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1. INTRODUCTION

Fuzzy set was first introduced by Zadeh[12]. After ten years he[l3] defined new
idea of interval valued fuzzy subsets, where the values of the membership functions
are the intervals instead of numbers. Biswas[2] presented the concept of fuzzy sub-
groups and anti fuzzy subgroups. Abou-Zaid[l] introduced the new concept of fuzzy
subnear-rings and ideals. Thillaigovindan et al.[11] studied the concept of interval
valued fuzzy ideals of near-rings. Chandrasekhara Rao et al.[3] discussed the con-
cept of anti homomorphism of near-rings. Jun et al.[0] initiated the new idea cubic
set by using two sets interval valued fuzzy set and a fuzzy set. Further, Jun et
al.[1] studied the cubic subalgebras and ideals over BCK/BCI algebras. Again Jun
et al.[5] studied the concept of cubic g-ideals of BCI-algebras. Jun et al.[7] applied
the structure of cubic ideals of BCl-algebras. Further Jun et al.[8] studied about
cubic ideals of semigroups. Satyanarayana and Bindu Madhavi[10] introduced the
notion Cubic H-ideals in BC'K-Algebras. Kim et al.[9] initiated the new idea of anti
fuzzy ideals in near-rings. In this paper, we discuss some characterizations of cubic
ideals of near-rings with examples. Also investigate cubic ideals of near-rings using
homomorphism and anti homomorphism.
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2. PRELIMINARIES

Throughout this paper R will denote a left near-ring. In this section, we present
some basic definitions and results used in this paper.

Definition 2.1 ([9]). A near-ring is an algebraic system (R, +,-) consisting of a
non empty set R together with two binary operations + and - such that (R,+) is
a group, not necessarily abelian and (R, -) is a semigroup in which the distributive
law:z - (y+2) = z-y+ -z holds for all x,y,z € R. We will use the word ‘near-ring
’to mean ‘left near-ring ’. We denote zy instead of = - y.

An ideal I of a near-ring R is a subset of R such that

(i) (I,+) is a normal subgroup of (R, +),

(ii) RI C I,

(iii) (z+a)y —xy € I, for any a € I and z,y € R.

Note that I is a left ideal of R, if I satisfies (i) and (ii), and a right ideal of R, if
it satisfies (i) and (iii).

Definition 2.2 ([11]). By an interval number @, we mean an interval [a~,a™] such
that 0 < a~ < at < 1 where a~ and a™ are the lower and upper limits of @
respectively. The set of all closed subintervals of [0, 1] is denoted by D[0,1]. We
also identify the interval [a, a] by the number @ € D0, 1]. For any interval numbers

a; = la;,al],b; = [b7,bF] € D[0,1],5 € J, we define

i % 37
max{a;,b;} = [max{a;,b; }, max{a+ b+ ]
min{a;, b;} = [min{a; ,b; },Inm{aj J 1,
infa; = ﬂaj_, ﬂa} ,supa; = Uaj_, LJa;-Ir
jer  jel jer  jel
and put

(i)a<b<=a <b” and at <bT,

(i)a=b<=a" =b" and a™ =bt,

(lil)a<b<=a<banda#b,

(iv) ka = [ka™, ka™], whenever 0 < k < 1.
Definition 2.3 ([11]). Let X be a non-empty set. A mapping @ : X — DI0,1] is
called an i-v fuzzy subset of X. For all z € X, fu(z) = [~ (), " (z)], where p~
and p*t are fuzzy subsets of X such that p~(z) < p*(z). Thus 7i(x) is an interval(a
closed subinterval of [0,1]) and not a number from the interval [0,1] as in the case
of a fuzzy set.

Let 7,7 be i-v fuzzy subsets of X. Then

() 7 <7 e o) < 7o),

(i) 71 = 7  Tilw) = (),

(i) (70 7)(z) = max{a(z), (@)},

(iv) (7N P)(z) = min{z(z), ( )}

(v) i°(z) =T = p(x) = [1 — p*(2), 1 = p~ ()],
Definition 2.4 ([4]). Let X be a nonempty set. A cubic set o/ of X is a structure
o (x) = {(x,i4(x), a(x)) : & € X} which is briefly denoted by &/ = (fis, Aa),
where Tiy = [y, 1] is an i-v fuzzy subset of X and A is a fuzzy set of X.
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In this case, we will use &7 (z) = (fis(z), Aa(z)) = ([u5(2), uh(2)], Aa(z)) for all
z € X.

Definition 2.5 ([7]). Let & = (fig, Aa) be a cubic set of X. For any r € [0, 1] and
[s,t] € D[0,1], we define U (< [s,t],r) as follows:

U(e;[s,t],r) = {w € X[pa(x) > [s,t], Aa(z) <7}
and we say it is a cubic level set of & = (fig, Aa).

For any non-empty subset G of a set X, the characteristic cubic set of G of X
is defined to be a structure xg¢ = {(=,f,, (7), \xs(®)) : * € X} which is briefly
denoted by xg(7) = (H,, (), A\xs(2)), where

_ [1,1]if z € G, 0ifz € G,
fiyg () = { Axa () =

[0, 0] otherwise, 1 otherwise.

Definition 2.6 ([1]). For two cubic sets & = (fig,Aa) and & = (fig, Ap) of a
near-ring R we define &/ C B < iy <lig,Aa > Ap.

Definition 2.7 ([1]). Let & = (Jig, Aa) and B = (fig, Ap) be two cubic sets of X.
(i) The intersection of o7 and %, denoted by o M 9, is the cubic set

A NA=HaNfig,AaV Ap),

where (7L, N77)(2) = min{fis (), 7ip(2)} and (A V Ap)(2) = max{Aa(z), Ap(2)},
for all z € X.
(ii) The union of &7 and %, denoted by &7 LI & is the cubic set

F IR = (iaUlig,A\a A Ap),

where (i, Ufig)(2) = max{fia(2), 7is(2)} and (Aa A Ap)(z) = min{Aa(z), Ap(2)},
for all z € X.

Definition 2.8 ([9]). Let R and S be near-rings. A map 6 : R — S is called a
(near-ring)homomorphism, if 8(x + y) = 0(z) + 6(y) and 0(zy) = 6(z)0(y) for all
z,y € R.

Definition 2.9 ([3]). Let R and S be near-rings. A map 6 : R — S is called a
(near-ring) anti-homomorphism, if 8(x + y) = 6(y) + 0(z) and 6(zy) = 0(y)0(z), for
all z,y € R.

3. SOME CHARACTERIZATIONS OF CUBIC IDEALS OF NEAR-RINGS

In this section, we introduce the notion of cubic ideals of near-rings and establish
some of their properties.

Definition 3.1. A cubicset & = (lis, Aa) of a near-ring R is called a cubic subnear-
ring of R, if

(1) gz —y) > min{fis (), Ea(y)},
(i) 714 (zy) > min{7is (), ma(y)},
Eiii) Aa(r —y) <max{Aa(z), a(y)},

x
iv) Aa(zy) < max{ia(x), a(y)}, for all z,y € R.
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Definition 3.2. Let &/ = (fig, Aa) be a cubic set of R. We say that <7 is a cubic
ideal of R, if it satisfies the following:

(i) Fale —y) = min{i, (2), 74 (y)}

(i) Zaly + 2 —y) > 74 (@),

(ii) 77a(zy) > Ta(y),

(iv) Za((z + 2)y —2y) > Hal2),

(v) Aa(z —y) < max{Aa(z), Aa(y)},

(vi) Aa(y+ 2z —y) < Aa(x),

(vii) Aa(zy) < Aa(y),

(viii) Aa((z + 2)y — zy) < Aa(z), for all z,y € R.

Example 3.3. Let R = {a,b,¢,d} be a set with two binary operations defined as
follows:

+lalb|lc|d alb|lcl|d
a |a|lb|c|d alalalala
b |blald]|c blalalala
c|lcld|bl|a clalalala
d|d|clalb dla|blc|d
Then (R, +,-) is a near-ring. Define a cubic set & = (Jig, Aa) by
Fa(a) =10.8,0.9], 714 (b) = [0.6,0.7], ia(c) = [0.5,0.5] = Ti4(d)

and
)\A(a) = 0.2, )\A(b) = 0.6, )\A(C) =08= )\A(d).
Then, of = (Jig, Aa) is a cubic ideal of R.

Lemma 3.4. Let o7 be a cubic ideal of R. If o/ (x) T o/ (y), i.e., ia(x) < Ba(y)
and Aa(x) > Aa(y). Then

Balz—y) =Halr) =Ealy — )
and

Az —y) = Aa(z) = Aaly — ).
Proof. Let o/ be a cubic ideal of R. Let z,y € R. Then
Balz—y) 2 min{fis(2),a(y)} = Ta(2).

Now,

Thus 7ia(z — y) = fa(2).
On the other hand 714 (y — z) > min{zi (y), Za(2)} = Ba(2)
and

fialz) = uA(erx— Y)
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So fia(y — ) = fa(z). Hence fig(z —y) =Ha(2) = Ha(y — o).
Similarly, we have to prove the other. O

Theorem 3.5. If &7 is a cubic ideal of R, then the set Ry = {x € R| «/(z) =
2/(0)} is an ideal of R.

Proof. Let o/ be a cubic ideal of R. Let z,y € Ry. Then T (x) = 1i4(0),74(y) =
74(0) and Aa(z) = Aa(0), Aa(y) = Aa(0). Thus
Fa(z —y) > min{fis (), maly)}
= min{7,(0),724(0)}
= 14(0).
and
Aa(@ —y) <max{Aa(z), Aa(y)}
max{A4(0),A4(0)}
= 24(0).
SoTia(x—y) =T4(0) and Aa(x —y) = Aa(0). Hence © — y € Ry
Let y € R and © € Rgy. Then we have fiy(y +z — y) > Tig(x) = 14(0) and
Aly+z—y) <Aa(z) =Ara(0). Thusy+z—y € Rey.
Let x € Rand y € Ryy. Then fiy(zy) > Tig(y) = 14(0) and Aa(zy) < Aa(y) =
A4(0). Thus 2y € Ry .

Similarly, we have to prove (x + 2)y — vy € Ry .
Therefore R is an ideal of R. O

Definition 3.6. Let I be an ideal of a near-ring R. If for each a+1,b+1I of the factor
group R/I, we define (a+1)+ (b+1) = (a+b)+1I and (a+I)(b+ 1) = (ab) + I, for
all a,b € R. Then R/I is a near-ring which we shall call the residue class near-ring
of R with respect to I.

Theorem 3.7. Let I be an ideal of a near-ring R. If o/ is a cubic ideal of R, then
the cubic set o/ of R/I defined by

i a+ 1) = supfia(a + )
zE
and
Nyla+1I) = ian Aa(a+x), forallz eI
zE

is a cubic ideal of the residue class near-ring R/I of R with respect to I.
Proof. Let a,b € R be such that a+I =b+I. Then b = a +y for some y € I. Thus
(b4 1) = supTig(b+ ) = supTia(a +y +2)

xel xel
= sup fula+2z)=pu(a+T)
rty=z€Il

and
ANa(b+I)=inf Aa(b+z) = inf Aa(a+y + z)
xzel zel
= inf I)\A(a—l—z):)\ji‘(a—i—l).

Tt+y=z€
523
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So A is well defined. One the other hand
Fallx+1)—(y+ 1) =pa((z—y)+1)= SléI;ﬁA((x —y)+2)

= sup fiu((r—y)+(u—v))

z=u—vel

= fﬂé’,ﬁf‘((x +u) = (y+v))

> usggl{min{ﬂA(x +u), sy +v)}}

= min{ilél;{ﬁA(x +u)}, iléll){ﬁA(y +u)}t}
= min{z}y (z + 1), wa(y + 1)},
Mallw+1) = (y+ 1)) = Xy((z —y) + 1) = mf Aa((z —y) + 2)

= __inf (e —y)+(u—v)

= ui’géjx\A((l’Jru) —(y+v))

< Jnf {max{Aa(z +u), Aaly +v)}}

= max{inf {Aa(z +u)}, inf{Aa(y +v)}}

= max{\y(z + 1), Ny (y + 1)},
Fally+ D)+ @+1) = (y+ 1) =pa((y+z—y)+1)

=supfias((y+2z—y) +2)
zel

> sup7ia(e + 2)
zel

:ﬁjl(x+])v
M+ D+ @+1) - (y+1) = Na((y+z—y) +1)

= inf Aal(y +2 —y) +2)

< inf Aa(x +2)

= Ny(xz + 1),

Fallz+ Dy +1) = wal(zy) + 1) = supTia((zy) + 2)

> Szlelll)ﬁA(y +z) =Taly+ 1),
MNa((x+ Dy + 1)) = Na((zy) + 1)
= inf Aa((zy) +2)
< gm(y +2)=XNy(y+1),
A+ DA+ D)y +1) = (z+Dy+1)=ma((z+i)y —zy) + 1)
= Sz’lél?ﬁA((x + i)y — xy) + 2)
> supfig(i+2) = @i+ 1),

zel
524
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M+ D+ @+ D)y+1) = (z+ Dy + 1)) = Na((z + i)y —zy) + 1)
= 1r61§ M((z+1i)y —zy) + 2)
< ig)\A(i +z2) =X+ 1)
Hence & is a cubic ideal of R/I. O

4. HOMOMORPHISM AND ANTI HOMOMORPHISM OF CUBIC IDEALS OF NEAR-RINGS

Definition 4.1. Let f be a mapping from a set R to a set S. Let & = (fi4, Aa) be
a cubic set of R and # = (lig, Ap) be a cubic set of S. Then
(i) The pre-image f~1(%) = (f(ug), f~*(AB)) is a cubic set of R defined by

FUR) @) = (fH(Ep) (@), 7 (Ap) (@) = (Ap(f()), Ap(f(2)))-
(ii) The image f(</) = (f(fi4), f(Aa)) is a cubic set of S defined by

B sup Tialy) i fN@)# 2
Fa) (@) = { ver @

0 otherwise

in i —1 T
F(Aa)(x) = {yefg(;p) Aaly) i f7 () # @

1 otherwise

Theorem 4.2. Let f : R — S be an onto near-ring homomorphism. If o/ =
(Tia,Aa) is a cubic ideal of R, then f(&f) = (f(@ia), f(Aa)) is a cubic ideal of S.
Proof. Let of = (Jis, Aa) be a cubic ideal of R. Since f(fis)(z') = sup fiy(x)
f(@)=a’

for o' € § and fA)() = inf Aa(e). for o' € 8, f(o/) = (F(7a). F(ha) s
nonempty. '

Let 2,3’ € S. Then we have

{zlz e 1@ —y)} 2 {z —yloz € ("), y € 1Y)}

{z|z e f~1(a"y)} D2 {zylz € f~1(a"),y € f71(Y)}
One the other hand

and

fEA)@ —y) = sup {fia(2)} > sup  {fu(z —y)}
f(z)=2'—y’ f(z)=a',f(y)=y’
> sup  {min{z,(z), Ba(y)}H}

 f@)=a',f(y)=y’'

=min{ sup {fT4(x)}, sup {Hma(y)}}
fz)==2' fly)=y’

= min{/f(74)(z"), f(7a) (W)},
FOW (@ —y) = f(z)i:ng_y,{m(@} SN (y):y,{AA(x -y}
Amax{Aa(z), a(y)}}
L Ou

=max{f(Xa)(z'), f(Aa)(¥)},
525
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fE)Y +2"—y)= sup  {ma(2)} > sup  {maly+z—y)}
f(z)=y'+a’—y’ fx)=2',f(y)=y’
> f(SL)lg {a(@)} = f(@a) ("),
A T+ a —y) = inf Aa(z)} < inf A +x—
fOa)ly AR S G RN At v

< it (@) = F0)E).

f@a)(@'y) = sup {ma(z)} > sup  {fial(wy)}

f(z)=a'y’ flx)=2',f(y)=y’
> sup {fa(y)} = f(mA)Y),
fly)=y’
fOOEY) = inf sy < O inf o alay)d
< f(if)liy,{)\A(y)} = fa) )
f@Ea) (2" +4)y —a'y') = sup {Ea(2)},
F2)=(a'+i")y'—a'y’
> sup {Ba((z +d)y —2y)}

Fx)=a',f(i)=¥, f(y)=y’
> sup {fis(i)} = f(7a) (@),

fF@)=v

FON@ +d)y —a'y') = o, Pa)
< inf {Aal(z + i)y —zy)}

f@)=a',f ()=, f(y)=y’
< it (a0} = FO) ().
Thus f(#) = (f(Eg), f(AB)) is a cubic ideal of S. O

Theorem 4.3. Let f : R — S be a homomorphism of near-rings R and S. If
B = (fig, \p) is a cubic ideal of S, then f~1(B) = (f~1(ug), f~1(Ap)) is a cubic
ideal of R.

Proof. Let £ = (lig, Ag) be a cubic ideal of S. Let 2,y € R. Then
g (@ —y) =ap(flz —y)

=fnp(f(z) — f(y))
> min{zig(f(x)), mg(f(y))}
=min{f ' (mg ), [ (FEs¥))},

FH ) (@ —y) = Ap(f(z —y)) = Ap(f(2) — f())

< max{Az(f(2)),\5(f(¥))}

= max{f " (Ap(2)), [ (M)},

fly+z—y))

fy) + f(x) = f(v)
1
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'8 y+z—y)=Ap

f @) (x + i)y — xy) =g

I8 (z+ i)y —zy) = /\B(f
f@)f(y))

Thus f~4(%) = (f*(g), f1(\p)) is a cubic ideal of R. O

We can also state the converse of the Theorem 4.3 by we strengthening the con-
dition on f as follows.

Theorem 4.4. Let f : R — S be an epimorphism of near-rings R and S. If =
(Tig, AB) is a cubic set of S, such that f~1(B) = (f~1(ug), f~1(\B)) is a cubic ideal
of R, then # = (lig, Ap) is a cubic ideal of S.

Proof. Let x,y,i € S. Then f(a) =z, f(b) =y and f(c) =i for some a,b,c € R. It
follows that

(e — y) = Fa(f(@) — F8) = Fa(f(a— b))
)
> min{f "' (7p)(a), f~' (i) (b)}
= min{zp(f(a)), Bp(f(b))}
= min{zig(v),15Y)},

Ap(z —y) = Ap(f(a) — F(b)) = Ap(f(a — b))
= [T (Ap)(a—b)
< max{f '(Ag)(a), f ' (AB)(b)}
= max{Ag(f(a)), A\p(f(b))}

= max{\g(z), \5(v)},
527
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(f(0) + f(a) — f(b))
=np(flb+a=1b))
-t )(b+a—b)

fply+x— )*

ZﬁB($)7
Ap(y+z—y)=Ap(f(b) + b)) = Ap(f(b+a—1))
= [ (AB)(b+a—b)
< f7'(B)(a (
= Ap(2),

fp(ry) = ap(f(a)f(b) = p(f(ab))

=np(f(b) =1py),

AB(zy) = As(f(a)f(b)) = A(f(ab))
= [ (Ap)(ab)
< ' (AB)(b)

= As(f(0)) = AB(y),
s((f(a) + f())f(b) — f(2)f (D))
s(f((a+ )b — ab))
'(7ip)((a+ )b —ab) > f~H(Hip)(c) = Tip(f(c))

fp((r+i)y —zy) =

(4),
zy) = A((f(a) + f(e)) f(b) — f(x)f (b))
= As(f((a+c)b—ab))
_ p—1

I
I
[
g

Ap((x + 1)y —

7 (s)((a+c)b —ab))
< 1 B)(€) = Ap(f(0) = An (D).
Thus % = (ig, Ap) is a cubic ideal of R. O

Theorem 4.5. Let f : R — S be an onto anti-homomorphism of near-rings. If
o = (fig, Aa) s a cubic ideal of R, then f(o) = (f(T4), f(Aa)) is a cubic ideal of
S.

Proof. Tt follows from Theorem 4.2 and thus its proof is omitted. O

Theorem 4.6. Let f : R — S be an anti-homomorphism of near-rings R and S. If
B = (fig, \p) is a cubic ideal of S, then f~1(B) = (f1(ug), f~(Ap)) is a cubic
ideal of R.

Proof. Follows from Theorem 4.3 and hence omitted. O

We can also state the converse of the Theorem 4.6 by strengthening the condition

on f as follows.
528
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Theorem 4.7. Let f : R — S be an onto anti-homomorphism of near-rings R and
S. If B = (jig,\B) is a cubic set of S, such that f~1(B) = (f~1(ug), f*(A\p)) is
a cubic ideal of R, then B = (fig, Ap) is a cubic ideal of S.

Proof. Tt follows from Theorem 4.4 and thus its proof is omitted. 0
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