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1. INTRODUCTION

In this paper, we studies the solution of fractional differential equation with
initial value are intuitionistic fuzzy numbers.

{( cuD%(t)) = 1 (b uDYa(t)), tel=[0T]
20(0) =z, € Fy, Vi € {0,1}.

where 1 < § < 2, 0 < 7 < 1, the operator o D7 denote the Caputo fractional
generalized derivative of order v, f: I x IF1(R) — F1(R).

The concept of intuitionistic fuzzy sets is intoduced by K. Atanassov [2]. The
autors in [3] built the concept of intuitionistic fuzzy metric space and intuionistic
fuzzy numbers. In [4] S. Melliani introduce the extension of Hukuhara difference
in the intuitionistic fuzzy case. T. Allahviranloo, A. Armand and Z. Gouyandeh in
[1] solve the fuzzy fractional differential equations under generalized fuzzy Caputo
derivative. From this end idea we introduce in this paper the concept of general-
ized intuitionistic fuzzy caputo derivative, and we give an integral solution of an
intuitionistic fuzzy fractional equation.

This paper is organized as follows. In section 2 we recall some concept concerning
the intuitionistic fuzzy numbers. The concept of generalized intuitionistic fuzzy de-
rivative and generalized intuitionistic fuzzy Caputo derivative, takes place in section

(1.1)
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3. The integral solution has descused in section 4. Finally in section 5 we illustrate
by an example.

2. PRELIMINARIES

Definition 2.1 ([3]). The set of all intuitionistic fuzzy numbers is given by
F, = IF,(R) = { <uwv>R-—[0,1% 0<utv< 1}

with the following conditions:

(i) For Each < w,v >€ TF; is normal, i.e, xg, 21 € R, such that u(xy) = 1 and
v(zy) = 1.

(ii) For Each < u,v >€ IFy is a convex intuitionistic set, i.e, u is fuzzy convex
and v is fuzzy concave.

(iii) For Each < u,v >€ IFq, u is a lower continuous and v is appear continuous.

(iv) cl{z € R, v(z) < a} is bounded.

Definition 2.2 ([3]). For a € [0,1], we define the appear and lower a-cut by
[<u,v>], ={z eR, u(x)>a},
[<u,v>]"={zeR, v(z)<1l-—a}.
Definition 2.3. The intuitionistic fuzzy zero is intuitionistic fuzzy set defined by
~ 1,0 =0
Gy {0
(0,1) = #0.
Proposition 2.4 ([3]). We can write
[<u,v>], = [[<uv>](a),[<uv>] ()],
[<u,v>]" = [[<uv>] (), [<uv>] (o).

Remark 2.5. We can write [< u,v >], = [u]* and [< u,v >]" = [1 — 0]®, in the
fuzzy case

Proposition 2.6 ([3]). For all < u,v >, <u',v' >€ IFy, we have
<u,v >=< v,V > [<u,v>], and [<u,v>]", VEe[0,1].
We define two operations on IF; by
<u,v>P<u,v >=<uVu,u AV >, ¥V <u,v> <u v > Fy,
A< u,v>=< A, v >, VAeER, V<uv>elF;.
According to Zadeh extension, we have
<u,v>®<u v >, = [<u,v>], + [<d 0 >,
<u,v> @ <u v > =[<u,v >+ <, v >,
A<u,v>], =A< u,v>],,
A <u,v>]Y =A< u,v>]".
380
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Theorem 2.7 ([3]).

Let M = {My, M* a €[0,1]} be a family of subsets in R

stisfying the following conditions:
(1) a <s= My C M, and M* C M*, for each a,s € [0,1].
(2) M, and M are nonempty compact convez sets in R for each o € [0, 1].
(3) For any nondecreasing sequence a; — « on [0, 1], we have

M, €10,1] =, Mo, and

We define u and v by

0,
u(z) _{ sup M,
a€l0,1]

L,
v(z){ 1— sup M,
a€l0,1]

M =, M.

IL’¢M0
x € My,

x ¢ MO
x e MP.

Then < u,v >€ IF} with M, = [< u,v >, and M = [< u,v >]*.

Remark 2.8 ([3]).

(1) The family {[< u,v >]q, [< u,v >]*, a € [0,1]} satisfying

(1)-(3) of the previous theorem.
(2) For all « € [0,1], [< w,v >]o C [< u,v >]%.

Theorem 2.9 ([3]). On IFy, we can define the metric

deo ((u7 ’U), (27 ’LU)) = i SUPg<a<1

and

1
+7 SUPgca<i

1
+7 SUPg<a<1

)
4 supgcazy |[(w0)]
)

]

p
dy (< u,v >, </, v >)= (}1 fol ‘[< u,v > (@) — [< ', >]l+(a)‘ dt

1 Iy i< w o >)@) = [< oo > ()] e

|l wo sl (@) — [< o' ) (@)

For p € [1,00), we have (Fl,dp> s a complete metric space.

‘ p

+1 ][< u,v > (@) = [< w0 >]r(a)’pdt)

dt

3. THE GENERALIZED HUKUHARA DERIVATIVE OF AN INTUITIONISTIC
FUZZY-VALUED FUNCTION

The concept of intuitionistic fuzzy Hukuhra difference is introduced by the autors
in [4], in this paper we will give the definition of generalized Hukuhara difference

betwen two intuitionistic fuzzy number.

Definition 3.1. The generalized Hukuhara difference of two fuzzy number < u,v >,

<, v > IFy is defined as follows:

381
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<u,v>—gpg < v,V >=<z,w>
= <u v >=<u v >+ <z,w>or <, v >=<u,v>+(-1) <z,w>.

Note that the («a, 8)-level representation of fuzzy-valued function f : [0,7] — IFy
expressed by [fla = [fal, far] and [f]* = [favl,fo‘”“]

Definition 3.2. The generalized Hukuhara derivative of a intuitionistic fuzzy-valued
function f:[0,7] — IF; at to is defined as

[ra(to) = lim f(t) —gn f(to)

t—to t — tO

if f; i (to) € IF; and we say that f is generalized Hukuhara differentiable at ¢o
Also we say that f is [(i) — gH|-differentiable at tg, if
( ;H)a = (fa,l),a (fa,r)/
B_ | r
(Fr)” = [0, (77
And that f is [(#¢) — gH]-differentiable at ¢, if
( ;H)a = (fa,r)lv(fml)/
B _ [(eBr
(For)® = [y, (5.

Remark 3.3. We can defined the generalized derivative of higher order by

7O = f
(3.1) {f;Z} — (f" V)., VneN.

Definition 3.4. Let f: (0,7) — IF;. We say that f of classe C™, m € N, if f;hm)
exists and continues, by respect to metric d..

Now if the a-levels of f : (0,T] — T, are given by [fla = [fa.is far] and
(17 = [f51 2] and fau, fars [P, fP7 are Riemann integrable on [0, 7). Since
the family

{[fa,l,fa,r}, L4 o] }

built an intuitionistic element and the integrale preserve the monotony, by the The-
orem 2.7, the family

{ [ (0,77 fai /[o,T] faw}’ [ [0,T] 77 /[O,T] fﬁm} }

define an intuitionistic fuzzy element, which is the integral of f on [0,7] and we
denote f[o nf

Definition 3.5. Let f : [0,7] — IF; be a intuitionistic fuzzy-valued function, we
say that f is integrable on [0, 7], if fa.i, fa.r, f?!, f%7 defined in the previous are
integrable on [0, 7]
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4. INTUITIONISTIC FUZZY GENERALIZED CAPUTO-DERIVATIVE

Let f :[0,T] — TF; be a intuitionistic fuzzy-valued integrable function on [0, T,

and 6 € (m —1,m] and m € N*. Then it’s (a,3)-levels are defined by

[fla = [fa,lvfa,r} and [f]ﬂ = [fﬁ,l7fﬂm]7
Where fa,l7 foz,ra fﬁ’l; fﬁ,’l“ E Cm([O,T])
We set

t . (m) t I (m)
o= [ [ =97 500) "0 s [ ) 0]

and

MP = [F(l(s) /Ot(t —s)0 (fﬁ"l)(m)(s)y ﬁ /Ot(t — )0 mt (fﬁ”)(m(s)} .

Proposition 4.1. The the family {Ma, M?, a, Be0, 1}} defined an intuitionistic
fuzzy element

Proof. Just use the Theorem 2.7 O

Definition 4.2. The intuitionistic fuzzy preceding item is called the generalized
caputo derivative of f, we denote D f.
we say that f is °f[(i) — gH]-differentiable at ¢y, if

[ gz D°f], = [D° fais D° far)

[ gHD(Sf:IIB _ [D(sf@,l7 Défﬁ,r]
and that f is ¢f[(ii) — gH|-differentiable at tg, if

[ guD’f], = [D° farrs D° fai]

[ gHD‘SﬂB _ [Dsz,B,r’ D(sf;a,z] )

As in the previuos definition, we will give the difinition of intuitionistic fuzyy frac-
tional Riemann-Liouville integral. If the («, 8)-levels of f : (0,7] — IFy, are given

by [fla = [fap fas] and [f]7 = [f21 f77] and fop, far, f70, 77 are Riemann
integrable on (0,7]. Since the family

{[fa,la faﬂ“] ) [fﬂ’lv fﬂ7r] }
built an intuitionistic element and the integrale preserve the monotony, by Theorem
2.7, the family

{Aa, AP ¢ a, Be0,1]},

where

— L — s 6-1 S L — s §—1 s
Ao = ) /(OJ) (t =) faul )’F(d) /(o,t) (t— )5 for(s)

and

o Ll pBilg) _ )1 B
A= gy [ O g [

define an intuitionistic fuzzy element, which is the Riemann-liouville fractional in-
tegral of f on (0,T) and we denote ﬁ f(o " (t — 8)°~1f(s)ds.
383
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Definition 4.3. The Riemann-liouville fractional integral of f on (0,7"), defined as

(1) = ﬁ /( L s

where 0 € (m —1,m)

5. INTUITIONISTIC FUZZY GENERALIZED INTEGRAL SOLUTION

Lemma 5.1. Ifa € IFy, then
/ ads = ta
(0,t)

Proof. We set [a]q = [a—,a4] and [a]® = [a~,a™]. Then we have

[/(O,t) ads|o = [ta—,tay] = tla_, ay] = t[a]a

and
ads]® = [ta™,ta™] = tla”,aT] = t[a]*.
[/(o,t) ] [ ] [ ] [a]

U
Lemma 5.2. Let u € C? ([O,T], ]Fl), we have
(1) Dou(t) = D°~ W/ (t)gu
(2) 1Y =1°15
Proof. (1) In the classical case, we have
Doup i (t) = DO Yy ) (1), Doug () = DO Lug ' (1),
DIuBL(t) = DS WA (1), DB (t) = DO~ 1P (1),
Then
[Dou(t)], = [D° "/ (t)gu],
and
[D%u(t)]” = [D* " ()41 )"
Thus
DPu(t) = D°~ ' () gur
(2) See [3]. O

Define sgn(z) by

+ if x is ¢/ [(i)-gH]-differentiable
(5.1) sgn( ):{ [0)-gH]

o(-1) ifxis ¢/ [(ii)-gH]-differentiable.

Theorem 5.3. The initial value problem (1.1) is equivalent to the integral equation:
1 t

x(t) = xo + sign(x) (tacl + sign(x’)m/o y(s)ds)7

where

y(s) = /O (s—7)°72f (r, ﬁ /0 (r — n)—By(n)dn) dr.
384



110
111

112

113

114

115

116

M. Elomari et al. /Ann. Fuzzy Math. Inform. 13 (2017), No. 3, 379-391

Proof. We have D°x(t) = f (t, D7z(t)). Then D°~1a/(t) = f (¢, D7x(t)). Thus
7D ! () = I f (8, DV a(t)) -
So
&' (t) —gm w1 = I°7Vf (t, DVa(t)) .
If o' is ¢/[(i) — gH]-differentiable, then
o' (t) =2 + P71 f (t, DV2()).
If o’ is °f[(ii) — gH|-differentiable, then z'(t) = 21 © (—1) (I‘S_lf (t, D7z(t)) )

Now use the formula in Theorem 3.1 [5]
t
o(t) = 0+ sign(a) [ y(s)ds,
0

where

. . 1 s L 1 T .
o) = v sion(@ s [0 (mpres [ wan) o
O

Now we make the following assumptions:

e Hy: f:[0,T] — TF; is a continuously gH-differentiable function.
e Hs: there exist nonnegative functions a; and as such that

doo (f(t, < u,v >),5) < ai(t) + az(t)doo (< U, v >,6> .
e H3: Vte[0,T] and z, y € C* ([O,T],IF1>,
oo (F(t,2). f(t,)) < Mo (2,9),

where M > 0.

Theorem 5.4. Suppose that Hy - Hs hold, then the integral equation

¢
z(t) = xo + tay +/ y(s)ds,
0

where

olo) = sign(a) o [ =021 (ro s [ ) ar

has a solution in C<[07T]7 ZF1> provided

1 t
A= sup / t— )02  Pay(s)ds < 1,
To-Dre— S 7 2(s)

1 t
B =D(zg+tx1,0) + sup 7/ t—5)°2a1(s)ds < oo,
(ot ton 00 S Ty Al

MTS=7B(§ — 1,—7)
r'(l-=v)

<1,

385
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where

1
B(6—1,2—7) = / (1 — )24t
0

Proof. The space C ([O, 7], IFl) endowed with the following metric

D(J?, y) = t:;(l)%] doo (Z‘(t), y(t))

and the mapping F' is define by

Fx(t) =xo +txy + ﬁ /Ot(t - s)‘sQf(T, ﬁ /Os(s - T)’Y.’K(T)d’l') ds.

We prove the existence of and uniqueness of fixed point of F' on C ([0, T], ]Fl).
Step 1: We set

Dy = {xeC([O,T],]Fl) , D(z,0) < 1?,4}'

Then for all x € C([O,T},IFl), we have
D(Fz,0) =D (p,ﬁ) ,
where

p =0+ tz: + ﬁ /Ot(t - s)é—Qf(T, ﬁ /0 (s — T)_'Yx(T)dT> ds.

Thus
D(Fz,0) < D (a:o n tx1,0> +D (0, 0) ,

where
o= ) 0 (i ) e )a
So
D (0,6) < F(él— 1)/0 (t — 5)°%wds,
where

Hence we have
1

< — —7)77d7) D(x,0).
o< (rgge | =) DEd)
By using Hs, we have
~ t _
D(FJC,O) S D(Io—l—tfbl) ﬁsupfe[o T] fO t—5)5 2 ( )dS

D(x
+%SUP%0T fo )72 [ (s — T)"Vdras(s)ds

< B+ AD(z,0)
<r.
This shows that Fax € D,.
386
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step 2: It remain to prove that F is a contraction, let z, y € C([O, 7], ]Fl). Then
by Hs, we get

Dmemsf§§BA<wwf*DwMQMa

where
1 s —y
B.=f (T, m/@ (s—1) J)(T)dT) .
Thus
D (Fz, Fy) < %/0 (t— 5)6_2/0 (s — 1) VdrdsD(z,y).
So

MT"B(6 —1,-p
0L D) pia.y).
(1=l =)
Since the completeness of d., implies the completeness of D, F' is a contraction. [

D(Fz,Fy) <

Now define the following metric on C ([0, T], IF‘l):
D(z,y) = sup deo (x(t), y(t)) e,
t€[0,T]

where p > 0 fixed.
We define

Di(z,y) = D(x,y) + D(a',y") + D(",y")
with 2/ and z” are the first and second derivative of x.
Proposition 5.5 ([3]). (C*([0,T],IF1),D1) is a metric space
We add the following condition.

Theorem 5.6. If Hy - Hs are verified, then the problem (1.1) has unique solutionon
[0, T] in each sense of differentiability.

Proof. If Hj is verified, then

(0 (P D7) )w e () (15 D7) ) )

1 ! -1
< [ 0 (). (5.5

1 ¢ _
SMﬂiSA@—W1®U@ﬂwJ@WW@
< Cr sup doo(x(8),y(s)),

s€[0,T7]

where 5
T
Cr=M———.
r r(G-1)
Thus by Theorem 3.2 [5], the problem

S =m0 ()17 (D) )
387
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has a unique solution in each sense of differentiability.
That is 2’ is defined, which implies with Theorem 5.4 the existence and uniqueness

of x.

6. EXAMPLE

O

We give an example to illustrate the efficiency of our main results, we take

f(t, z)
(6.1)

Here 6 =
For all o,

=X

{

3
2)
5[7

[xO]oz =

1
2
1

)

g D2(t) = (=2) yuDza(t), t €[0,1]
r0=<1,2,3;0,2,4 >, 1x1=<0,2,4;,-1,2,6>

f(t,z) = (—2)z, and I = [0, 1]
the upper and lower cuts of initial conditions are:

[1—1—04,3—04], [z0]® = [—34—25,1—25];

[z1]a = {20[,4—2&}, [xl]ﬁ = {75+4,3,2735]

Applying I %, we obtain

z'(t) Ogm 21 = (=2)(z(t) ©gm z0), Vt€0,1].

We get the following cases.
Case (i): The solution of the equation

is given by

7' (t) = —2x(t) + x1 + 220, Vt€[0,1]

1
z(t) = etz + 21 + xo.

Then for o € [0,1], we have

[(8)]a

B
[
= oz
I

f(t.a),a(t )]

(e +1)(1+a)+a(e 2t+1)(3—o¢)+2—o¢],

(t, B), J:Rtﬁ)}

(e +1) —7+25 (e *2t+1)(1—25)+1—g/5].

Table 1 Value of z1(t, ), zr(t,a), z(t,5) and zgr(t,5) at t = 1 for different o

and .
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« zr(t, ) zr(t, @) zr(t, B) zr(t, B)
0 1.135 5.406 -1.635 -1.635
0.1 1.349 5.192 -2.062 -1.258
0.2 1.562 4.979 -2.489 -0.881
0.3 1.776 4.765 -2.917 -0.504
- 0.4 1.989 4.552 -3.344 -0.127
0.5 2.203 4.338 -3.771 0.250
0.6 2.417 4.125 -4.198 0.627
0.7 2.630 3.911 -4.625 1.004
0.8 2.844 3.698 -5.052 1.381
0.9 3.057 3.484 -5.479 1.758
1 3.271 3.271 -5.906 2.135

143

144 Graph 1. Graph of z,(t,a), zr(t, ), z1(t, 8) and zr(t, 5) at t = 1 for different «
145 and (.
Case (ii): The solution

7' (t) = —2x(t) + (=1)z1 + 230, Vt € [0,1]

is given by

x(t) = e ?xg + (=1)=z1 + 0.
389
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Then for V¢ € [0, 1], the upper and lower solutions are

o} (t ), ot )]
:(e*” FD(14+a)—a, (e +1)3—a)— 2+a],
= [ezt.8). 27 9)]

(e +1)(=3+28)

5

22
+2-28,

(e +1)(1-28)— 1+ %5}

and .
(a, B) v (t, @) zr(t, a) zr(t, B) zr(t, B)
0 1.135 1.406 1.271 1.271
0.1 1.149 1.392 1.194 1.298
0.2 1.162 1.379 1.117 1.325
0.3 1.176 1.365 1.039 1.352
0.4 1.189 1.352 0.962 1.379
0.5 1.203 1.338 0.885 1.406
0.6 1.217 1.325 0.808 1.433
0.7 1.230 1.311 0.731 1.460
0.8 1.244 1.298 0.654 1.487
0.9 1.257 1.284 0.577 1.514
1 1.271 1.271 0.500 1.541
— ()
—2p(t,a)
zr(t, )
— zp(t, B)
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Graph 2. Graph of (¢, ), zr(t, ), z1(t,8) and zgr(t, 5) at t = 1 for different «
and .

7. CONCLUSION

In this paper we solved fractional differential equation initial value as triangular
Intuitionistic fuzzy number. We use upper and lower a-cut method for solving this
equation. Then the fractional differential equation converted to a system of crisp
differential equations, and then solve the differential equation.
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