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1. INTRODUCTION

Consider any lattice L. An L—fuzzy set is a mapping from X to L, where X
is a nonempty ordinary set. The family of all L—fuzzy subsets on X is denoted by
L, which consists of all mappings from X to L. In[7] it is proved that when X is
infinite or X consists of atmost two elements, the lattice LT(X, L) of all topologies
on X is isomorphic to the symmetric group on X. From this it can be seen that if X
is an infinite set and P is any topological property, then the set of all topologies in
LT(X, L) possessing the property P may be identified exclusively from the lattice
structure of LT (X, L) and hence the topological properties of elements of LT (X, L)
must be determined by the position of the topologies in LT(X, L) [8]. Madhavan
Namboothiri determined the automorphism group of lattice of fuzzy topologies when
L is a finite chain and when L is a diamond type lattice[6]. We have already deter-
mined the automorphism group of lattice LGT(X)[7]. Here we consider the same
problem in the lattice of fuzzy generalized topologies, LFGT (X, L), on a set X and
when L is a finite chain.
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2. PRELIMINARIES

Definition 2.1 ([2]). A completely distributive lattice is called an F'—lattice, if L
has an order reversing involution.

Definition 2.2 ([1]). Let X be a nonempty ordinary set, L an F—lattice. A family
7 of L—fuzzy subsets on X is said to be L—fuzzy generalized topology on X, if 0 € 7
and 7 is closed under arbitrary union of L—fuzzy sets.

Consider the collection of all L—fuzzy generalized topologies LEGT (X, L) on a
set X. Note that it is a complete lattice under the order of set inclusion.

Definition 2.3 ([3]). The lattices (Lo, <) and (L, <) are said to be isomorphic
and the map ¢ : Ly — L; is called an isomorphism, if

(i) ¢ is one-to-one and onto,

(i) @ < b in Lo if and only if ¢(a) <" ¢(b) in L;.

Definition 2.4 ([3]). The lattices (Lo, A, V) and (L1, A, V) are said to be isomorphic
and the map ¢ : Ly — L is called an isomorphism, if
(i) ¢ is one-to-one and onto,

(i) ¢(a V b) = d(a) v ¢(b), ¢(a Ab) = d(a) A o(b).

An isomorphism of a lattice with itself is called an automorphism.

It can be shown that the two isomorphism concepts in the preceding two defini-
tions coincide[3].

Before proceeding to the main results, let us introduce some notations which will
be using in the next section.

Notations. Throughout this paper X is any nonempty set and L is a finite chain
unless otherwise stated. Also let us denote the set {0,11,ls,...,1,,1} by L and let
the order in Lbe 0 < I} <l < ... <1, < 1. We define an involution ’ in L as
0'=1,1 =0 and l; = lp_i+1 for every i € {1,2,...,n}. Then L is an F—Lattice.
Let us designate an atom of LEFGT(X,L) by Jo = {0,C}, where C € LX and
C #0.

Forle L,l#0and z € X,

2i(t) = [ whent==x
W= 0 otherwise

and forl € L,l # 1 and z € X,

[l whent==x
Liny
z'(t) = { 1 otherwise.

For:=1,2,...,n,
Ki = {Jfﬂll LT € X},
M, ={J :x e X},
Kpy1={{0,z1}:2 € X} and M,,41 = {{0,2°} : 2 € X}.
Remark 2.1. Note that an automorphism of LFGT (X, L) map a L—fuzzy general-

ized topology containing n elements onto a L—fuzzy generalized topology containing
510
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same number of elements if » is finite. If {u;},e; C LFGT(X,L) and A is an au-

tomorphism of LFGT(X, L), then A(\/ p;) = \ A(u;), since LX is a complete
i€l i€l
lattice.

3. MAJOR SECTION

Let us first prove some preliminary results which will be using in our main theo-
rem.

Lemma 3.1. Let X be a set with more than one point. If A is an automorphism of
LFGT(X, L), then A({0,1}) ={0,1}.

Proof. Let Jo be an atom of LEGT(X, L) and C # 1.

Claim: There exists an L—fuzzy set D € LX such that JoV.Jp contain 4 elements.

Case (i): SupposeC(y) = 0 for some y € X. Since C # 0, there exists an z € X
such that C(x) # 0. Let D = y;. Then JoVJp = {0,C}V{0,y1} = {0,C,y1,CVy1 }.
Since (C'Vy1)(y) =1, CVys # C. Since (CVy1)(z) #0,CVys # y1. Thus JoV Jp
contain exactly 4 elements.

Case (ii): Suppose C(y) # 0 for every y € X. Since C # 1, there exists an z € X
such that C'(z) # 1.

Now considering D = x; we can prove as above that Jo V Jp contain 4 elements.
Since 1 is comparable with every element of LEGT (X, L), the join of {0,1} with any
atom of LFGT (X, L) contain exactly 3 elements. Thus if A({0,1}) = {0,C} and
C # 1, then by claim, there exists an L—fuzzy set D € L such that {0,C} Vv {0, D}
contain 4 elements. Let A=!(Jp) = Jy. We have |{0,1} Vv {0, H}| = 3. By Remark
2.1, |JA({0,1} vV A({0, H})| = [{0,C} v {0, D}| = 3 which is a contradiction.Thus the
proof is complete. O

Lemma 3.2. Let X be a set with more than one point. Then every automorphism of
LFGT(X, L) maps strong fuzzy generalized topologies onto strong fuzzy generalized
topologies of LFGT (X, L).

Proof. Let A be an automorphism of LFGT (X, L) and p be a strong fuzzy general-
ized topology on X. Then u = \/ {0,C}and A(p) = A( \/ {0,C}) = V A({0,C}),
Cep Cep Cep
by Remark 2.1. Since 1 € u and A({0,1}) = {0,1} by Lemma 3.1, \/ A({0,C}) is
Cep
a strong fuzzy generalized topology on X.

Similarly, the inverse image of a strong fuzzy generalized topology is a strong
fuzzy generalized topology. O

Lemma 3.3. Let X be a set with more than one point and let A be an automorphism
of LFGT(X,L). Then A maps M, onto M,,.

Proof. Consider the strong fuzzy generalized topologies of the form {0,z',1} and
let us denote this by I,.:,,. Note that join of I,:, with any fuzzy generalized topology
Ic = {0,C,1} contain exactly 4 elements. Now we claim that if C € LX such that
Ic ¢ {11, }zex, then there exists an L—fuzzy set D € LX such that IV Ip contains
5 elements. Consider I ¢ {I i, }rex.
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Case (i): Suppose for some z € X, C(z) = 0. Since C # 0, there exists y € X
such that C(y) # 0. Let us define D € L* such that D(x) = [; and D(y) = 0. Since
(CV D)x)=1,,CVD=#C. Since (CV D)(y) # 0, we have CV D # D. Then
IcVvIp={0,C,D,CV D,1} contains 5 elements.

Case (ii): Suppose C(z) # 0 for every x € X. Note that Ic ¢ {I,i. }zex. Then
there exist elements x,y € X such that C(z) = I; where i < n and C(y) # 0. Define
D € LY such that D(z) = ;41 and D(y) = 0. Then CV D # C and CV D # D.
Thus Ic V Ip contains exactly 5 elements.

So the claim holds.

Now if A(I,i.) = I¢ for some I¢ ¢ {I,.. }.cx, then by above claim, there exists
an L—fuzzy set D € LX such that Ic V Ip contains 5 elements. Since A is bijective,
there exists an L—fuzzy set E such that A(Ig) = Ip. Thus I, V Ig contains
4 elements. But A(I, V Ig) = A(Ig.)V A(Ig) = I V Ip contains 5 elements,
which is not possible. Thus A map {I,i, }zex onto itself. Now I, = {0,2 1} =
{0,z'"} v {0,1}. Let A(Z,1.) = I,u. for some y € X. Then

ALy ) = A({0,2™} v {0,1}) = A({0, 2" }) v A({0,1})
= Iyln = {Qa yln} N {Qvl}
Thus A({0,2}) = {0, y'}, since A({0,1}) = {0,1} by Lemma 3.1. Since x € X is
arbitrary, A map M, onto itself. O

Lemma 3.4. Let X be a set with more than one point. Then every automorphism
n+1

of LFGT (X, L) maps U K; onto itself.
i=1
Proof. Let A be an automorphism of LEFGT(X, L) and C € L*. Then we can write
Cas C=\{z:ze€ X and ! € L such that C(z) = [}, which implies
Jo <\{Jy, :x€ X and !l € L such that C(z) =1}.
Since A preserves order and arbitrary join,
A(Jo) < A(V{Jy, :x € X and | € L such that C(z) =1})
=V{A(J;) :x € X and | € L such that C(z) =1}.
Thus A(Jo) < V{A(Jy,) : © € X and ! € L such that C(z) = I}. An L—fuzzy
generalized topology of the form J,, is less than or equal to the join of a collection
of L—fuzzy generalized topologies if and only if J,, is already a member of that

collection of L—fuzzy generalized topologies. This characterizes atoms of the form
n+1

Jg, forallz € X and [ € L. So A maps U K; ={Jy :x € X,l € L} onto itself. O
i=1

Lemma 3.5. Let X be a set with more than one point and let A be an automorphism

of the lattice LFGT (X, L). If C € LX and A(Jc) = Jp for some D € L, then for

x € X, C(x) =1 if and only if there exists an element y € X such that D(y) = 1.

Proof. Let C(z) = 1 for some z € X. Then Jo V J,u, is a strong generalized
topology. By Lemma 3.2, A(Jo V Ju.) = A(Je) V A(J,. ) is a strong generalized
topology. Since A map M, onto itself, by Lemma 3.3, A(J,,) = J,, for some
y € X. Let A(Jo) = Jp for some D € LX. Then Jp V Jyin is a strong generalized
topology implying D(y) = 1.
Similarly, If A(J¢)(y) =1 for some y € X, then C(z) =1 for some z € X. O
512
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Lemma 3.6. Let X be a set with more than one point. Then every automorphism
of LEFGT (X, L) maps Ky onto itself.

n+1
Proof. Let A be an automorphism of LFGT (X, L). By Lemma 3.4, A maps U K;

onto itself. Suppose for some z € X, A(Jy, ) = J., ,i > 2. Let € = {C 6 LX :
C(z) #0 foreveryx € X} and ® = {D € LX : A(JC) = Jp,C € €}. Note that
JoV g, contains 3 elements for every C' € €. Then A(JC\/JMI) = A(JC)VA(JILI) =
Jp V J,, contains 3 elements for every D € ©. Thus {0, D}V {0,2,} = {0, D, z,}
and DV z;, = D or z,.

If DV 2z, = z,, then D = S, for some j < i. Thus there exists an element
C € € such that A(J¢o) = Jz, which is not possible, by Lemma 3.4. So DV z, = D
which implies that D(z) > I; for every D € ® and i > 2. Hence 21 ¢ ©. Therefore
AN J,u) ¢ {Jctece. Let A1(J,1,) = Jg for some H € L¥. Then there exists
t € X such that H(t) =0, since H ¢ €.

Define f € LX such that

Ft) = Uk whenever H(t) =0
“ | H(t) otherwise.

Choose k € {1,2,...,n} such that A(J;) = Jp and D # 2%, where j >4 and i > 2.
This is possible since A is a bijection and k has n choices and z%,j > i and i > 2,
has n — 1 choices. Then f € € and A(Jy) = Jp for some D € . Now |Jg V J¢| = 3,
since H < f, which implies |A(Jg) V A(Jf)| = |J,u V Ip| = 3. But J,,u, VJp =
{0,217} v {0, D} = {0, 2", D, 2P} Since D(z) > I; and i > 2,2P() £ 2l Also we
have chosen f such that z”(*) £ D, thus |.J,;, V Jp| = 4, which is a contradiction.
So A(Jy,, ) cannot be J,, for any i > 2 and by Lemma 3.4 A map K; onto itself. [

Definition 3.1 ([1]). Let X be a nonempty set and L be an F—Lattice. If p: X —
X is a bijection, then H, : LX — LX defined by H,(C)(x) = C(p~*(z)) for all
C € LX and z € X is an automorphism of LX.

Theorem 3.1. Let X be a nonempty set and L be an F— Lattice. If u is an L—fuzzy
generalized topology on X, then the collection Hy () = {H,(C) : C € p} is also an
L—fuzzy generalized topology and Hy; is an automorphism of LEGT (X, L) where H,
is as in the Definition 3.1.

Proof. Let p be an L—fuzzy generalized topology on X. Then 0 € Hj (1), because
H,(0)(z) = 0(p~*(z)) = 0 for every z € X. Let {C;}icr be a collection of L—fuzzy
sets in [y (u). Then for i € I,

C; = Hy(K;) for some K; € p
(l\/ICi)(x) = (VHy(K)))(z)
1€
= (VK ")(x)
= Hy(VK;)(z)
Thus Hj (1) is an L—fuzzy generalized topology on X and H} map fuzzy generalized

topologies onto fuzzy generalized topologies. Also note that H is bijective. For
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p, 7 € LEGT(X); we have p < 7 if and only if Hj(u) < H,(7) by definition itself.
So H; is an automorphism of LFGT(X). O

Finally we are in a position to prove our main results. First we consider here the
case when X is a singleton set.

Theorem 3.2. Let X be a singleton set. Then the group of all automorphisms of
the lattice LFGT (X, L) is isomorphic to S(L \ {0}), the group of all permutations
on L\ {0}.

Proof. Let X = {z} and L be as defined in the notation. Then the atoms of
LFGT(X,L) are {K;}i=12, . nn+t1 where K; = {0,2;,} for ¢ = 1,2,...,n,n+ 1
where I, 11 = 1. In fact these are the only elements of LEGT(X, L) other than 0
since X = {z}. Let p be a permutation on {1,2,...,n+ 1}.

Define a function A, on LX, A, : LX — LX fori=1,2,...,n,n+1

Ap(xy,) = 2y, if and only if, p(i) = j

and A,(0) = 0. For an L-fuzzy generalized topology u € LFGT (X, L), we define
Ay (p) = {Ap(21,) s 21, € p} U{0}. Then Aj is a bijection on LFGT(X, L). Now for
4,7 € LFGT(X, L),

p<TEpCTe Al(n) C ANT).

Hence A is an automorphism on LFGT(X, L).

Conversely if M is an automorphism on LFGT (X, L), M must map atoms onto
atoms of LFGT(X,L). Then it will induce a bijection on {z;, : 4 =1,2,...,n+ 1}
and hence on {1,2,...,n + 1}. Thus it defines a bijection between the group of all
automorphisms of LFGT (X, L) and the group of all permutations on {1,2,...,n+
1}. Also if p and k are two permutations on {1,2,...,n+ 1}, then A7 ; = A7 o A}.
This defines an isomorphism between the group of all automorphisms of LEGT (X, L)
and the group of all permutations on L \ {0}. O

Theorem 3.3. Let X be a set with more than one point. Then the group of all auto-
morphisms of LEGT(X, L) is precisely the collection {H, : p is a bijection on X}
where Hp is as in the Theorem 3.1.

Proof. We have already proved in Theorem 3.1 that H, is an automorphism on
LFGT(X,L). Now let A be an automorphism on LFGT (X, L). We need to prove
that A = Hj for some bijection p on X. By Lemma 3.6, A maps K; onto itself.
Let » € X, consider J,, and let A(Jy, ) = Jy, for some y € X. This y is unique.
Define p: X — X as p(x) =y if and only if A(Jy, ) =Jy, . Fort € X,

Hy(z,)(t) = a,(p7' (1))
Loifpi(t) =
0 otherwise

ll Zf t = Yy
0 otherwise

yll(

t).
Then H,(0) = 0. Thus Hy(Jz, ) = {H,(0), Hy(z,)} = {0, y1,} = Jy,, . Since x € X
is arbitrary, A= H; on Kj.
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Claim: If A(Jy, ) = Jy, , then A(Jy,) = Jy,.
Suppose A(Jy,) = Jo = {0,C}, for some L—fuzzy set C' € L. Then
[{0,C} Vv {0, z;, }| = 3, for every z € X such that C(z) # 0.
Thus |Jo V J,, | = 3, for every z € X such that C(z) # 0.
So |[A™ (Jo) VAT, )| = 3, for every z € X such that C(z) # 0.
Hence |[Jy, V A7'(J,, )| =3, for every z € X such that C(2) # 0.

But A_l(lel) € K;. Then A_l(lel) = Jy, and thus z = y. So C(z) # 0
implying z = y. By Lemma 3.5, there exists an element ¢ € X such that C(t) = 1.
Hence C' = y;.

Claim: If A(Jy,, ) = Jy, and A(Jy,) = Jy,, then

(1) A(Jz,,) = Jy, , where i € {2,3,...,n},
(2) A(Jyo) = Jy.
n+1
Proof of claim (1): By Lemma 3.4, A maps U K; onto itself. Suppose A(Jy, ) =

i=1
Jz, for some z € X and j € {2,3,...,n}. We know that |J;, V Jy, | =3. Then
ATz, V Ty M = [A(Tey,) V A( Tz )| = |‘]le VJy, | = 3. This happens only if 2z = y.
Thus A(Jy,,) = Jy,, for some j =2,3,...n.

Now let A(J,;,) = {0,C} for some C € LX. Then we have J, V J,, =
{0, 2%, 21,1} is a strong fuzzy generalized topology. Thus A(J, V Jg,) = A(J,) V
A(Jz,) = Jo V Jy, is a strong fuzzy generalized topology. So C'V y; = 1. Hence
C(t) =1 for every t # y.

Let C = y'* for some k € {1,2,...,n}. Then we have A(Jy,) = Jy,, and

A(Jy) = J . Consider Jy, V Jpu, = {0, zy,,2%}. Then
Ay, V T) = AlJw, )V AW0) = Ty V Ty = {0,41,,9™ ),

since |y, V Jyu| = [A(Jzy, V Jpi)|. But {0, yi,,y'*} is an L—fuzzy generalized
topology. Thus j < k, otherwise Jylj V Jyu contain 4 elements. Also we have
Jzzi V J 1,1, contain 3 elements. So

A(szi V lei+1) = A(Jﬂczi) \Y A(lei+1) = Jyzj vV Jylh

also contain 3 elements, where A(J 1,,,) = Jylkl for some k1 € {1,2,...,n}. Hence
k1 must be greater than or equal to j. This is true for J 1,10, J 1500, ., Jpin.
Therefore for example,
we have A(Jy, ) = Jy, , let A(Jy,,) = Jy,;» where j > 2.
A(gt) = Iy s k2 >
A(Jxls) = Jylkgﬂ k3 > j
A(J ) = Jyzk4, ky > g

A(Jpn) = Jyzkn, kn > 7.
Since A is a bijection j must be equal to 2. Then A(J,,,) = J,_ .
Similarly, A(Jy, ) = Jy,, for every i€ {1,2,...,n}.
515
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Proof of claim (2): Suppose A(Jy) = {0,C} for some L—fuzzy set C € LX.
We know that Jyo V J,, = {0,2° 21,1} is a strong generalized topology. Then by
Lemma 3.2, A(Jy)V A(J,,) is a strong fuzzy generalized topology on X. Thus
{0,C} Vv A(Jy,) is a strong fuzzy generalized topology implying C(t) = 1 for every
t #y. Now if C(y) # 0, then Jc V Jy, contain 3 elements and thus Jyo V Jy,
contain 3 elements, which is a contradiction. So C(y) = 0, proving A(Jy0) = Jyo.

Claim: If A(Jy, ) = Jy, for every i € {1,2,...,n}, then A(J,,) = J,, for every
ie{1,2,...,n}.

Suppose A(J,1,) = {0,C} for some L—fuzzy subset C € L*X. Then J, V J,, is
a strong generalized topology and thus J¢ V J,, is a strong generalized topology,
which implies that C(t) = 1 for every ¢ # y. Let C(y) = [; for some j =1,2,...,n.
Then C = y. Also |, V Jpi| = 3. Thus [Jy, VvV Jc| = |Jy, VJ,| =3 imply-
ing j > i. Soif A(J,) = J;, then j > 4. But A map M, onto itself. Thus
A(J ) = Jyzn,l,A(sz,,L,z) = Jyn s and so on. Hence A(J,;) = J, for every
i€{1,2,...,n}.

Now

H; (lei ) = {Hp(0), Hy(z1,)}

{Qa yli}
J

Y,

A(Jz,,)-
Then A = H; on K;, where i € {1,2,...,n},

Hy(Jo) = {Hp(0), Hp(x1)}
{0,91}
Ty,

= A(J,).

Thus A = Hpj on Ky,
Hy(Jp) = {Hy(0), Hy(2")}

p

So A= Hy; on My41,

H;(szi) = {HP(Q)aHp(xl7)}
= {04}
= J,
= A(J.,).
Hence A = H; on M;, where i € {1,2,...,n}. Therefore A = H; on {K; U
Mi}iz12,....n41-
Now let C' ¢ {K;UM;}i=1.2,... n+1 be an L—fuzzy set. Suppose A({0,C}) = {0, D}
for some L—fuzzy set D ¢ {K; U M;}i=12 . n1 and H;({0,C}) = {0, H,(C)}. To
prove that H,(C') = D, it is enough to prove the following results:

(a) C(p~'(y)) = 0 if and only if D(y) = 0.
(b) C(p~'(y)) = I; if and only if D(y) = I; where i = 1,2,...,n.
(c) C(p_l(y)) =1 if and only if D(y) = 1.
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Proof of (a): We have H,(C) = {C(p~')(t) : t € X}. Then C(p~'(y)) =0 &
Clz) =0& C <2< |{0,C}Vv{0,2°} =3 & |A({0,C}) vV A({0,2°})| = 3 &
{0, D} v {0,y°}| = 3 & D < 4°, for otherwise, if D > ¢°, then D = 1, which is not
possible, since by Lemma 3.1 A(0,1) = {0,1}. Thus D(y) = 0.

Proof of (b): Assume C(p~'(y)) = l;. But p~!(y) = z, implying C(x) = I,.
Then |{0,C} v {0,2%}| = 3. By Remark 2.1, [{0, D} Vv {0,4"}| = 3 which implies
D(y) < l;, since D ¢ M; for every i.

Also if C(x) = I;, then |{0, C}V{0, 2;,}| = 3. By Remark 2.1, |{0, D}V{0,y;,}| =3
implying D(y) > I;, since D ¢ K; for every i € {1,2,...,n}.

Thus we get D(y) = 1;. So if C(p~(y)) = l;, then D(y) = I;.

Similarly, it is also easy to show that, if D(y) = l;, then C(p~!(y)) = I; for every
i=1,2,....n.

Proof of (c): Consider C(p~t(y)) =1 & C(z) =1 & |{0,C}V{0,11}| =3 &
{0,D} v {0,y1}| =3 < D > yi(since D ¢ K, 1)< D(y) = 1. Since = and y are
arbitrary A = Hy on all atoms in LFGT(X,L). Also LFGT(X, L) is atomistic.
then A = H; on LFGT(X, L). Thus the proof is complete.. O

4. CONCLUSIONS

We determined the automorphism group of lattice of all fuzzy generalized topolo-
gies LFGT(X, L), when X is an arbitrary nonempty set and L is a finite chain.
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