE (101 s, wn—19l[+s = T[o1,22,..n—1,2][+E" hen we have,
(A) [|z1, 22y oory Tne1, 2|| — tl|@1, 22, ooy Tp—1, y|| > 0.
On the other hand,
1,22, s @n—1,2]| 21,22, sTn—1,y+2]]
[[z1,%2,.;Tn—1,2|[+t [[z1,22,0 sTn—1,y+2[[+s+t
[|z1,T2, sTn—1,2]| [[z1,%2,. s Tn—1,y+2||
= llz1,@2,czn—1:2l[+t  lz1,22, 0 @n—1,y|[+Fs+t+][z1,22,0 20 —1,2]]
z1,22, . yn—1,2]l [lz1,22,.. ., @n—1,y[|+]|Z1,22,. 0 —1,2]]
- ‘|$1’I27"'~)$7L—17z||+t ‘|I17‘T27"~~;$n—17y"+|‘wl712>'~-~7wn71)z‘|+5+t.

By using (A), we get

H.’IJ]_,ZCQ,....,.’IJnf]_,ZH . ||$17$2,--~-a$n71ay+2||
l|z1, o, oo, tn_1, 2|| +t  ||x1, 22, ecsy Tp—1,y + 2|| + s+ ¢
l|z1,22,....;2n—1,2|] l|z1,22,.....¢n—1,y+2]]
Thus, \|aj1,a;2,.?..,x)ni1,z7||+t = ||x1,a:g’,...f,a:yij,y—f-zl|+s+t' So
max {M(x1,22, ..., Tn-1,Y,8), M(x1,22, ..., Tn_1,2,t)}

> M(x1,x2, ey Tp—1,y + 2,8 + t).
Hence M(z1,22,....;%n—1,Y,8)OM (21,22, ..., Tp_1,2,t)}
> M(x1,x2, ey Tp—1,y + 2,8 + t).
Therefore (IFN11) holds.
(vi) It is clear that tllfﬁlo M (21,22, e, Xn, t) = 0.
Hence (X, N, M, x,<{) is an intuitionistic fuzzy n-normed linear space.

Definition 3.4. Let (X, N, M, %, <) be an intuitionistic fuzzy n-normed linear space.
A sequence {z,} in X is said to be convergent and converges to z, if for each
Y1,Y2, -, Yn—1 € Xa

lm N(y1,92, oo Yn—1, T — T, ) =1
n—oo

and
lim M(y1,y2, ooy Yn—1,Tn — z,t) =0 Vt > 0.
n—oo

Definition 3.5. Let (X, N, M, *, <)) be an intuitionistic fuzzy n-normed linear space.
A sequence {z,} in X is said to be a Cauchy sequence, if for each y1,y2, ..., yn—1 € X,

nh—>ngo N(ylay27 vy Yn—1,Tntp — x?’ut) =1

and
lim M(y1,Y2, s Yn—1, Tntp — Tn,t) =0, VE >0
n—roo

and it is uniformly on p =1,2,3,.....

Theorem 3.6. If a sequence in an intuitionistic fuzzy n-normed linear space
(X, N, M, x,$) is convergent then its limit is unique provided * is continuous at
(1,1) and $ is continuous at (0,0).

Proof. Let {x,} be a convergent sequence in X. If possible suppose that 3z, y(x # y)
such that {z,} — 2 and {z,} =y asp — 00. As  # y and dimX > n, 3 a linearly
independent set of vectors {u1,ug, ..., un—1,2 — gy} in X.
Now,
N(ul, U2y eeees Up—1,T — Y, 28)
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= N(u1,u2, 0y Up—1,& — Tp + Tp — Yy, 5+ 9)

> N(Up, U2y ey Un—1, T — Tp, §) % N (U1, U, ooy Up—1, Tp — Y, S).
Since * is continuous at (1,1), nh_}xrolo N(ug,ugy oy Up—1, —4,28) > 1x1=1Vs > 0.
Then {uy,us,....,un—1,2 — y} are linearly dependent. This is a contradiction.
Again,

M(ul, U2y eeeey Up—1,T — Y, 28)

= M(u1,u2, ..o, Up—1,T — Tp + Tp — Y, S+ §)

< M(ur, ug, ooy Un—1,2 — Tp, S)OM (U1, U2, .oy Un—1, Tp — Y, S).
Since < is continuous at (0,0), nhﬁrr;c) M(ur,ug, .oy p—1,2—y,2s) <0H0=0Vs > 0.
Thus {uy,ug, ..., un—1,2 — y} are linearly dependent, which is a contradiction.
Sox—y=20ie,x=y. O

Definition 3.7. Let (X, N, M, %, <) be an intuitionistic fuzzy n-normed linear space.
A subset F of X is said to be closed if for any sequence {z,} in F such that z, — =
implies x € F.

Definition 3.8. Let (X, N, M, *, <) be an intuitionistic fuzzy n-normed linear space
and F' C X. Then the closure of F denoted by F and is defined by

F={z € X: Jasequence {z,} in F converging to z}.
Definition 3.9. Let (X, N, M, %, <) be an intuitionistic fuzzy n-normed linear space.

A subset V of X is said to be compact if any sequence {z,} in V has a convergent
subsequence which converges to some element in V.

4. FINITE DIMENSIONAL INTUITIONISTIC FUZZY NORMED LINEAR SPACE

In this Section some results on finite dimensional intuitionistic fuzzy normed linear
spaces are established.

Lemma 4.1. Let (X, N, M,x <) be an intuitionistic fuzzy n-normed linear space
with the underlying t-norm * is continuous (1,1) and the underlying t-conorm & is

continuous at (0,0) and {x1,x2,....,21} be a linearly independent set of vectors in
X, then Jey,c0 > 0 and 361,02 € (0,1) such that for any set of scalars
{a1, ag,........ sk Yy, Y2,y e, Yk € X such that ;
n n
(4.1.1) N(yl, Y2,y ooy Yn—1, Z a; T, C1 Z |Oél|) < 1-— 61
i=1 i=1
and
n n
(412) ]\4(y17 Y2y eeeey Yn—1, Z ;T Co Z |ai|) > (52.
i=1 i=1

Proof. We prove the second part (4.1.2). First part follows from the Lemma 3.7[20].
Let s = |a1] + |az| + ...... + |l
If s =0, then a; = 0Vj =1,2,.....,k. Thus the relation (4.1.2) holds for any
c>0and € (0, 1).
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Next we suppose that s > 0. Then (4.1.2) is equivalent to

k
(4.1.3) M(y1,y2, oo Un—1, Y _ Bitis €2) > 0,

i=1

k
for all scalars 3;’s with Z 1B = 1.
j=1
If possible, suppose that (4.1.3) does not hold. Then for any ¢ > 0 and § €

k
(0, 1), 3 aset of scalars {51, Ba,....... , Bn} with Z |6;] =1 such that

j=1
k
for a‘ny yl’yQ,""’yn—l EX’ M(y17y27""7yn_17216i$i) C) Sa'
i=1
In particular, forc = § = %, m =1,2,....., 3aset of scalars {7§m), Yoy neen o

k
with Z |7J(-m)| = 1 such that M (y1,y2, ... Yn—1,2m » =) <
j=1

L
m’

m) (m)

k
T1+7Yy X2+ + v,im)a:k. Since Z |'7J(-m)| =1, we have
j=1
0< |’Yj(m)\ <lforj=1,2,.... ykandm=1,23,...... Thus for each fixed 7, {’yj(.m)}

is bounded. So in particular, {’y{m)} is also so. By Bolzano-Weierstrass Theorem, it

where z,, = 7§

follows that {yi’”)} has a convergent subsequence which converges to vy (say ).

Let {z1,,} denotes the corresponding subsequence of {z,,}. By the same argu-
ment as above, {z1,,} has a subsequence say {22} for which the corresponding
subsequence of scalars {7§m>} converges to 2. Continuing in this way, after k-steps,
we obtain a subsequence {zj m, }, where

k k
Zkym = an(-m)xj with Z |77§m)| =1and nj(»m) —mnjasm—ooforj=1,23, .., k.
j=1 j=1

Let 2z = ma1 + noxa + ....... + nrxg. Then V¢ > 0 and Yyi,y2,....,yn—1 € X, we
have,

lim M(y17y27 vy Yn—1,52k,m — Z7t)
m— 00
b kt
: (
= lim M(y1,y2, o Yn-1, S (™ = n)ay, %)
j=1
t

S lim M(yl7y2u“"7ynfl7x177
e nlp{™ — 77tl|

<> lgll M(yla Y2, -3 Yn—1,T2, T
meree nlyy = 7735'

O T MY,y Yt B —— o ——
meree nly, = Nkl

= 000<.....00 = 0 ( by the continuity of t-conorms < at (0,0) ).
Thus Um M(y1,¥2,....; Yn—1,2km — 2,t) =0, ¥t > 0.

m—00
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In Lemma 3.7[20], it is proved that nl;rr;o Ny1,92, ooy Yn—1, Zlm — 2,t) = 0,V > 0.
So {zg,m} — z as m — oo.
Now for s > 0, choose m such that % < s. Then we have,
M(y1,Y2, s Yn—1, Zk,m, S)
= M(y1,Y2s -y Yn—1, Zleym — 0,5 + % — %)
< M Y1, Y2, oo Yn—1s Zhyms = ) OM (Y1, Y2y ooy Y1, 0,8 — ).
Thus M (y1,Y2, s Yn—1, Zk,m, S) < %OO =0.
So lim M(y1,Y2, s Yn—1, Zk,m, ) =0, Vs > 0.
m—0o0
In Lemma 3.7[20], it is proved that n%i_{nooN(yl,yg,....,yn_l,zk,m,s) =1,¥s > 0.

Hence {zkm} — 0 as m — oo. Since the limit of a convergence sequence in

(X, N, M, *,<) is unique, z = 6. This implies that n; =1y = ..... =, = 0.
k
Now %(m) — 1n; as m — oo for each i = 1,2,3, ..., kK where Z [njl =1
j=1
which contradicts the fact that 9, =12 = ..... = n, = 0. Therefore (4.1.3) holds. O

Theorem 4.2. If (X,N,M,*,<) is a finite dimensional intuitionistic fuzzy n-
normed linear space with the underlying t-norm x is continuous at (1,1) and the
underlying t-conorm < is continuous at (0,0), then (X, N, M, *, ) is complete.
Proof. Let dim X = k and {ej,ea, .....,ex} be a basis for X. Let {x,} be a Cauchy
sequence in X. Then 3 scalars 51.(7'), 1=1,2,..,k r=12 ... such that

k

Ty = Zelﬂi(r), r=1,2,3, ...

i=1

Since {z,} is a Cauchy sequence, for each y1,y2, ..., ¥yn—1 € X,

(4.2.1) lim N(y1,y2,-ey Yn—1,Tr — Ts,t) =1, ¥t >0
7,8—00

and

(4.2.2) lim M (y1,y2y ooy Yn—1,Zr — x5, t) =0, Vi > 0.
7,8—00

Now by Lemma 4.1, Jc1,¢2 > 0 and d1,02 € (0,1) such that

k k
(42.3)  N@uyz, o1, DB = 8), a0 Y 187~ 8] < 1-6
i=1 i=1
and
k k
(4.24)  M@Lyz o1, Y elB7 = B), @3 187 — B > 6.
=1 i=1

From (4.2.2), it follows that for d2 > 0, Ip € N such that

M (Y1, Y2y ooy Yn—1, Lr — Ts,t) < b2, Vr,s > p and for t > 0.
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Then,

k k
My, s yn1, (B = B), e > 187 = B7)) > 6

i=1 =1
> M(y17y27 ey Yn—1,Tp — ‘rs,t)7 V’I",S 2 p and for ¢ >0
k

:>C2Z|ﬁi(r) _Bi(S)| <tVr,s>pandfort>0
i=1

k
T S t
:>§ :|6i()_5§<)‘<aVr752pandfOI‘t>0
i=1

= 87 — B < ~Vr,s>pfort>0andi=1,2, ...k
From above, it follows that, for each i = 1,2, ...., k, {Blm} is a Cauchy sequence in

C. Since C is complete, {Bi(r)} is convergent for each i = 1,2, ...., k.
k

Let 52-@ — B asr — oo and for i = 1,2,...,k. Let y = Zﬁiei. Then y € X.
i=1
Thus for y1,y2, ...os Yn—1 € X,

M(yl; Y2, -5 Yn—1,Tpr — .Z',t)
k

. kt
= M(ylnya vy Yn—1, ;el(ﬁz( ) - ﬂi)a ?)
< M(yl»y27'”‘vyn717617

)OM(ylay27”";ynfl7627 )

_t _t
k|8 — B k|87 —Ba|

...... M ooy Yn— — -t ),
<> <> (y15y27 yYn—1, €k, klﬁl(CT)_ﬁkl)
Now as p = 00, —b—— — oo for i =1,2,...,k. So
k|B;" =Bl
. t .
lim M (y1,y2, s Yn—1, €, T) =0fort=1,2,...,k.
poe k|B;™ — Bil

Using continuity of ¢-co-norm at (0,0), we get

(4.2.5) ILm M(y1,Y2y ooy Yn—1, Tr — x,t) = 0,V > 0.
p—r00

Using continuity of t-norm at (1,1), we get

(4.2.6) li_>m N(y1,Y2, ey Yn—1,Tr — x,t) = 1,V > 0,
p—o0

(See Theorem 3.8 [20]). From (4.2.5) and (4.2.6), it follows that x,, — x. Since {z,}
is an arbitrary sequence in X, it follows that X is complete.
O

Theorem 4.3. Let (X,N,M,*,{) be a finite dimensional intuitionistic fuzzy n-
normed linear space with the underlying t-norm * is continuous at (1,1) and the
underlying t-conorm < is continuous at (0,0) and A C X. Then A is compact iff A
is closed and bounded.

Proof. First we suppose that A is compact.
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If possible suppose that A is not bounded. Then Jy1,y2,....,yn—1 € X, 7 € (0,1)
such that for each positive integer m, 3z, € A such that

(431) M(yl,y27---'7yn—lammam) >

Now {z,,} is a sequence in A. As A is compact, there exists a subsequence {z,, }
of {z,,} converging to a point x € A. Thus for each y1,ya2,...., yn—1 € X,

(4.3.2) lim M (y1,y2, ooy Yn—1, Tm, — x,t) =0, ¥Vt > 0.
1— 00

From (4.3.1), we have M (y1,Y2, s Yn—15 Tm,;, M) > 1. SO
< M(Y1,Y2, ooy Yn—1,Tm; — T +2,m; —t+ 1)
S M(Y1,Y2, ooy Yn—1s Tmy; — T, )OM (Y1, Y2y ovey Y1, T, My — t)
=T S hm M(yh Y2,y Yn—1, Imt -, t)<> hIIl M(yh Y2, eeees Yn—1, L, My — t)
11— 00 1— 00

= r < 000 = 0 (using the continuity of ¢-co-norm at (0, 0))

=r=0.
This is a contradiction. If we consider N, then we also arrive at the same contradic-
tion (Please see Theorem 3.10[20]). Hence A is bounded.

Next consider a sequence {z,} in A converging to a point = in X. Since A is
compact, the sequence {z,} has a convergent subsequence {z,, } converging to a
point in A. As every subsequence of a convergent sequence converges to the same
limit, it follows that {x,, } converges to x. Then x € A and Thus A is closed.

Conversely, suppose that A is closed and bounded. We have to show that A
is compact. Let dimX = k(> n). and let B = {ej,eq,.....,ex} be a basis for X

and {z,,} be a sequence in A. Then 3 scalars Bi(m),z’ =1,2,...,k such that z,, =
k

Zﬁi(m)ei;m =1,2,...... By Lemma 4.1, 3¢q,c2 > 0 and 91, d2 € (0, 1) such that for

i=1

scalars ﬁi(m),i =1,2,....,k, Jy1,y2, ...r, Yyn—1 € X such that

k k
(433) Z\](yl7 Y2y eeees Yn—1, Z 61-(7”)61', C1 Z ‘ﬁz(m)D < 1- 51.
=1 =1
and
k k
(4.3.4) M(y1, 2, oo Y1 DB e BI]) > b
i=1 =1

Since {z,,} is bounded, for d2 € (0,1) and y1,¥2, ..., yn—1 € X, It > 0 such that
k
M(ylay27 vy Yn—1, Zﬂl‘(m)ei,t) < 62 m = 1, 2, 3, .....
i=1
From (4.3.4) we have,
k k
My g2, oo tn-1, D B e c2 > 1B™])
i=1 i=1

> 09
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k
> M(y17 Y2y ey Yn—1, Zﬁl(m)ewt)

i=1

k k
(m) _ (m) < i _
Thus 02;@ | <t, m=1,2,3,.... So ;wl | < oo m 1,2,3,.....
Hence for each ¢ = 1,2, ....., k; {ﬂl-(m)} is bounded in R or C. In particular, {ﬁgm)}
is bounded and thus it has a convergent subsequence {ﬂm’l)} converging to a point
b1 (say) in R or C.

Let {2, 1} be the corresponding subsequence of {z,, }. Again consider the bounded
sequence {ﬁ;m)}. Then it has a converging subsequence {Bém’Q)} and corresponding
subsequence of {Z, 1} is {Tm,2}-

Continuing in this way, after k-steps, suppose {Z, } be the corresponding sub-
sequence of {z,,} ,

k

where z,, 1 = Zﬂi(m’k)ei; m=1,2,3,... and lim ﬁi(m’k) =06, 1 <i<k.
m—0o0

=1
k
Let y = Zﬁiei. Now for y1, 92, -oors Yn—1 € X, we get
=1
M(y17y27 ""7yn71axk,m - yvt)
k kit
k
== M(yl7y2a vy Yn—1, ;(/61(7717 ) - Bi)eiv ?)

< My, o, s Y1, (B = Br)er, )OM (Y1, Yz, o Y1, (B5™) = Ba)en, £)
O OM (Y1, Y2, ooy Y1, (BT = Br)en, £)
= M(y1,Y2; ey Yn—1, €1, M)O ..... OM(Y1,Y2s ooy Yn—1, €15 ).
Thus n%gnoo M(y1,Y2, s Yn—1, Thom — Y, t) < 050.......00 = 0.

(Since

t
k|8 — gy,

t . _ . .
T — 00 as m — oo and using the continuity of < at (0 , 0)).

On the other hand, in similar way, it can be proved that
lim N(y1,¥2, s Yn—1, Th,m—Y,t) = 1 (Please see Theorem 3.10[20]). So z m —
m—o0

y as m — oo. Hence the sequence {z,,} has a convergent subsequence converging
to a point in X. Since A is closed, x € A. As {x,,} is an arbitrary sequence in A, it
follows that A is compact. d

5. CONCLUSION

Extending a recent approach of Bag and Samanta [1] towards the study of fuzzy
normed linear spaces with general t-norm, it has been possible to develop finite di-
mensional intuitionistic fuzzy n-normed linear spaces and have studied compactness
and completeness in such spaces. Since in general t-norm setting, decomposition
theorem is not applicable, so that a different technique is required to handle such
situations. There is a wide scope of research in studying intuitionistic fuzzy normed
linear spaces with underlying general t-norm setting in the triangle inequality of the
fuzzy norm.
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