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1. INTRODUCTION

Chang [5] introduced the concept of MV-algebra as an algebraic proof of the
completeness theorem for Ny-valued Lukasiewicz propositional calculus. After that
many mathematicians have worked on MV-algebras and obtained significant results.
Tianbang [20] proved that MV-algebras and lattice implication algebras are categor-
ically equivalent. Mundici [18] proved that MV-algebras and bounded commutative
BCK-algebras are also categorically equivalent.

The hyperstructure theory (called also multialgebras) was introduced by Marty
[16]. Around the 40’s, several authors worked on hypergroups, especially in France
and in the United States, but also in Italy, Russia and Japan. Hyperstructures
have many applications to several sectors of both pure and applied sciences. There
are applications to the following subjects: geometry, hypergraphs, binary relations,
lattices, fuzzy sets and rough sets, automata, cryptography, combinatorics, codes,
artificial intelligence and probabilities. In [(] a wealth of applications can be found.

Recently, Ghorbani et al. [8] applied the hyperstructures to MV-algebras and
introduced the concept of hyper MV-algebra and investigated some related results.
Torkzadeh et al. [21] introduced the concept of hyper MV-ideal and Jun et al. [13]
introduced the concept of hyper MV-deductive system and gave some related results.

H,-structures were introduced by Vougiouklis [22, 23]. The concept of H,-
structure constitute a generalization of the well-known algebraic hyperstructures
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(hypergroup, hyperring, hypermodule and so on). Actually some axioms concerning
the above hyperstructures such as the associative law, the distributive law and so
on are replaced by their corresponding weak axioms. The reader will find in [22]
some basic definitions and theorems about H,-structures. Since then the study of
H,,-structure theory has been pursued in many directions by Vougiouklis, Davvaz,
Spartalis and others.

Recently, H,-structures have applied to MV-algebras and the concept of H,MV-
algebra has introduced [!, 2]. The concepts of H,MV-subalgebra, H,MV-ideal and
weak H,MV-ideal were defined as well, and some properties and the connections
between them were given. Also, quotient structure of an H,MV-algebra have studied
and some homomorphism theorems have given.

After Zadeh [24] introduced the concept of a fuzzy set, many authors applied it to
algebraic structures such as groups, rings and so on. Hoo et al. [9, 10, 11, 12] applied
fuzzy sets to MV-algebras and introduced some types of fuzzy ideals and obtain some
related results. Jun et al. [14] introduced fuzzy hyper MV-deductive systems and
investigated their properties. The present author introduced fuzzy H,MV-ideals and
fuzzy weak H,MV-ideals of an H,MV-algebra [3] and investigated their properties
and the connection between them. He also obtained a characterization for fuzzy
weak H,MV-ideal generated by a fuzzy set. Many authors have worked on fuzzy
algebraic structures based on the concepts of ‘belongingness’ and ‘quasi-coincidence’
(see, for example [4, 7, 17, 19]).

In this paper, the notions of (a, 8)p-fuzzy H,MV-ideals and («, 8)p-fuzzy weak
H,MV-ideals are introduced. Their properties and connections between them are
investigated, as well. Many theorems to characterize these fuzzy ideals are given.
Also, some equivalent conditions together with suitable examples are given.

2. PRELIMINARIES

This section is devoted to give some preliminaries from the literature. For more
details we refer to the references [1, 2, 15].

Definition 2.1. An H,MV-algebra is a nonempty set H endowed with a binary
hyper operation ‘@’, a unary operation **’ and a constant ‘0’ satisfying the following
conditions:

( ) 2B (ydz)N(xPy)dz # S (weak associativity),

( ) (z®y)N(ydx) # 2 (weak commutativity),

(H,MV3) (2%)" = a,

( ) oy eyn(y*da) da#£ o,

(H,MV5) 0* € (z @ 0%) N (0* & z),

( ) 0 e(xzdz)N(z* ®x),

( ) z€(xz@0)N(0®x),

( ) 0*e(@*@y)N(yda*) and 0* € (y* @ x) N (z®y*) imply z = y.

Remark 2.2. On any H,MV-algebra H, a binary relation ‘<’ is defined by

r=y & 0"ex"pynydpz”.
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For nonempty subsets A and B of H, A < B means that there exist a € A and
b € B such that a < b. For A C H, we denote the set {a* : a € A} by A* and 0* by
1.

Every hyper MV-algebra is an H,MV-algebra. An H,MV-algebra which is not a
hyper MV-algebra is said to be proper.

Proposition 2.3. In any H,MV-algebra H, the following hold: for all x,y € H and
nonempty subsets A and B of H,

(1) A=A,
(2) 0= A=1,

(3) A = B implies B* < A*,

(4) (A7) =4,

(5) AN B # @ implies that A < B,
(6) z <y and y < = imply that x = y.

Definition 2.4. Let I be a nonempty subset of H satisfying (Iy), where
(Iy) = <yandy €I imply € I. Then I is called:

(i) an H,MV-ideal, if x @y C I, for all z,y € I,

(ii) a weak H,MV-ideal, if t ® y < I, for all x,y € I.

A function T : [0,1] x [0,1] — [0, 1] satisfying the following properties is called
a t-norm: for all = y,z € [0,1],
(T1) T(z,1)=
(T2) T(x,y) < (maz),ifyﬁz,
(T3) T(x,y) =T(y, ),
(T4) Efc T(y, 2)) = T(T(2,y), 2)-

Due to (T4), each t-norm T' can be extended in a unique way to an n-ary opera-
tion, for n € NU {0}:
1 n=0
Tn_ P — _ .
=17 { T(zp, T?:llx,-) otherwise.
Hence the notatin T'(z1, 2,...,zy) is used for T} ;.

Basic familiar t-norms are:

T A , zVy=1; .
(1) Tp(z,y) = { 0 Y otheyrwise. (Drastic product)
(2) Tr(z,y) =0V (z4+y—1). (Lukasiewicz)
(3) Tp(z,y) = xy. (Product)
(4) Tam(z,y) =x Ay. (Minimum)

where A = min and V = max.
For two t-norms 77 and T5, T; is said to be weaker than T denoted by T} < Tb, if
Ti(z,y) < Ta(x,y), for all (z,y) € [0,1]2. T1 < Ts means that T3 < Ty and Ty # Ts.
So the drastic t-norm is the weakest and the minimum t-norm is the strongest
t-norm, i.e. for every t-norm 7,

Tp <T <Ty.
Moreover the connection among four the basic t-norms are as follows:

Tp <Tr <Tp <Tyy.
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Definition 2.5. Let X be a nonempty set.

(i) A function p: X — [0,1] is called a fuzzy subset of X.

(ii) For fuzzy subset p of X, the set supp(p) = {z € X : u(z) > 0} is called the
support of p.

(iii) For fuzzy subset u of X, the sets

pe={reX:pu(x) >t} and gy ={x e X : p(x) >t} (t<][0,1])
are called respectively, ¢-level subset and strong t-level subset of p.

Let X be a nonempty set and r € (0,1]. A fuzzy subset p of X having the form
w(x) =rand p(y) =0, for all y € X \ {z}, is called a fuzzy point with support z.
Now, let « € {€,q, € Aq, € Vq}. Then
(i) xr € p means that p(z) > r.
il) z,.qu means that p(x) +r > 1,
iii) z, € Aqu means that z, € p and z.qpu,
iv) x, € Vgu means that x, € p or z,.qu.
v) z,au means that z,ap does not hold.

NN S N

For fuzzy subset p of a nonempty set X and for r € (0, 1], let

py = {ve X:ia, €p},
pi = {z € X:xqul,
pe¥l = {ze X:z,. € Vqu}.

Obviously, uSVe = puf U pd. Also, it is obvious that pu$ = p,., the r-level subset
of u.
Throughout this paper, H will denote an H,MV-algebra unless otherwise specified.

3. (a, B)r-Fuzzy (WEAK) H,MV-IDEALS

In this section, we introduce various types of («, 8)p-fuzzy (weak) H,MV-ideals
of H and investigate their properties and the connections between them.

Definition 3.1. Let T be a t-norm and u be a fuzzy subset of H. u is called an

(i) (o, B)r-fuzzy H,MV-ideal if for all x,y,2z € H and r,s € (0, 1],
(1) xzrap and ysap imply ap(,. s Bu, for all a € 2 @y,
(2) yrap and x <y imply z,Su.

(ii) (o, B)r-fuzzy weak Hy,MV-ideal if for all z,y,2 € H and r,s € (0, 1],
(1) zrap and ysap imply ap(. s B, for some a € x @y,
(2) yrap and z =<y imply z,Su.

When T = Ty, we use the notation (o, 8) instead of (a, 8)r,,.

Remark 3.2. Let pu be a fuzzy subset of H such that p(z) < 1/2, for allz € H. If
x € H is such that z, € Aqu, then p(z) > r and p(x) +r > 1 and so

1< p(@) +r < plx) + plx) = 2p(z).
Hence p(z) > 1/2, which is a contradiction. Thus in Definition 3.1, the case a =€ Agq
will be omitted.

Theorem 3.3 follows immediately from the definition.
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Theorem 3.3. In any H,MV-algebra H, the following hold:

(1) Bvery (o, B)r-fuzzy (weak) H,MV-ideal is an (€ Aq,€ Vq)r-fuzzy (weak)
H,MV-ideal.

(2) Every (€ Vq,€ Aq)r-fuzzy (weak) H,MV-ideal is an (a, B)r-fuzzy (weak)
H,MV-ideal.

(3) Every (o, € Nq)p-fuzzy (weak) H,MV-ideal is an (o, €)p-fuzzy (weak) H,MV-
ideal and an (o, q)r-fuzzy (weak) H,MV-ideal.

(4) Every («, B)r-fuzzy (weak) H,MV-ideal is an (o, € Vq)r-fuzzy (weak) H, MV-
ideal.

Theorems 3.4 and 3.5 show the relation between (a,)p-fuzzy (weak) H,MV-
ideals and (weak) H,MV-ideals.

Theorem 3.4. A non-empty subset I of H is a (weak) H,MV-ideal if and only if
X1 is an (o, B)r-fuzzy (weak) HyMV-ideal of H.

Theorem 3.5. For every («, 8)r-fuzzy H,MV-ideal u of H, supp(u) is an H,MV-
ideal of H, where o A€ Nq.

Corollary 3.6. For every (a,B)r-fuzzy H,MV-ideal p of H, supp(p) is a weak
H,MV-ideal of H, where a #£€ Nq.

Theorem 3.7. Let p be a fuzzy subset of H such that pu(x) =1, for all x € supp(p).
Then u is an («, B)r-fuzzy H,MV-ideal of H, where o € Aq.

Proof. We shall prove that p is an (€, € Ag)p-fuzzy H,MV-ideal of H. Let z, € p
and ys € p, for r,s € (0,1] and z,y € H. Then p(z) >r > 0 and u(y) > s > 0 and
so x,y € supp(u), which by Theorem 3.5 implies that 2@y C supp(p). Hence for all
ac€x®y we have u(a) =1>T(r,s) and p(a) +T(r,s) > 1, whence ap(,s) € Agp.
Now, let x < y and y, € p. Then y € supp(u). Thus we get x € supp(p). So
w(x) =1 >rand p(z) +r > 1, ie., z, € Agu. Hence p is an (€, € Aq)p-fuzzy
H,MV-ideal. Therefore p is an (€, §)p-fuzzy H,MV-ideal, where 8 € {€,¢q, € Vq}.
The proofs of the other cases are similar. O

Example 3.8 shows that the converse of Theorem 3.7 may not be true in general.

Example 3.8. Let H = {0,a,b,c,1}. Table 1 shows an H,MV-algebra structure on
H. Define fuzzy subset p of H by

u(0) = 1, pla) = 2/3, p(b) = u(c) = u(1) = 1/2.

It is not difficult to check that p is an (€, €)1,,-fuzzy H,MV-ideal of H and thus
is an (€, €)p-fuzzy H,MV-ideal, for every t-norm 7. Obviously a € supp(p) while

p(a) # 1.
Theorem 3.9. Let p be a fuzzy subset of H and t € (1/2,1]. If us (# &) is an
H,MV-ideal of H, then

(1) T(pu(x), p(y)) < infacaey pla) vV 1/2,

(2) ple) < ply) V172, for ally < z.

The converse holds when T = Tyy.
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@ 0 a b c 1

0 {0p A{a} {b} {act  {0b,1}
a {a} {0,a} {b,1} {0,a,b,c,1} {1}
b {b,1} {b,1} {0,a,b,c,1} {1} {0,1}
¢ e} {0a}p  {0c} {1} {1}
1 {01} {af)l} {1} {1} {1}
* 1 a c 0

TABLE 1. The Cayley table of & and *

Proof. (1) Assume that there exist z,y € H such that
inf 1u(a) V1/2 <T(u(z), n(y))-
a€x®y

Let T(u(x), pu(y)) = t. Then ¢ > 1/2 and z,y € py, whence by hypothesis we get
@y C py. Hence infyepqy p(a) V1/2 > t, which is a contradiction. Thus (1) holds.
(2) Assume that there exists y € H such that y < x and p(z) > p(y) V 1/2. Let
pu(x) =t. Then = € py and t > 1/2, whence y € pug. Thus p(y) V1/2 >tV 1/2 =t
which is a contradiction.
Conversely, let T = Tj; and the conditions (1) and (2) hold. Let ¢ € (1/2,1] and
x,y € g, for x,y € H. Then

inf p(a) vV 1/2> p(x) Aply) >t
acrDy

whence inf,epq, p(a) > t, proving x &y C py. By a similar way, we can prove that
ue satisfies (Ip). Thus p is an H,MV-ideal of H. O

An analogous of Theorem 3.9 holds for weak H,MV-ideals.

Theorem 3.10. Let p be a fuzzy subset of H and t € (1/2,1]. If us (# @) is a weak
H,MV-ideal of H, then

(1) T(H(x)7/j'(y)) S SupaExeay M(a) \v 1/27
(2) p(x) < ply) v 1/2, forally < w.

The converse holds when T = Thy.

In the sequel, we study various types of («, 8)p-fuzzy H,MV-ideals, more closely.

4. (€,€)p-ruzzy H,MV-IDEALS
We start this section by giving some examples.

Example 4.1. Let H = {0,a,b,1}. Table 2 shows an H,MV-algebra structure on
H. We define fuzzy subset u of H by

1(0) =1, pla) = p(d) = p(l) = 1/2.

Then p is an (€, €)-fuzzy weak H,MV-ideal while it is not an (€, €)-fuzzy H,MV-
ideal because 0; € p and a € 0 ® 0 while a1 & p.
78
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0 a b 1
{0a]  {0ab] {0ab} {0abl}
{0,a,b,1} {0,b} {0,1} {a,b,1}
{a,b} {0,a,b,1} {0} {0,a,b,1}
{0,a,1}  {0,a,b,1} {1} {0,a,b,1}
1 b a 0

TABLE 2. The Cayley table of @ and *

*|— T o o P

Example 4.2. Consider the H,MV-algebra H given in Example 3.8 and define fuzzy
subset p of H by

u(0) = 1, pla) = 2/3, p(b) = u(e) = 1/2, p(1) = 1/3.

Then p is an (€, €)pp-fuzzy weak H,MV-ideal (and so is an (€, €)p-fuzzy weak
HyMV-ideal for T' € {1, Tp}) while it is not an (&, €)r,-fuzzy H,MV-ideal because
03/4 € 1, by1/2 € pand 1 € b0 while 13,5 ¢ p. Furthermore p is not an (€, €)-fuzzy
weak H,MV-ideal because ¢; /5 € p and ¢ @ ¢ = {1} while 1, /5 & p.

Example 4.3. Let H = {0, a, 1} and consider Table 3. Then (H;®,*,0) is a proper
H,MV-algebra. We define fuzzy subset pu of H by

p(0) = pla) = 2/3, p(1) = 1/2.

Then u is an (€, €)r,-fuzzy H,MV-ideal while it is not an (€, €)-fuzzy H,MV-ideal
because ay/3 € pand 1 € a © a while 15,3 & p.

0 a 1
{0a}  {0a} {1}
{0,a} {0,a,1} {1}

{1 {a1} {01}

1 a 0

TABLE 3. The Cayley table of & and *

¥ |~ o o P

Example 4.4. Consider the H,MV-algebra H given in Example 4.3.

(1) We define a fuzzy subset p of H by u(0) = 3/4, p(a) =2/3, u(l) =1/3. It
is not difficult to check that p is an (€, €)r, -fuzzy H,MV-ideal while it is not an
(€, €)1p-fuzzy H,MV-ideal because ay/3 € pand 1 € a © a while 14,9 & pu.

(2) We define a fuzzy subset p of H by u(0) = 3/4, p(a) = 2/3, u(l) =1/4. It
is not difficult to check that p is an (€, €)p,-fuzzy H,MV-ideal while it is not an
(€, €)1, -fuzzy H,MV-ideal because ay/3 € and 1 € a © a while 1,3 & p.

(3) We define a fuzzy subset p of H by pu(0) = p(a) =1, p(l) = 1/2. It is not
difficult to check that u is an (€, €)r,-fuzzy weak H,MV-ideal while it is not an
(€, €)rp-fuzzy H,MV-ideal because a1 € p and 1 € a @ a while 11 & p.
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Example 4.5. Consider the H,MV-algebra H given in Example 3.8. We define a
fuzzy subset u of H by

u(0) = 1, (@) = 2/3, u(b) = ple) = 1/2, (1) = 1/5.

Then pu is an (€, €)r, -fuzzy weak H,MV-ideal (and so is an (€, €)p,-fuzzy weak
H,MV-ideal) while it is not an (€, €)p,-fuzzy weak H,MV-ideal (and so is not an
(€, €)-fuzzy weak H,MV-ideal) because 03,4 € p, b2 € pand 1 € b® 0 while
13/8 & p. Furthermore p is not an (€, €)r,-fuzzy H,MV-ideal (and so is not an
(€, €)1, -fuzzy H,MV-ideal) because 01 € p, b1/ € ppand 1 € b® 0 while 1,5 & p.

The proofs of Theorems 4.6, 4.7 and 4.8 are straightforward, so the proofs are
omitted.

Theorem 4.6. Any fuzzy subset p of H satisfying the following conditions is an
(€, €)r-fuzzy H,MV-ideal of H.

(1) infoeamy pla) > T(p(z), m(y)),
(2) pu(y) = p(z), for ally < z.

The converse hold when T = Tyy.

Theorem 4.7. Any fuzzy subset u of H satisfying the following conditions is an
(€, €)r-fuzzy weak H,MV-ideal of H.

(1) sup,eqpmy (@) > T(u(x), u(y)),
(2) wly) = p(x), for ally = x.

The converse hold when T = T)y.

Theorem 4.8. Let p be a fuzzy subset of H. If every nonempty r-level subset i,
(with r € (0,1]) is a (weak) H,MV-ideal of H, then u is an (€, €)r-fuzzy (weak)
H,MV-ideal of H. The converse holds when T = T}y;.

Example 4.9 shows that the converse of Theorem 4.8 may not be true in general.

Example 4.9. Consider the (€, €)r,-fuzzy weak H,MV-ideal p defined in Example
4.2. Then p = {0,a,b,c} (with t € (1/3,1/2]) is not a weak H,MV-ideal because
b,c € pu; while b® ¢ A p. Also, p is an (€, €)r, -fuzzy H,MV-ideal while u; (with
t € (1/3,1/2]) is not an H,MV-ideal.

5. (a, € Vq)r-FuzzYy H,MV-IDEALS

Example 5.1. Consider the fuzzy subset p given in Example 4.1. It is not difficult
to check that u is an (€, € Vq)-fuzzy H,MV-ideal of H.

Example 5.2. Let H = {0,a, 1} and consider Table 4. Then (H;®,*,0) is a proper
H,MV-algebra. We define fuzzy subset p of H by

u(0) = pla) = 1, p(1) = 3/4.
It is easy to verify that p is a (g, € Vq)-fuzzy weak H,MV-ideal of H.

Example 5.3. Let H = {0, a, 1} and consider Table 5. Then (H;®,*,0) is a proper
H,MV-algebra. We define fuzzy subset u of H by

1(0) = u(a) = 1, (1) = 2/3.
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0 a 1
{0,a} {0,a} {a,1}
{0,a} {0,a,1} {a,1}
{ail} {a,1} {a(,)l}

TABLE 4. The Cayley table of & and *

LA =]

Then p is an (€ Ag, € Vq)-fuzzy weak H,MV-ideal of H but it is not an (€ Ag, €)-
fuzzy H,MV-ideal because az/4 € Aqu and 1 € a & a while 13,4€p.

0 a 1
{0,a} {0,a} {a,1}
{0,a} {0,a,1} {a,1}
{a,1}  {a1} {0,1}

1 a 0

TABLE 5. The Cayley table of @ and *

¥ |~ o oP

Theorem 5.4. Let p be a fuzzy subset of H. u is an (€, € Vq)r-fuzzy H,MV-ideal
only if

(1) infoezamy p(a) > T(pw(x), u(y),1/2), for all z,y € H,

(2) w(y) = T(u(x),1/2), for ally =X =.
The sufficiency holds when T = Tyy;.

Proof. Assume that u is an (€, € Vq)p-fuzzy H,MV-ideal of H.
(1) We consider two following cases.
Case (i): T'(u(x), u(y)) < 1/2, for some z,y € H. If

inf nla) <T(p(x), py),1/2),

ace

then there exists a € z @ y such that

pla) <T(p(x), m(y), 1/2) < T(u(x), p(y))-
Let t € (0,1] be such that p(a) < T(t,t) <t < T(p(x), 1(y)). Then

t<1/2, u(x) >t and pu(y) > t.

Thus x; € p and y; € p, while p(a) +T(t,t) <t+t <1, ie., apyy€ Vgu. Thisis a
contradiction.
Case (ii): T'(u(x), u(y)) > 1/2, for some z,y € H. If

2 nla) <T(u(z), uly). 1/2),

then there exists a € x @y such that u(a) < T'(u(z), u(y),1/2). For t € (0,1/2] with
pla) < T(t,t) <t <1/2, we have 2; € p and y; € p, while ap( )€ Vgu. This is a
contradiction.
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So the condition (1) holds.

(2) We consider two following cases.

Case (i): p(z) < 1/2, for some © € H. If there exists y € H with y < «
such that p(y) < T'(u(x),1/2), then u(y) < w(x). Let ¢t € (0,1/2] be such that
w(y) < t < p(x). Then z; € p, while p(y) +t < 2t < 1, i.e., y:€ Vgu. This is a
contradiction.

Case (i): p(z) > 1/2, for some x € H. If there exists y € H such that y < z
and p(y) < 1/2, then y;9€ Vqpu, while 21,5 € p. This is a contradiction. Thus (2)
holds.

Conversely, assume that p satisfies the conditions (1) and (2), for T' = Tys. Let
z, € pand y; € p, for vt € (0,1]. Then infoepqy pla) >rAtAL/2. Ifr At >1/2,
then inf,cqpmy n(a) +r At > 1, ie., aparqu, for all a € x @ y. If r At < 1/2, then
infoecray p(a) > r At and thus arn: € p, for all a € z @ y. In any case, arpr € Vqu,
forall a € x @ y.

Now, let 2, € p and y < z. Then u(y) > rA1/2. If r > 1/2, then pu(y) +7 > 1
and thus y,.qu. If r < 1/2, then u(y) > r and so y, € u. Hence y, € Vgu. Therefore
wis an (€, € Vg)-fuzzy H,MV-ideal of H. O

From Theorems 3.3(4) and 5.4 it follows that

Corollary 5.5. Every (€, 8)r-fuzzy H,MV-ideal satisfies the conditions (1) and (2)
of Theorem 5./.

Similar to Theorem 5.4 we have the next theorem, for (o, 8)p-fuzzy weak H,MV-
ideals; the proof is similar and so it is omitted.

Theorem 5.6. Let u be a fuzzy subset of H. p is an (€, € Vq)7r-fuzzy weak H,MV-
ideal only if

(1) supgepqy 1la) > T(u(x), pu(y),1/2), for allz,y € H,

(2) uly) > T(u(x),1/2), for ally < z.
The sufficiency holds when T = Tyy.

From Theorems 3.3(4) and 5.6 it follows that

Corollary 5.7. Every (€, 8)r-fuzzy weak H,MV-ideal satisfies the conditions (1)
and (2) of Theorem 5.6.

The following example shows that the converse of Theorem 5.4 may not be true
in general.

Example 5.8. Consider the fuzzy subset y defined in Example 4.5. It is not difficult
to check that p satisfy the conditions (1) and (2) of Theorem 5.4, for T' = T7,, while
it is not an (€, € Vq)r, -fuzzy H,MV-ideal because 03/, € 1, b1/2 € pand 1 € b 0,
while 1L(3/4,1/2) = 11/46 \/qﬂ,

Theorem 5.9. FEvery (q, € Vq)r-fuzzy H,MV-ideal satisfies the conditions (1) and
(2) of Theorem 5.4.

Proof. Assume that p is a (¢, € Vq)p-fuzzy H,MV-ideal of H and there exists z,y €
H such that inf,ezeqy p(a) < T(u(z), u(y),1/2). Then there exists a € x & y such
that u(a) < T(u(z), p(y),1/2). Now, for r € (0, 1] such that

1- T(M(x)’u(y)v 1/2) <82T(r, ’I“) <r<l- /,L(G,),
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we have 1 — p(x) <1 —T(u(x), u(y),1/2) < r and similarly 1 — u(y) < r, whence
pwl@)+r>1and ply) +r > 1, ie., z.qu and y,qu.
On the other hand,
pula) +T(r,r) <1
and
M(a) < T(/L(l’),ﬂ(y), 1/2) < 1/2 < T(?",’l"), Le., aT(r,r)mﬂ'
This is a contradiction. Thus

pla) = T(pu(x), 1u(y),1/2), Ya € z D y.
Similarly, we can show that u satisfies the condition (2). O

Theorem 5.10. Every (q, € Vq)r-fuzzy weak H,MV-ideal satisfies the conditions
(1) and (2) of Theorem 5.6.

Proof. The proof is similar to the proof of Theorem 5.9. O
From Theorems 5.4, 5.9 and 5.10 it follows that

Corollary 5.11. Every (q,€ Vq)-fuzzy (weak) H,MV-ideal is an (€,€ Vq)-fuzzy
(weak) H,MV-ideal.

Now, we investigate the relation between (a, € Vq)p-fuzzy H,MV-ideals and their
level subsets.

Theorem 5.12. Let p be a fuzzy subset of H.

(1) If p # @ is a (weak) H,MV-ideal of H, then p is an (€, € Vq)r-fuzzy (weak)
H,MV-ideal of H, for all r € (0,1/2]. The converse hold, when T = T);.

(2) pl # & is a (weak) H,MV-ideal of H if and only if p is an (€, € Vq)-fuzzy
(weak) H,MV-ideal of H, for all v € (1/2,1].

(3) If uSV? # @ is a (weak) HyMV-ideal of H, then p is an (€,€ Vq)r-fuzzy
(weak) H,MV-ideal of H, for all v € (0,1]. The converse hold, when T = T);.

Proof. We shall prove the theorem for H,MV-ideals. The proofs for weak H,MV-
ideals are similar.

(1) Let x, € pand y,s € p, for r,s € (0,1/2] and w,y € H. Then z € p, C pp(r,s)
and y € ps C pr(rs). Thus 2@y C pr(rs)- S0 ares) € i, for all a € x &y, whence
arr,sy € Vqu, for alla € z @ y.

Now, let y < z and =, € u, for r € (0,1/2]. Then = € p,. Thus y € p, C usve,
whence y, € Vgu. So p is an (€, € Vq)p-fuzzy H,MV-ideal of H.

Conversely, let T = Ty, t € (0,1/2] and z,y € p. By Theorem 5.4, we have
infoepmy p(a) > p(x) A p(y) A1/2 >t A1/2 = ¢, which implies that z &y C p,. It
is easily proved that p; satisfies (Ip). Thus u; is an H,MV-ideal of H.

(2) Let @, € pand ys € p, for x,y € H and r,s € (1/2,1]. Then p(z)+rAs>1
and p(y)+rAs > 1, whence x,y € pud,,. By hypothesis, we get 2@y C pl s C piyd,
ie., aqns € Vau, for all a € x @ y. It is easily proved that u? satisfies (1p).

Conversely, let z,y € pg, where r € (1/2,1]. From Theorem 5.4, it follows that
infocomy p(a) > p(x) Ap(y) AN1/2 > (1 —r) A1/2 =1 —r, whence a,qpu, for all
aczrdy, ie,zdy C pl.

Now, let y < x and =z € pd. Then

ply) > w@)AN1/2>1—-r)AN1/2=1—1r
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means that y,qu. Thus y € pd. So pd is an H,MV-ideal of H.
(3) Tt is proved similar to (1) and (2).
The converse follows from (1) and (2). O

Example 5.13. Consider the (€, €)r,-fuzzy weak H,MV-ideal p given in Example
4.5. Obviously, p is an (€,€ Vq)r,-fuzzy weak H,MV-ideal of H. But ug/g =
{0,a,b,c} is not a weak H,MV-ideal of H because b, c € ,ug/3 while b@® ¢ = {1} and
14 ud /3" This example shows that the converse of Theorem 5.12 may not be true
in general.

Theorem 5.14. Let I be a nonempty subset of H and fuzzy subset i of H be defined
as p(x) > 1/2, if x € I, and p(x) = 0, otherwise. Then p is an (o, € Vq)r-fuzzy
(weak) H,MV-ideal of H if and only if I is a (weak) H,MV-ideal of H, where
a #E€ Nq.

Proof. Assume that I is an H,MV-ideal of H, and z,au and ysapu, for z,y € H and
r,s € (0,1]. We consider the following cases.

Case (i): Suppose @ =€. Then p(x) > r > 0 and pu(y) > s > 0, whence z,y € I.
Thus c @y CI. So p(a) >1/2, foralla € z @ y.

Now, if T'(r,s) < 1/2, then ag(.s) € p, for all a € x © y. If T(r,s) > 1/2, then
p(a) +T(r,s) > 1. Thus ap( s qu, for all @ € x @ y. In any case, arp(s) € Vau, for
alla e x @ y.

Case (ii): Suppose @ = ¢. Then we have pu(x) +r > 1 and p(y) + s > 1, whence
w(x) >1/2 and p(y) > 1/2. Thus z,y € I and so x @y C I. Hence p(a) > 1/2, for
alla e x P y.

Now, if T'(r,s) < 1/2, then u(a) > T(r,s). If T(r,s) > 1/2, then p(a) +T(r,s) >
1, for all @ € x ® y. Thus ar(, s € Vqu, for all a € z @ y.

The case a =€ Vq follows from Cases (i) and (ii).

Similarly, we can prove that y < x and z,au imply y, € Vqu.

Conversely, if 4 is an («, € Vq)r-fuzzy H,MV-ideal, where a € {€,q, € Vq¢}, then
I = supp(p). Thus by Theorem 3.5, I is an H,MV-ideal of H. O

6. (€ Aq,B)r AND (q, 8)r-Fuzzy H,MV-IDEALS

We first investigate the properties of (€ Ag, 8)r-fuzzy H,MV-ideals. We first give
some examples

Example 6.1. Consider the fuzzy subset p given in Example 5.3. It is not difficult
to check that u is an (€ Ag, €)-fuzzy weak H,MV-ideal but it is not an (€ Ag, €)-
fuzzy H,MV-ideal because as/4 € Aqu and 1 € a ® a while 13/4€u. Also, p is an
(€ Ag,q)-fuzzy weak H,MV-ideal of H. Hence u is an (€ Ag, € Aq)-fuzzy weak
H,MV-ideal, too.

Theorem 6.2. If p is an (€ Aq, B)-fuzzy (weak) H,MV-ideal of H, 173 £ Jisa
(weak) H,MV-ideal of H. The converse hold for f =€ Vq.

Proof. Assume that 173 # @ and x,y € 175 for x,y € H. We consider the

following cases.
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Case (i): Suppose 3 € {€, € Aq}. Then for r € (0,1] such that pu(z) A p(y) >r >
1/2, we have . € u, y, € p, p(z) +r > 1 and u(y) +r > 1, whence z, € Aqu and
Yr € Aqu. Thus a, € pu, foralla e x Py, ie., cDy C u, C 175

Case (ii): Suppose f = ¢. From p(x) > 1/2 and p(y) > 1/2, it follows that
T1/2 € Aqu and yy /2 € Aqu, whence ay /oqu, for alla € x Dy, ie., 2Dy C 175

Case (iii): Suppose 5 =€ Vq. Then it is similar to the proof of Cases (i) and (ii).

Now, let y Xz and z € 175 for z,y € H. We consider the following cases.

Case (i): Suppose 8 € {€,€ Aq}. Then for r € (0,1] with u(z) > r > 1/2, we
have z, € Aqu, whence y, € p. Thus u(y) >r >1/2. Soy € 175

Case (ii): Suppose 8 = g. Then from p(x) > 1/2, it follows that x1,5 € Aqu.
Thus y; /2qu, whence y € Hi75:

Case (iii): Suppose 8 =€ Vq. Then it is similar to Cases (i) and (ii).

So 1175 is an H,MV-ideal of H.

The proofs for (€ Ag, 8)-fuzzy weak H,MV-ideals are similar.

Conversely, let x, € Agu and ys € Agu, for z,y € H and r,s € (0,1]. Then
w(xz) > r and p(x) > 1 —r, uly) > s and p(y) > 1 — s, whence p(z) > 1/2 and
w(y) >1/2,1e., z,y € 175 By hypothesis, we get z @y C 173 Thus p(a) > 1/2,
foralla ez ®y. If r As <1/2, then a,as € p and thus a,ps € Vgu. I r As > 1/2,
then p(a) +r A s > 1, ie, apasqu and so ayps € Vgu. In any case, a,ns € Vqpu, for
alla e x B y.

Similarly, it is proved that if y < x and z, € Aqu, then y, € Vvq. g

Examples 6.3 and 6.4 show that the converse of Theorem 6.2 may not be true in
general.

Example 6.3. Consider the H,MV-algebra H given in Example 3.8 and define fuzzy
subset p of H by p(0) = 1, u(a) = 4/5, u(b) = p(c) = p(1) = 1/2. It is easy to check
that 175 = {0,a} is an H,MV-ideal, while u is not an (€ Aq, ¢)-fuzzy H,MV-ideal
because 01,5 € Aqu, a1/3 € Aqu and a € a ® 0 but a, /5qpu.

Example 6.4. Consider the fuzzy subset p given in Example 5.3. By Example 6.1,
w is not an (€ Agq, €)-fuzzy H,MV-ideal of H. Obviously, 175 = H is an H,MV-ideal
of H.

Theorem 6.5. Fvery (€ Aq, q)-fuzzy H,MV-ideal satisfies the following conditions:

(1) u(@) A ply) < infoeray pla) V1/2,
(2) p(z) < ply)v1/2, forally = w.

Proof. It p(x) A p(y) > infaepmy p(a) V 1/2, for some z,y € H, then p(z) A pu(y) >
wu(a)Vv1/2, for some a € x®y. Forr € (0,1] with 1 —pu(a)V1/2 >r > 1—p(z) Apy)
we have r > 1 —pu(x), r >1—p(y), r < 1/2 and 1 — p(a) > r. Thus p(z) >1—r >
1/2 > r and u(y) > 1 —r > 1/2 > r, whence z, € Aqu and y, € Agu. But
w(a) +r <1, ie. a.qu, which is a contradiction.

The second condition is proved similarly. O

Example 6.6. Consider the fuzzy subset p given in Example 6.3. Although g in not
an (€ Aq, q)-fuzzy H,MV-ideal, but it satisfies the conditions (1) and (2) of Theorem
6.5, means that the converse of Theorem 6.5 may not be true in general.
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Theorem 6.7. Fvery (€ Aq, q)-fuzzy weak H,MV-ideal satisfies the following con-
ditions:

(1) ,U,(l‘) A /U‘(y) S supaErEBy /U‘(a) \ 1/2)
(2) p(z) < ply)v1/2, forally =< x.

Proof. The proof is similar to the proof of Theorem 6.5. g

Example 6.8. Consider the H,MV-algebra H given in Example 4.1 and define fuzzy
subset & by p(0) = 1, p(a) = 4/5, u(b) = 3/4, u(1) = 1/2. Routine calculations
show that p satisfies the conditions (1) and (2) of Theorem 6.7 while p is not an
(€ Aq, q)-fuzzy weak H,MV-ideal because 01,5 € Aqpu, by/3 € Aqu and b0 = {a, b},
while ay/5qu and by /5qu. Thus the converse of Theorem 6.7 may not be true in
general.

Theorem 6.9. Every (€ Aq,q)-fuzzy (weak) H,MV-ideal 11 is constant on i3

Proof. Assume that u is an (€ Ag, q)-fuzzy H,MV-ideal which is not constant on
173 Then there exist z,y € 1373 such that u(x) # u(y). We consider two following
cases.

Case (i): Suppose pu(x) > p(y). Then from Theorem 6.5, it follows that

wa)vi/zz mf wa)Vv1/22p(y)>1/2, Yaczdy,
acxPy

whence p(a) > 1/2, for all a € © @ y. Now, for r € (0, 1] such that
1/2>1—p(y) >r>1— p(z)

we have x, € Aqu and y /5 € Aqu while a,.n1/2 = a,qu, which is a contradiction.
Case (ii): Suppose u(y) > p(z). Then it is similar to Case (i).
Similarly, it is proved that every (€ Aq, q)-fuzzy weak H,MV-ideal u is constant
on fiy75. g

Theorem 6.10. If i is an (€ Aqg, q)-fuzzy (weak) H,MV-ideal, then ul # @ is a
(weak) H,MV-ideal of H, for all v € (0,1/2].

Proof. Let z,y € pd, where z,y € H and r € (0,1/2]. Then p(z) +r > 1 and
w(y) +r > 1, whence p(x) > 1/2 > r and u(y) > 1/2 > r. Thus z, € Agu and
yr € Aqu and so arqu, for all a € x @ y, proving x @y C pd.

Now, let € p? and y < x. Since r < 1/2, pu(z) > 1 —r > 1/2 > r. Thus
Ty € Aq. SO yrqu, i.e., y € pl. Hence pd is an H,MV-ideal of H.

The proof for (€ Ag, q)-fuzzy weak H,MV-ideals is similar. d

Example 6.11. Consider the fuzzy subset pu defined in Example 6.8. We see that
u is not an (€ Ag, q)-fuzzy H,MV-ideal of H while routine calculations show that
for all r € (0,1/2], u? = {0,a, b} is a weak H,MV-ideal of H. Also, the fuzzy subset
p defined in Example 3.8 is not an (€ Ag, g)-fuzzy H,MV-ideal because 0,4 € Aqp,
azss € Aqu while ay/4qu, where a € a © 0. We can see that pl = {0,a} (with
r € (1/3,1/2]) and p? = {0} (with r € (0,1/3]) are H,MV-ideals of H. Hence the
converse of Theorem 6.10 may not be true in general.

Theorem 6.12. Every (€ Aq, €)-fuzzy H,MV-ideal satisfies the conditions (1) and

(2) of Theorem 6.5.
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Proof. Assume that p is an (€ Ag, €)-fuzzy H,MV-ideal of H. If there exist z,y € H
such that

pl@) Aply) > b p(a) vV 1/2,

then p(z) A p(y) > pla) v 1/2, for some a € x @ y. Let pu(z) A pu(y) = r. Then
r>1/2, p(x) >r, wly) >r, plz) +r>2r > 1, puly) +r > 1 and p(a) < r. Thus
. € ANqu and y,. € Aqu, while a,.€u. This is a contradiction. Also if there exist
z,y € H (with y < x) such that u(z) =r > pu(y) vV 1/2, then r > 1/2, u(x) > r and
w(x)+r > 1, while pu(y) < r, i.e., 2, € Agu, while y,€p. This is a contradiction. So
the conditions (1) and (2) hold. O

Theorem 6.13. Every (€ Aq, €)-fuzzy weak H,MV-ideal satisfies the conditions (1)
and (2) of Theorem 6.7.

Proof. The proof is similar to the proof of Theorem 6.12. O

Theorem 6.14. Let pu be a fuzzy subset of H. If u is an (€ Aq, €)-fuzzy (weak)
H,MV-ideal, then p,. # & is a (weak) H,MV-ideal of H, for all r € (1/2,1]. Con-
versely, if u, # @ is a (weak) HyMV-ideal of H, for r € (1/2,1], then u is an
(€ Aq, €)-fuzzy (weak) H,MV-ideal of H.

Proof. Assume that p is an (€ Agq, €)-fuzzy H,MV-ideal of H and z,y € pu,, for
r € (1/2,1]. Then by Theorem 6.12, we get
inf pa(a) v 1/2 > pla) A ply) > .

y

acx

Thus p(a) >r,foralla € c®y. Sox Dy C p,.

Now, let y <= z and = € p,. Then u(y) vV 1/2 > u(z) > r > 1/2. Thus p(y) > r,
ie., y € pyr. So u, is an H,MV-ideal of H.

Conversely, let x, € Agu and ys € Agu. Then

p(x) >r, plx)+r>1, ply) > s and p(y) +s > 1.

Thus p(z) > 1/2 and p(y) > 1/2.

Suppose 7 As > 1/2. From x € p, C pirps and y € ps C prps and that peas is an
H,MV-ideal, it follows that © & y C pyps, i-€., arps € p, for all a € = G y.

Suppose r A s < 1/2. Since p-ps is an H,MV-ideal of H, from x € u, and y € us,
it follows that z,y € prns. Thus £ @y C pfrps, 1.€., arps € i, for all a € z @ y.

Similarly, we can prove that x, € Agqu and y < x imply y. € p. So p is an
(€ Aq, €)-fuzzy H,MV-ideal of H.

The proof for the case ‘weak H,MV-ideals’ is similar. O

In the sequel we study (¢, 8)-fuzzy H,MV-ideals and their properties. We first
give some examples.

Example 6.15. Consider the fuzzy subset p given in Example 5.2. It is easily
verified that p is a (g, ¢)-fuzzy weak H,MV-ideal of H but it is not a (g, q)-fuzzy
H,MV-ideal because a1/5qp and 1 € a & a while 1y /5qp.

Theorem 6.16. A fuzzy subset p of H is a (g, €)-fuzzy (weak) H,MV-ideal if and

only if u(x) =1, for all x € supp (u).
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Proof. Assume that p is a (g, €)-fuzzy (weak) H,MV-ideal of H. If there exists
x € supp (u) such that p(z) < 1, then for all y € supp (u) with z <y, we have y1qu
while x1 €p, a contradiction.

The converse follows from Theorem 3.7. 0

Theorem 6.17. A fuzzy subset p of H is a (q, €)-fuzzy H,MV-ideal if and only if
it is a (g, € Nq)-fuzzy H,MV-ideal.

Proof. Obviously, every (¢, € Aq)-fuzzy H,MV-ideal is a (g, €)-fuzzy H,MV-ideal.
Now, assume that p is a (g, €)-fuzzy H,MV-ideal of H, and x,.qu and ysqu, for
r,s € (0,1 and z,y € H. Then p(x) > 1—7r >0 and p(y) > 1—s > 0. Thus
x,y € supp (p). By Theorems 3.5 and 6.16, we get u(a) =1, for all a € z @ y. So
ula) >rAsand pla) +rAs>1, e, arps € Aqu, for all a € x @ y. Let y <z and
2rqu. Then z € supp (u). Thus y € supp (u). So u(y) =1 > r and p(y) +r > 1,
i.e., y € Aqu. Hence p is an (g, € Agq)-fuzzy H,MV-ideal of H. O

Theorem 6.18. A fuzzy subset p of H is a (q, €)-fuzzy weak H,MV-ideal if and
only if it is a (q, € Nq)-fuzzy weak H,MV-ideal.

Proof. The proof is similar to the proof of Theorem 6.17. g

From Theorems 3.3, 6.17 and 6.18, we get

Corollary 6.19. Every (q, €)-fuzzy (weak) H,MV-ideal is a (g, q)-fuzzy (weak) H,MV-
ideal.

Theorem 6.20. Let u be a (q, €)-fuzzy (weak) H,MV-ideal of H. Then p& = & or
s is a (weak) H,MV-ideal of H, for all v € (1/2,1], where a € {€,q}.

Proof. Assume that u is a (g, €)-fuzzy H,MV-ideal of H and u$ # @, for r € (1/2,1].
Let z,y € u$. Then p(x) +r > 2r > 1 and p(y) +r > 1. Thus z,qu and y,qu. So
ar € w, for all a € x @ y. Hence z ®y C u,.. Similarly, we can prove that x € u, and
y =« imply y € p,. Then p, is an H,MV-ideal of H.

By a similar way, it is proved that p? # @ is an H,MV-ideal of H, for all r €
(1/2,1].

Analogously, it is proved that if p is a (g, €)-fuzzy weak H,MV-ideal, then pu& # @
(with « € {€, ¢}) is a weak H,MV-ideal of H. O

The following example shows that the converse of Theorem 6.20 may not be true
in general.

Example 6.21. Consider the H,MV-algebra H defined in Example 4.1 and define
fuzzy subset p of H by p(0) =1, u(a) = 2/3, u(b) = p(1) = 1/3. Then us = {0},
for all r € (2/3,1] and u? = {0,a}, for all r € (1/2,1], which are weak H,MV-ideals
of H, while y is not a (g, €)-fuzzy weak H,MV-ideal of H, because 13,4qu, b3/sqp
but 13,4€u, where 1 € 1 & b.

Now, consider the fuzzy subset u defined in Example 3.8. Then p$ = {0} (with
r € (2/3,1]) and pg = {0,a} (with r € (1/2,1]) are H,MV-ideals of H, while y is not
a (q, €)-fuzzy H,MV-ideal, because 05/3qu and by /3qu, while by 3€4u, where b € 0@ b.
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7. CONCLUSIONS AND THE FUTURE WORKS

In this paper, another types of fuzzy H,MV-ideals was introduced. Based on
the concepts of belongingness and quasi-coincidence, (a, 8)p-fuzzy H,MV-ideals and
(a, B)-fuzzy weak H,MV-ideals with respect to a ¢t-norm were introduced. It was
proved that some of them coincide, with respect to special t-norms. Some charac-
terizations and equivalent conditions were investigated. Giving suitable examples it
was shown that some theorems are not true in general. Furthermore, some charac-
terizations based on level subsets are obtained.

There are still many subjects which are interesting to study such as (a, 8)7-
fuzzy implicative H,MV-ideals, («,8)pr-fuzzy prime H,MV-ideals, interval-valued
fuzzy (weak) H,MV-ideals and many other concepts.
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