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ABSTRACT. The notion of lacunary ideal convergence in intuitionistic
fuzzy normed linear space (IFNLS) was introduced by the present corre-
sponding author [P. Debnath, Lacunary ideal convergence in intuitionistic
fuzzy normed linear spaces, Comput. Math. Appl., 63 (2012), 708-715] and
an open problem in that paper was whether every lacunary I-convergent
sequence is lacunary /-Cauchy. Further, a new concept of convergence of
sequences in an intuitionistic fuzzy n-normed linear space (IFnNLS) was
given in [M. Sen, P. Debnath, Lacunary statistical convergence in intu-
itionistic fuzzy m-normed linear spaces, Math. Comput. Modelling, 54
(2011), 2978-2985]. With the help of this new definition of convergence,
the main aim of this paper is to introduce the concept of Iy-convergence in
an IFnNLS, where [ is an ideal of a family of subsets of positive integers N.
We also define Ix-limit points and Ix-cluster points and establish relations
between them. Finally we introduce the notion of I)-Cauchy sequence in
IFnNLS. We improve and extend some existing results and give a positive
answer to the open problem mentioned above in the setting of an IFnNLS.
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1. INTRODUCTION

Many problems that we study in analysis are concerned with large classes of
objects most of which turn out to be vector spaces or linear spaces. Since limit
process is indispensable in such problems, a metric or topology may be induced in
those classes. If the induced metric satisfies the translation invariance property, a
norm can be defined in that linear space and we get a structure of the space which is
compatible with that metric or topology. The resulting structure is a normed linear
space. There are situations where crisp norm can not measure the length of a vector
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accurately and in such cases the notion of fuzzy norm happens to be useful. There
has been a systematic development of fuzzy normed linear spaces (FNLSs) and one
of the important development over FNLS is the notion of intuitionistic fuzzy normed
linear space (IFNLS). The study of analytic propertis of IFNLSs, their topological
structure and generalizations, therefore, remain well motivated areas of research.

The idea of a fuzzy norm on a linear space was introduced by Katsaras [23] in 1984.
In 1992, Felbin [16] introduced the idea of a fuzzy norm whose associated metric is of
Kaleva and Seikkala [20] type. In 1994, Cheng and Mordeson [6] introduced another
notion of fuzzy norm on a linear space whose associated metric is Kramosil and
Michalek [26] type. Again in 2003, following Cheng and Mordeson, one more notion
of fuzzy normed linear space was given by Bag and Samanta [3].

The notion of intuitionistic fuzzy set (IFS) introduced by Atanassov [2] has trig-
gered some debate (for details, see [4, 13, 17]) regarding the use of the terminology
“intuitionistic” and the term is considered to be a misnomer on the following ac-
count:

e The algebraic structure of IFSs is not intuitionistic, since negation is invo-
lutive in IF'S theory.
e Intuitionistic logic obeys the law of contradiction, IFSs do not.

Also IF'Ss are considered to be equivalent to interval-valued fuzzy sets and they are
particular cases of L-fuzzy sets. In response to this debate, Atanassov justified the
terminology in [1]. Apart from the terminological issues, research in intuitionistic
fuzzy setting remains well motivated as IFSs give us a very natural tool for modeling
imprecision in real life situations which can not be handled with fuzzy set theory
alone and also IFS found its application in various areas of science and engineering.

In 2006, with the help of arbitrary continuous ¢-norm and continuous ¢-conorm,
Saadati and Park [31] introduced the concept of IFNLS. There has been further
development over IFNLS, e.g., the topological structure of an intuitionistic fuzzy
2-normed space has been studied by Mursaleen and Lohani in [29]. Further, gener-
alizing the idea of Saadati and Park, an intuitionistic fuzzy n-normed linear space
(IFnNLS) has been defined by Vijayabalaji et al. [38] in 2007. Some more recent
work in similar context can be found in [5, 7, 9, 10, 11, 12, 14, 30, 32, 37].

The idea of statistical convergence was first introduced by Steinhaus [36] and
Fast [15]. Karakus [21] studied statistical convergence on probabilistic normed
spaces. Then Karakus et al. [22] generalized it on IFNLSs. The notion of I-
convergence was initially introduced by Kostyrko et.al [24] as a generalization of
statistical convergence which is based on the structure of the ideal I of subsets of
natural numbers N. Further, Kostyrko et.al [25] gave some of basic properties of
I-convergence and deal with external I-limit points. Later on, Esi and Hazarika [11]
introduced the concept of A-ideal convergence in intuitionistic fuzzy 2-normed space.
Recently Hazarika, Kumar and Guillén [19] studied another generalized ideal con-
vergence in IFNLS.

An unambiguous new definition of convergence of sequences in IFnNLS was given
in [34, 35] which is different from [38], and the notion of lacunary ideal convergence
in IFNS was introduced in [3]. Combining these, we extend our work to introduce
and study the notion of Iy-convergence in an IFnNLS.
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2. PRELIMINARIES
First we collect some preliminaries to be used in this paper. Throughout the

paper N and R denote the set of natural numbers and real numbers respectively.

Definition 2.1 ([18]). Let n € N and X be a real linear space of dimension d > n
(d may be infinite). A real valued function ||.|| on X x X x -+ x X = X" is called

an n-norm on X, if it satisfies the following properties: !
(i) |z1, 22, .., 2zn| = 0 if and only if z1, s, ..., z, are linearly dependent,
(ii) ||z1, z2, - .., @y is invariant under any permutation,
(ili) |z1, 22, ..., 0z, || = |af||z1, 22, ..., 2y for any o € R,
(iv) |z1, 2, - - s 2p_1, ¥y + 2| < |21, 22, - s 21, Yl + 21, 22, - - @01, 2l

and the pair (X, |.]|) is called an n-normed linear space.

Definition 2.2 ([38]). An IFnNLS is the five-tuple (X, i, v, *, o), where X is a linear
space over a field F', % is a continuous t-norm, o is a continuous t-conorm, u,v are
fuzzy sets on X™ x (0,00), p denotes the degree of membership and v denotes the

degree of non-membership of (21, xa,...,2,,t) € X™ x (0, 1) satisfying the following
conditions for every (x1,xs,...,2,) € X™ and s,t > 0:

(1) w(zr,x2,. .., T, t) +v(z1,20,..., 2y, t) < 1,

(ii) p(x1,x2,... ,20,t) > 0,

(iii) p(z1,x9,...,2n,t) =1 if and only if 21,29, ...,x, are linearly dependent,
(iv) wp(x1,2,...,2,,t) is invariant under any permutation of z1,xa, ..., Tn,

(v) p(zy,22,...,cpn,t) = u($1,$2,...,$n,ﬁ) ifc#£0,ceF,

(vi) p(z1,xa,... 20, s) * p(xy, za, ... ,z'n,t) < w(x1,z2,...,Tn + I;NS +1),
(vii) p(z1,x2,...,2n,t) : (0,00) — [0, 1] is continuous in ¢,

(viii) limy—y oo p(z1, 22, . - xm t) =1 and limy_, p(21, 22, ..., 2n,t) =0,

(ix) v(z1,22,..., n,t)

(x) V(1,22 Tp,t) = O if and only if z1, xs,...,x, are linearly dependent,
(xi) v(zy,22,...,2n,t) is invariant under any permutatlon of x1,x9,...,2,,
(xii) v(x1,x9,...,cTn,t) =v(x1,Z0,. .., Ty, |C|) ifc#£0,ceF,

(xiii) v(x1, 2, Tn, ) o V(T1, Ta, ... T t) > (21, T, ..., T + T, S + 1),
(xiv) v(x1,22,...,2s,t) : (0,00) — [0,1] is continuous in ¢,
xv) limy oo v(21, T2, ..., Ty, t) = 0 and limy o v(x1, 22, ..., 2y, t) = 1.

Example 2.3 ([31]). Let (X, ||.||) be an n-normed linear space. Also let a b= ab
and aob =min{a+b,1} for all a,b € [0, 1], pu(z1,z2,...,Tpn,t) = m and

(X1, T,y ... Ty, t) = % Then (X, p, v, *,0) is an IFnNLS.
Definition 2.4 ([341]). Let (X, u,v,*,0) be an IFnNLS. We say that a sequence
x = {x} in X is convergent to I € X with respect to the intuitionistic fuzzy n-norm
(u,v)™ if, for every € > 0, t > 0 and y1,¥a2,...,yn—1 € X, there exists kg € N such
that u(y1,y2,. -, Yn—1,2k — L, t) > 1 — € and v(y1,y2,. .., Yn—1, 2k — [, t) < € for all

k > ko. It is denoted by (p,v)™ —limz =1 or x, X" 1 as k = oo.
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Definition 2.5 ([12]). Let (X, u,v,*,0) be an IFnNLS. For ¢ > 0, we define an
open ball B(z,r,t) with center at x € X, radius 0 < r < 1 and y1,y2,...,Yn-1 € X
as

B(x,rt) =
{yEX:u(ylay%"'ayn—lay_aj7t) >1—r and V(ylvaa-"ayn—lay_x7t) <T}'

Definition 2.6 ([34]). Let (X, u, v, *,0) be an IFnNLS. Then the sequence z = {x}
in X is called a Cauchy sequence with respect to the intuitionistic fuzzy n-norm
(u,v)™ if, for every € > 0, t > 0 and y1,92,...,Yn—1 € X, there exists kg € N such
that p(y1,y2, .-« Yn—1, Tk — Tm,t) > 1 —c and v(y1,Y2, - -+, Yn—1, Tk — Tm, t) < € for
all k,m > kg.

Definition 2.7 ([24]). Let X be a non-empty set. Then a family of sets I C P(X)
is called an ideal in X, if

(i) @ e,

(ii) A, B € I implies AU B € I,

(iii) for each A € I and B C A we have B € I,
where P(X) is the power set of X.

Definition 2.8 ([24]). Let X be a non-empty set. Then a non-empty family of sets
F C P(X) is called a filter on X, if

()2 ¢ F,

(ii) A, B € F implies ANB € F,

(iii) for each A € F and B D A, we have B € F.

An ideal T is called non-trivial, if I # @ and X ¢ I. A non-trivial ideal I C P(X)
is called an admissible ideal in X, if it contains all singletons, i.e., it contains {{z} :
z € X}

Definition 2.9 ([36]). If K is a subset of N, the set of natural numbers, then the
natural density of K, denoted by §(K), is given by
1
0(K)=lim —{k<n:keK},
n

n—oo

whenever the limit exists, where |A| denotes the cardinality of the set A.

Definition 2.10 ([27]). Let A = (\,) be a non-decreasing sequence of positive
numbers tending to infinity such that A,11 < A, + 1,A\; = 1. The generalized la
Vallée-Poussin mean is defined by

() = = 3 (),
" kedn
where J,, = [n — A\, +1,n]. A sequence x = (xy) is said to be (v, A)-summable to a
number [ if ¢,(x) — | as n — oco. If A\, = n, then (V, \)-summability reduces to
(C, 1)-summability.

Definition 2.11 ([28]). A sequence z = (z) is said to be A-statistically convergent
to the number [ if for every e > 0,

1
lim = |{k € Jy : [ax— 1] > e}l = 0.

n—o0
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Let S denote the set of all A-statistically convergent sequences. If A, = n, then S
is the same as S.

Definition 2.12 ([33]). Let I C 2" be a non-trivial ideal. A sequence x = () is
said to be I — [V, \]-summability to a number [ if, for every £ > 0

1
{nEN:)\—n Z |z — 1 > e} el
keJn
Through out the paper, we denote by I as admissible ideal of subsets of N and
A= (\,) is a sequence as defined in Definition 2.9.

3. MAIN RESULTS
Now we discuss our main results.

Definition 3.1. Let I C 2% and let (X, u, v, *,0) be an IFnNLS. A sequence z =
{zx} in X is said to be I - convergent to I € X with respect to the intuitionistic
fuzzy n-norm (p,v)™ if, for every e > 0, t > 0 and y1,y2,...,yn—1 € X, we have

1
{HENZ /\7 Z ,U/(ylayQa-'wynflaxk_l?t) Sl—E
" ked,

1
or — Z V(y17y27"'7yn—17xk_lat) 26} el
An keJ

In this case, [ is called the I~ limit of the sequence x = (zx) and we write I/(\“’V)" —
limz =1.

Example 3.2. Let (R,| - |) denote the space of all real numbers with the usual
n-norm and let a x b = ab and a o b = min{a + b,1} for all a,b € [0,1]. For all
t

X1,T2,...,Tn—1 € R and every ¢ > 0 consider pu(x1,za,...,2,,t) = T s ——

and v(z1, 2, ..., Tp, ) = AZE2enol Then (R, 1, v, %, 0) is an IFnNLS. If we take

t+‘$1ax2a“~7$n| :

I ={ACN:§(A) =0}, where §(A) denote natural density of the set A, then I is
non trivial admissible ideal. Define a sequence = = (xy) as follows:
v — 1, ifk=4*ieN
71 0, otherwise.

Then for every € € (0,1), for any ¢t > 0 and y1,¥2,.-.,yn—1 € X, the set

1
K(e,t) ={n eN: Ek; WY1, Y2, -y Yn—1, T, t) < 1T —€

1
or Ek; V(ylayQa"'vynflaxkvt) 2 6}

will be a finite set. Thus §(K(e,t)) = 0. So K(e,t) € I, i.e.,Ii”’V)n —limz = 0.

Lemma 3.3. Let (X, p,v,*,0) be an IFnNLS and let x = (z1) be a sequence in X.
Then for every e € (0,1), t > 0 and y1,y2,-..,Yyn—1 € X the following statements

are equivalent:
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n

1) 1" —lima = 1.
(2) {neN: )\%Eke%u(yl,yg,...,yn_l,xk—l,t) <l-¢c}el
and {n € N: ﬁzkeh v(Y1,Y2, -« Yn—1, Tk — I, ) > e} € 1.
(3) {neN: ﬁZkehu(yl,yQ,...,yn,l,xk—l,t) >1—¢
and )% Yoker, VWi, Y2, o Yn—1, 7 — L) < e} € F(I).
(3) {fneN: e, n1,v2, - yn1, 26 —1,t) > 1—e} € F(I)
and {n eN: ﬁZkeJW v(Y1,Y2, -y Yn—1, Tk — I, t) < e} € F(I).
(4) In —lim p(y1, 92, -y Yn—1,2 — ,t) =1
and I —limuv(yi,y2,...,Yn—1,2k — I,t) = 0.
Theorem 3.4. Let (X, p,v,*%,0) be an IFnNLS. If a sequence x = (xy) in X is
I-convergent to | € X with respect to the intuitionistic fuzzy n-norm (u,v), then
I&“’”)n —limz is unique.
Proof. If possible suppose, Ig“’u)n —limz = I; and I)(\“’V)n —limx = l,. For a fixed
€ (0,1), choose v € (0,1) such that (1 —7)* (1 —~) >1—¢c and yo~ <e. Then
for any ¢ > 0 and y1,¥2,...,Yn—1 € X define the following sets:

Kua(y,t) ={neN: ﬁ dwed, MWL Y25 ooy Yn—1, T — L, Ly <1—19},
KM,2(77t) = {n eN: %ﬂ Zke]ﬂ /J(ylayQM sy Yn—1, Tk — l27 %) S 1- ,y}’
K,i(v,t)={neN: ﬁ Yoker, YW Y2, - Yn—1, T — Ly >q1,

KV,Q(’V?t) = {’I’L eN: i Zke]n V(yl7y2a sy Yn—1, Tk — l2u %) > ’V}

Now Ii“’y)n —limx = {; implies that (using Lemma 3.3) K, 1(v,t) € I
and K, 1(7,t) € I for all t > 0. Also using Ig“’u)n —limz = Iy, we get K, 2(7,t) €
I and K, o(7,t) € I for all t > 0.

Again suppose Ky (1,8) = (Kyun(1:1) U Kpoa(1,8)) 0 (Kt (1,8) U Kz (3,).
Then K,, ,,(v,t) € I. This implies that its complement Kﬁ:u(’y, t) is a non-empty set
in F'(I). If we take n € Kiy('y, t), first consider the case n € (KEJ('y7 t)ﬁng(% t)).

Then we have

1 t
I Z WY1, Y25 Yn—1, Tk —11,5) >1—7
ke,
and ) .
. Z WY1, Y25 -5 Yn—1, Tk —12,5) >1—7.
k€,
Clearly, we will get a p € N such that

M(y17y27"'7yn717xp - 117%)
1 t
> x Z M(ylay2a"'7yn717xk _l17§)
ked,
>1—7
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and
t
/*L(ylvaM"vynflaxp_1275)
. S )
-— 1, T — -
)\n M Y1, Y2, yYn—1, Tk 272
ke,
>1—7.

(e'g'v consider maX{/’L(yla Y2y Yn—1, Tk — lla %)7 M(yh Y2y s Yn—1, Tk — 127 %)
: k € J,} and choose that k as p for which the maximum occurs).

Then we have

/J/(ylvy% DR 7yn717l1 - l27t)
t t
> (Y1, Y2y -5 Yn—1, Tp *1175) * (Y1, Y2, -y Yn—1, Tp 71275)
>(1=7)x(1-7)
>1—c.

Since € > 0 is arbitrary, we have u(y1, Y2, ..., Yn—1,11 —l2,t) = 1 for all ¢ > 0, which
implies that I; = I5.
Again if n € (KT, (r,t) N KZ,(r,t)), then using a similar technique it can be
proved that
V(ylay27 <oy Yn—1, ll - 127t) <kg,

for all t > 0 and arbitrary € > 0. Thus [; = l5. This proves that Ig“’y)n — limx is

unique. U

The following result shows that the collection of all ideal convergence sequences
in an IFnNLS is closed under addition and scalar multiplication.

Theorem 3.5. Let X be an [FnNLS. Then .
() IF 18" —lima = 1y and 1" —limy = 1y, then I8 —lim(z+y) = I, +1a.
(2) If I/(\”’V) —limz =1 and a € R, then I/(\“’V) —limaz = al.
(3) IF 18" —lima = Iy and I —limy = 1y, then I8 —lim(z—y) = I, —l.

Proof. (1) For a given ¢ > 0, choose v > 0 such that (1 —7)* (1 —+v) >1—¢e. Now
for any t > 0, we define the following sets:

t
Kua(y,t) ={k e N:u(y,v2, .-, Yn—1, 2% — l1, 5) >1—79}
and

t
KMQ(’)/,t) = {k eN: :u(ylvy27 ey Yn—1,Yk — 127 5) >1- ’Y}
Since Ig“’u)n —limz =1, clearly K, 1(v,t) € F(I). Similarly, K, 2(v,t) € F(I). Let
Ku(v,t) = Kui(y,t) N K, 2(v,t). Then K, (y,t) € F(I). Now if k € K, (v,t), we
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have

:u(ylvaa ey Yn—1,Tk +yk - (ll +l2)7t)
t t
> (Y1 Y2y Yn—1, Th — l’i) * (Y1, Y25 s Yn—1, Yk — l2, 5)
>(1—=7)x(1-9)
>1—c.

This shows that {k € I, : u(y1,y2, .- Yn—1, Tk + Yy — (L1 +12),t) < 1—€} € I. Thus
I;“’V) —lim(z +y) =11 + 2.

(2) Let @« = 0. Then for every r > 0, t > 0, y1,¥2,...,Yn—1 € X, there exists
ng = 1 such that

WY1 Y2, -5 Yn—1,00, —0Lt) =1>1—7

and

V(ylay27" '7yn71a0xk _Ol7t) =0< r,

for all k > ng. Thus (1, )* — lim 0z = Ol. This implies that 1" — lim 0z = 0.
Now let a(# 0) € R and let

t
Kn(€7t) = {k eEN: N(yhva'-wyn—hJ;k _la m) >1 _E}'

Since Ig”’u)n —limz =, we have K, (e,t) € F(I). Now if k € K, (e,t), then
t
/L(ylay%' <y Yn—1, @TE — alat) = H’(ylay%' cyYn—1, Tk — la m) >1-—e

Thus {k € I, : u(y1,92,---,Yn—1,0zr —al,t) <1—e} € I. So I)(\”’V)n —limaz = al.
(3) The proof follows from (1) and (2). O

Theorem 3.6. Let (X, u, v, *,0) be an IFnNLS and let x = (z1) be a sequence in X.

PR

Let I be a non trivial ideal in N. If there is a L—convergent sequence y = (yx)

in X such that {n € N: yy, # x,k € J,} € I, then x is also I/(\“’”)"—convergent to
the same limit.

Proof. Suppose that {k € N : y, # x;} € T and I)(\“’”)n —y = 1. Then for every
e€(0,1),t>0and y1,¥2,...,Yn_1 € X, we have
{neN: ﬁzkeh WY1, Y2,y Yn—1,yk — L,t) <1 —¢
or /\%szek]n V(Y1,Y2s -« Yn—1,Yk — L, t) > e} € I.
For every 0 <e < 1,t >0 and y1,92,...,Yn—1 € X, we have
{neN: =30y myy2, -y, ap —Lt) <1 —¢
or A%ZkeJn v(y1,Y2, - Yn—1, 2k — 1, 1) > €}
C{n eN:y, # xy, for some k € J,}
U{n eN: iZkeJn w1, 92, Yn—1,yk — L,t) <1—¢
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or % Zkgjn l/(ylay27 ey Yn—1,Yk — lvt) > 5}~
As both the right-hand side member of the above equation are in I, we have

1
{neN: . Z (Y1, Y25y Y1, — 1it) <1 —¢
" keTn

or — Z V(ylay27"'aynfl7xk_l7t) ZE} el

Thus x is I/(\“7V)n—convergent. O

4. LAMBDA-CONVERGENCE IN IFNNLS

In this section, we introduce the concept of A-convergence in IFnNLS and establish
its relation with I-convergence.

Definition 4.1. Let (X, u,v,*,0) be an IFnNLS. A sequence © = {zy} in X is
A-convergent to [ € X with respect to the intuitionistic fuzzy n-norm (u, )", if for
every t >0, ¢ € (0,1) and y1,y2,...,yn—1 € X, there exists ng € N such that

1 1
)\7 Z H’(ylay%' .. ,yn—lyxkflvt) > 1—¢ and )\7 Z V(yhy% v 7yn—laxkflat) <e
" ke, " ked,

for all n > ng. In this case, we write (p,v)y —lima = 1.

Theorem 4.2. Let (X, p,v,*,0) be an IFnNLS and © = {x} be a sequence in X.
If x = {x1} is A-convergent with respect to the intuitionistic fuzzy n-norm (u,v)",
then (p,v)y —limx is unique.

Proof. Let (p,v)} —limz =1, and (p,v)Y —limx =y (I1 # l2). For a fixed £ > 0,
choose v € (0,1) such that (1 —7)*(1—~v) >1—¢c and yo~v < e. Now, for every
t>0,91,Y2,---,Yn—1 € X there exists n; € N such that

1
™ Z w1, Y2,y Yn—1, 2k — l1,t) > 1 —¢
" keEdn

and )
E Z V(y17y27"'7yn7171’k _ll7t) < g,
ke,
for all n > ny. Also there exists ny € N such that

1
E Z M(yhy27-~-7yn—17$k _127t) >1-—¢
keJ’Vl
and )
E Z l/(y1>y27"'7yn717xk _l27t) <g,
kedy
for all n > no.
Consider ng = max{ni,ns}. Then for n > ny, we will get a p € N such that
M(ylay27 sy Yn—1,Tp — llv %) > i Zke]n M(ylay27 sy Yn—1, Tk — ll7 %)
>1—v
and
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/J/(ylay27 sy Yn—1,Tp — 127 %) > i Zke]n M(ylay27 vy Yn—1,Tk — 127 %)
>1—7.
Thus we have
/’L(y17y27 vy Yn—1, ll - lQat)

t t
> (Y1, Y2, Yn—1, Tp —1175) $ (Y1, Y25 s Yn—1,Tp — l2, =)

2
>1=7)*(1-7)
>1—c¢.
Since € > 0 is arbitrary, we have u(y1,v2, ..., Yn—1,01 —l2,t) = 1 for all £ > 0, which
implies that I; = l5. By using similar technique, it can be proved that
V(yla Y2, Yn—1, ll - 127t) <kg,

for all t > 0 and arbitrary € > 0. So l; = l5. Hence (u,7)} — lim is unique. O

The following theorem shows that A-convergence is stronger than Iy-convergence.

Theorem 4.3. Let (X, p,v,*,0) be an IFnNLS and let © = (zy) in X. If (u,v)§ —
limx =1, then Ig\”’”) —limz =1.

Proof. Suppose that (p,v)% —limz = I. Then for every t > 0, ¢ € (0,1) and
Y1,Y2, -« -, Yn—1 € X, there exists ng € N such that

1
)\7 Z M(y17y27"'7yn717xk_lat) >1—¢
noged,

and
1
X Z V(ylayQa"'7yn—17xk) _l7t) <g,
ked,
for all n > ng. Thus, we have
A={neN: ﬁZkeJnu(yl,y%...,yn,l,xk—l7t) <l-—e¢

or )\Ln Zke]n V(y17y2a ey Yn—1,Tk — l;t) Z 5}
g {1,2,...,710—1}.
But I being admissible, we have 4 € I. sO IV —limz = 1. O

Theorem 4.4. Let (X, u,v,*,0) be an IFnNLS and x = {z} a sequence in X. If
(n, )y —lima = I, then there exists a subsequence {xy,,} of x = (x1) such that
(u,v)™ = lim &y, = 1.

Proof. Let (p,v)y —lima = I. Then for every ¢ > 0 and € € (0,1), there exists
ng € N such that

1
Ek; iu’(yhyQa"'vyn—lvxk_lat) >1-—c¢

and

1
Tn Z I/(ylava"‘vynflaxk _lut) <e¢g,
kedy
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for all n > ng. Clearly, for each n > ng, we can select an my € J, such that

1
,u(ylnyM"vyn—l)xmk - lat) > )\7 Z N(y17y27--~7yn—17$k _lat) > 1-¢

" ked,
and
1
V(y17y27--~7yn—17xmk _lat) < )\7 Z V(ylvy%"wyn—lvl'k _lat) <e.
" ked,
It follows that (u,v)™ — lim x,,, = 1. O

Theorem 4.5. Let X be an IFnNLS and I be a nontrivial ideal of N. If a sequence
x = {xp} is A-convergent in X and y = {yr} is a sequence in X such that {n € N :
xp £ yi for some k € J,} € I, then y is A-convergent to the same limit.

Proof. Let € € (0,1), t > 0, y1,y2,---,Yn—1 € X, {n € N : zp # y for some k €
Jn} €I and (p,v)} —lima =[. Then

1
)\—nk; Wy, Y2, Yn—t1, 2 — L,it) > 1 —¢

and )
r Z V(ylayQa vy Yn—1, Tk — l,t) < 5},
" ke,
for all n > ng. Thus

{neN: iZkeJn wy, Y2,y Yn—1, 2 — Lit) > 1 —¢
and ﬁ EkeJ" V(Y1,Y2s -« oy Yn—1, Tk — I, t) < e} ¢ 1.
On one hand,
{neN: ﬁZkeJTL w1, Y2, Yn—1, 0k — Lt) <1 —¢
or i EkeJ" v(Y1, Y2y« Yn—1, Tk — I, t) > e} € 1.
Now, for every 0 < e < 1,t >0 and y1,¥2,...,Yn_1 € X, we have
{neN: A%ZkeJn w(y1,Y2, -y Yn1,yk — L) <1 —¢
or ﬁ dokes, VW1 Y2, - Yn—1, Uk — I, t) > €}
C{neN:xy # yg, for some k € J,}
U{n eN: ﬁZkeJn WY1, Y2, Yn—1, 7 — [,t) <1 —¢€
or /\%L ZkeJn V(Y1,Y2y -« s Yn—1, Tk — I, ) > €}
As both the right-hand side member of the above equation are in I, we have
{neN: ﬁZkeJn Wy, Y2, -y Yn—1,Yk — l,t) <1 —¢
or A%ZkeJn v(Y1,Y2, -y Yn-1,Yk — L, t) > e} € 1.
So y is (u, v)}-convergent. O

5. LIMIT POINT AND CLUSTER POINT IN IFNNLS

Limit points and cluster points are essential concepts in the study of closedness
of a set. Here we study the analogous concepts in an IFnNLS.

Definition 5.1. Let (X, u,v,*,0) be an IFnNLS. | € X is called a limit point of
of the sequence x = {x}} with respect to the intuitionistic fuzzy n-norm (u,v)"
provided that there is a subsequence of z that converges to I with respect to the
intuitionistic fuzzy n-norm (u,v)™.
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Definition 5.2. Let (X, u,v, *,0) be an IFnNLS and let « = (x1) be a sequence in
X. Then

(i) An element [ € X is said to be an Iy -limit point of x = (zy), if there is a set
M={m; <my<..<my<..}CNsuchthat M ={neN:myeJ,} ¢TI and
(e, V)% — lim xy,, = 1.

(ii) An element | € X is said to be an Ix-cluster point of © = (zy), if for every
t>0,e€(0,1) and y1,y2,...,Yn—1 € X, we have

{neN: /\%Zkeh Wy, Y2,y Yn—1, T — 1, 1) > 1 —¢
or izke}n v(Y1,92, -y Yn-1,Tk — L, t) < e} & 1.

(x) denote the set of all I*-limit points and T' (z) denote the set

I
Let A ()

(p,v)>
of all T*-cluster points in X, respectively.

Theorem 5.3. Let (X, p, v, *,0) be an IFnNLS. Then for each sequence x € X,
A(I#7V)*(x) < I‘{“’U)A(x).

Proof. Let [ € A(I# V)A(:c). Then there exists a set M C N such that M ¢ I, where

M and M’ are as in the Definition 5.2, satisfies (s, V)% —lim,,, = 1. Thus for every
t>0,e€(0,1) and y1,y2,...,yn—1 € X, there exists ng € N such that

1
E Z I’L(y17y27"'ayn—laxmk _l,t) >1—¢
kedy

and )
E Z V(y17y27"'ayn—1axmk - l7t) <g,
ke
for all n > ng. So
B={neN: ﬁzke% w(y1, Y2, - Yn1,Tk — L) >1—¢
and i ZkeJn V(Y1,Y2y -« s Yn—1, Tk — I, 1) < €}
DM \{mi,ma,...my,}. /

Now, with I being admissible, we must have M \ {my,ma,...my,} ¢ I and as
such B ¢ I. Hence l € F{u o (@), Le, A{/L (@) C F(Iﬂ o (). O
Theorem 5.4. Let (X, p,v,%x,0) be an IFnNLS. For each sequence x = (xy) in X,
the set F{u V)A(a:) is closed set in X with respect to the usual topology induced by the
intuitionistic fuzzy norm (p,v)".

Proof. Let y € Ffﬂ V)A(x). Take t > 0 and € € (0,1). Then there exists Il €
Fgﬂ V)A(x) N B(y,e,t). Choose § > 0 such that B(ly,0,t) C B(y,¢e,t). We have
G={neN: )\%Zkeh (Y1, Y2,y Yno1, Tk — Y, t) > 1 —¢
and ﬁ Zkejn V(yhyQa sy Yn—1,Tk — yvt) < 6}
2 {TL eN: ﬁZkEJW /l’(ylvaa"'vynflvxk - lOat) >1-94
and i Zke]n V(y17y2a ey Yn—1,Tk — lOat) < 6}
=H.
Thus H ¢ I. So G ¢ I. Hence y € FIM U)A(m). Therefore F{u V)A(a:) is closed set in
X. O
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Theorem 5.5. Let (X, p,v,*,0) be an IFnNLS and let © = (xy) in X. Then the
following statements are equivalent:

(1) 1 is a Ix-limit point of x.

(2) There exists two sequences yx and zx in X such that x = yp+ 2z and (u, )5 —
limyy =1 and {n e N: k € J,,z, # 0} € I, where 0 is the zero element of X.

Proof. Suppose that (1) holds. Then there exist sets M and M’ as in Definition 5.2
such that M ¢ I and (u, v)y —limx,,, = [. Define the sequences y and z as follows:
oz, ifkeJn;neM,
=00 otherwise.

and /
P if k€ JosneM
g Tk — I, otherwise.
We consider the case k € J,, such that n € N— M. Then for each e € (0,1), t > 0
and y1,¥2,...,Yn—1 € X, we have

w(Y1, Y2, Yn—1,Uk — L,it) =1 >1—¢

and
VY1, Y2, Yno1, Yk — L, 1) =0 < €.
Thus )
o™ Z w1, Y2, Yn—1, Yk — L) =1>1—¢
keJ,
and

% > vy v, n1yr — L) =0 <.
ked,
So (u,v)y —limy=land {neN: ke J,,z, #0} € I.

Suppose that (2) holds. Let M = {n € N : k € J,,,z, = 0}. Then, clearly
M’ € F(I) and so it is an infinite set. Construct the set M = {m; < my < ...my <
...} C N such that my, € J,, and z,,, = 6. Since z,,, = Ym, and (p,v)} —limy =1,
we obtain (p,v)} — limz,,, =1 O

6. CAUCHY SEQUENCES IN IFNNLS

Here we define some variants of Cauchy sequences and give a positive answer to
the open problem mentioned in [8] that every Iy-convergent sequence is Ix-Cauchy
in the new setting of IFnNLS.

Definition 6.1. Let (X, p, v, *,0) be an IFnNLS. A sequence z = (z3) in X is said
to be A-Cauchy sequence with respect to the intuitionistic fuzzy norm (u, )™, if for
every t >0, e € (0,1) and y1,¥y2,...,Yn—1 € X, there exist ng, m € N satisfying

1
)\7 Z M(y17y27"'$yn—1,mk*xm,t) >1—¢
" ked,
and .
X Z V(Y1925 Yn—1, Tk — T, t) <&,
n keJ.,L
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for all n > ng.

Definition 6.2. Let (X, u, v, *,0) be an IFnNLS. A sequence x = (z) in X is said
to be I)-Cauchy sequence with respect to the intuitionistic fuzzy norm (u, )™, if for
every t >0, y1,%2,...,Yn—1 € X and € € (0,1) there exist m € N satisfying

{neN: )\%Zkeh w(Y1,Y2, oy Y1, Tk — T, t) > 1 —¢€
and ﬁ Zkejn V(y17y27 sy Yn—1, Tk — xmat) < 6} € F(I)
Definition 6.3. Let (X, pu,v,#*,0) be an IFnNLS. A sequence z = () in X is
said to be I}{-Cauchy sequence with respect to the intuitionistic fuzzy norm (u,v)",
if there exists a set M = {m1 < mg < ... < my < ...} C N such that the set
M = {neN:my e J,} € F(I) and the subsequence (z,,,) of z = (x3) is a
Cauchy sequence with respect to the intuitionistic fuzzy norm (u,v)™.

Theorem 6.4. Let (X, p,v,*,0) be an IFnNLS. If a sequence v = (zy) is Ix-
convergent with respect to (u,v)™, then it is Ix-Cauchy.

Proof. Suppose that © = (z1) be a I -convergent sequence converging to [. For a
given € > 0, choose v > 0 such that (1 —v)*(1—~v) >1—c and yo~y <e. Then
for any t > 0 and y1,¥92,...,Yn—1 € X, define

1 t
KM(’YJ’) :{TLENI )\7 Z M(ylvy%“-vyn—lvxk_la*) > 1_7}

2
" kedn

and

1 t
KV(’Y7t) = {nEN Ekg V(ylayQa"'ayn—la-rk_lvi) <’Y}

Thus K,(v,t) € F(I) and K,(v,t) € F(I).
Let K(v,t) = K, (v,t) N K, (v,t). Then K(v,t) € F(I). If n € K(v,t) and we
choose a fixed m € K(v,t), then

;U'(ylvaa sy Yn—1, Tk — xmat)
t
> (Y1, Y2y -y Yn—1, Tk — L, 5) * (Y Y2, Yn—1,Tm — 1, 5)

"9
>(1=7)x(1-7)
>1—c.

This clearly implies that

1
2 A Yt T~ T ) > 1 e

" ked,
Also,
V(Y1,Y2, -« -y Yn—1, Tk — T, t)
< vy, Y2, Yn—1, Tk — L, %) ov(Y1:Y2s -y Yn—1,Tm — I, %)
<oy
<e.
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So,
% Z V(Y1,Y2, - Yn—1, Tk — T, ) < €.
kedn
Hence
{neN: )\%Zke]n,u(yl,yQ,...,yn,hxk — Ty, t) >1—¢
andn € N: i Yoker, VWL Y2, o Yn—1, Tk — T, ) <€} € F(I).
Therefore x = () is Ix-Cauchy. O

The following is an analogue of Theorem 4.3 in the sense that A-Cauchyness is
stronger than Iy-Cauchyness of sequences in IFnNLS whose proof follows likewise.

Theorem 6.5. Let (X, u,v,*,0) be an IFnNLS. If a sequence x = (xg) in X is
A-Cauchy with respect to (u,v)™, then it is Ix-Cauchy with respect to same.

The proof of the following theorems can be easily established using definitions.

Theorem 6.6. Let (X, u,v,*,0) be an IFnNLS. If a sequence x = (xg) in X is
A-Cauchy with respect to (u,v)™, then there is a subsequence of x = (xy) which is
ordinary Cauchy sequence with respect to the same norm.

Theorem 6.7. Let (X, p,v,*,0) be an IFnNLS. If a sequence v = (xy) is I5-Cauchy,
then it is Ix-Cauchy as well.

7. CONCLUSIONS

In this paper, the concept of Iy-convergence has been introduced in IFnNLS
and based on this concept some existing results are extended and some new results
are established. We have also introduced the concept of Iy-Cauchy sequences and
established the relation between I-convergence and Iy-Cauchy. In establishing most
of the proofs, different approach than their classical analogues has been adopted. The
results obtained in this paper are more general than the corresponding results for
normed spaces.
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