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ABSTRACT. This paper introduces an intuitionistic fuzzy Mealy ma-
chine(ifm) and various kinds of products of intuitionistic fuzzy Mealy
machines such as intuitionistic cartesian product, intuitionistic full di-
rect product, intuitionistic restricted direct product, intuitionistic cascade
product and intuitionistic wreath product are analyzed. These products
preserve the properties of cyclic, intuitionistic retrievable and strongly con-
nected of intuitionistic fuzzy Mealy machines are examined.
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1. INTRODUCTION

The theory of fuzzy sets was proposed by Zadeh [22] as an effective
generalization of classical sets which has been widely used in dealing with
problems with imprecision and uncertainty. Much later, Santos [20] and W.G. Wee

[21] first initiated the mathematical formation of a fuzzy automaton in 1969. Out of
several higher order fuzzy sets, intuitionistic fuzzy sets(ifs) introduced by Atanassov
[1, 2, 3, 4, 5] has been found to be highly useful to deal with vagueness, since the
ifs are characterized by two functions expressing the degree of belongingness and
the degree of non-belongingness. But, Burillo and Bustince [6, 7] showed that the
notion of vague sets coincides with the intuitionistic fuzzy sets. Using the notions of
intuitionistic fuzzy sets, Jun [12, , ] introduced the concept of
intuitionistic fuzzy finite state machines. Choubey Alka et al.[l1] presented the
concept of intuitionistic fuzzy finite state machines as a generalization of fuzzy finite
state machines. Malik and Mordeson [15, 16, 17, 18, 19] illustrated the concepts
developed in fuzzy finite state automata, fuzzy transformation, semigroups
coverings, direct products, cascade products and wreath products based on Wee’s
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concept of fuzzy automata by applying the algebraic techniques. Chaudhari et
al.[8, 9, 10] discussed the equivalence of fuzzy Mealy machine and fuzzy Moore
machine and they investigated the relation between the products of fuzzy Mealy
machines with the help of topology. Intuitionistic fuzzy Mealy machine(ifm)is a
kind of fuzzy automaton with outputs capabilities based on both the current state
and the current input strings.

In this paper, various products of intuitionistic fuzzy Mealy machines such as
intuitionistic cartesian product, intuitionistic full direct product, intuitionistic
restricted direct product, intuitionistic cascade product and intuitionistic wreath
product are introduced. All these products preserve the properties of cyclic,
intuitionistic retrievable, intuitionistic connected and strongly connected of ifm.

2. PRELIMINARIES

In this section, we recall X* denote the set of all strings of finite length over X,
A denotes the empty string and |x| denotes the length of x.

Definition 2.1 ([1]). Given a nonempty set . Intuitionistic fuzzy sets(ifs) in ¥ is an
object having the form A = {(z, pa(z),va(x)) | x € X}, where g : ¥ — [0,1] and
v4 : X — [0,1] denote the degree of membership and the degree of non-membership
of each element z € ¥ to the set A, respectively, and 0 < pa(x) + va(z) < 1 for
each z € X. For the sake of simplicity, use the notation A = (ua,v4) instead of
A= {(@, pa(@),valx)) | = € ).

We introduce the following definitions.

Definition 2.2 ([11]). An intuitionistic fuzzy Mealy machine(ifm) & = (Q, %, X, A),
where @ is a finite nonempty set of states, X is a finite nonempty set of input symbols,
X is a finite nonempty set of output symbols and A = (u4,v4), where each compo-
nent is an intuitionistic fuzzy subset of @ x X x QX X, i.e., pug : QXL XQx X — [0,1]
denotes the degree of membership values and v4 : @ x ¥ X @ x X — [0, 1] denotes
the degree of non-membership values.

The extensions of %, v} to Q x ¥* x @ x X* are defined by

0,ifg=p

. Lifg=p «
,UfA((L)‘»pv )‘) = and VA(%)‘ap? )‘) = .
L,if ¢ #p,

0,if g #p

where 17y (q, A, ¢,b) = 0 and v} (¢, A, ¢,b) = 1,
wi(q, xa,p,yb) = V{pi(q, ,m,y) A pa(r,a,p,b) | r € Q}
and
vilg, wa,p,yb) = N{vi(q, =, 7, y) Vva(r,a,p,b) | r € Q},
Yq,p € Q,Va € 3, Vb € X, Vx € ¥*, Vy € X* and for the empty string .
Then Vg,p € Q, Vz,u € £*, Yy,v € X*, 3 |z| = |y| and |u| = |v|. Thus
wi (g, zu, pyyv) = V{ph (g 2, r,y) A pi(r,u,p,v) | € Q}
and
ijl(qvxuvpa y'U) = /\{Vjﬁ((bxvrv y) \ VZ(’I",U,p, U) | re Q}
SoV¥p,q € Q, Vr € ¥*, y € X*, if 2] # |y, then 1y (¢, z,p,y) = 0 and v} (¢, 2, p,y) =
1.
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Definition 2.3 ([10]). Let & = (Q,%, X, A) be an ifm. Let ¢,p € Q.

(i) p is called an intuitionistic immediate successor of ¢, if there exists a € ¥ and
b € X such that pa(q,a,p,b) >0 and v4(q,a,p,b) < 1.

(ii) p is called intuitionistic successor of ¢, if x € ¥* and y € X* such that
walg,z,p,y) >0 and v}(q,z,p,y) < 1.

Notation 2.4. Let & = (Q, %, X, A) be an ifm and ¢ € Q. We shall denote S(q)
the set of all intuitionistic successors of g.

Definition 2.5 ([17]). Let & = (Q,%, X, A) be an ifm and T' C Q. The set of all
intuitionistic successors of T', denoted by S(T), is defined to be the set
S(T)=u{S(q) ¢ T}.

3. PRODUCTS OF INTUITIONISTIC FUZZY MEALY MACHINES

This section is an introduction of various products of ifm and their interrelation-
ship in terms of cyclicness, intuitionistic retrievable and intuitionistic connected are
discussed.

Definition 3.1 ([11]). Let &% = (Q., i, X, A;) be intuitionistic fuzzy Mealy
machines(ifm), ¢ = 1,2. Then the ifm & x @ = (Q, %, X, A1 X Ay) is called

(i) the intuitionistic Cartesian product of ifm of @4 and <% with
1Ny =0, X1NXo=0,if Q=01 xQ2, ¥ =% UXy,

X =X1UXo, Ay X Ao = (a, X ha,,va, X Va,), Where

/’(‘Al(qlva‘aplab)7 ifaezhbeXh

and g2 = p2
(a, % qu)((ql,(h),a, (pl,pa),b) = #4,(q2,a,p2,b), ifa € Xy, be Xy,
and ¢1 = p1
0, otherwise
and
va,(q1,a,p1,b), ifacd,be Xy,
and g2 = pa
(va, % I/A,_,)((ql,C]Q),CL, (pl,pg),b) = Va,(q2,a,p2,b), ifa€ g be Xy,
and q1 =p1

0, otherwise

V(p1,p2), (41,02) € Q1 X Q2, a € X1 U s, b€ X1 U Xo.
(ii) the intuitionistic full direct product of ifm of @4 and o,
f Q=01 x Q2 X=2%1 x X, X =X xXo, Ay X Ay = (pa, X pa,,va, X va,),
where
(i, x ) ((a1,02), (a1, a2), (b1, p2), (b))

= HA; (QL(ll»pl,bl) A HA, (QQa as, P2, b2)
and

(VAl X VAz) ((q17 QQ)a (ala a2)a (p17p2)? (bh b2))
=ra, (CI17 ai,pi, bl) \ VA, (qQa as, P2, b2)7

V(q1,q2), (P1,p2) € Q1 X Q2, Y(ai,a2) € X1 X Xa, V(b1,b2) € X1 x Xo.
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(iii) the intuitionistic restricted direct product of ifm of 27 and %,
fQ=0Q1xQ2, ¥=%1 =%, X =X1 =Xy, Ay x Ay = (pa, X pa,,va, X Va,),
where

(/LA1 X /LAQ) ((‘ha qQ)a a, (plpr), b) = KA, (qlv a, p1, b) A A, (qQa a, p2, b)

and
(va, X va,) ((Q17Q2), a, (p1,p2), b) =va,(q1,a,p1,b) Vva,(q2,a,p2,b)

v(q1aq2)a (p15p2) € Ql X Q27 Va € E’ Vb e X.
(iv) the intuitionistic cascade product of ifm of o/ and <,

if Q = Ql X Q27 Y=y, X= X27A1 X Ay = (/LA1 X Ay, VA, X 1/,42)7 where
(pa, x #A2)((Q1,Q2),a27 (plaPZ)abZ)

= pnA, (qlawx(q%a@)aplva(q% bz)) A A, (CI27 az,p2, 62)
and

(va, x I/AQ)((Q1,Q2)7(127 (phpz),bz)

=v4, (Q17ww(Q27 as), p1,wy(qa, bz)) V va, (g2, a2, p2, ba),
V(q1,q2), (p1,p2) € Q1 X Q2, Vag € X, Vby € Xp and w, : Q2 X Xo — Xy, wy :
Q2 x Xo — X7.
(v) the intuitionistic wreath product of ifm of @4 and %,
fQ=0Q1xQy =% x5,, X = X x Xy, A; X Ay = (1A, X ftay,va, X Va,),
where
(:U’A1 X /J/Az) ((Qh q2)a (fa GQ), (plap2)7 (ga bQ))

=, ((h, f(Q2)7p179(QQ)> A 14, (g2, a2, p2, ba)
and

(va, % va) (a1 2): (F.02), (pr.p2), (9:2))

=ra, (Q17f(QZ)ap1a9(Q2)> \ VAQ(QQ,GQ,pQ,bQ),

V(q1,42), (p1,p2) € Q1 X Q2, Vag € Xa, Vby € Xy and 2?2 ={f:Q2— Z31}>X1Q2 =
{9: Q2 — X1}

Remark 3.2. (1) The intuitionistic restricted direct product of 4 and <% is a
special case of their intuitionistic cascade product X1 = Y5, X7 = X and w, :
Q2 X 3o — X1, wy : Q2 x X2 — X; both are projection functions.

(2) The intuitionistic cascade product of &4 and 2% is a special case of their
intuitionistic wreath product, when %2 = {w,} and X = {wy}.

Theorem 3.3. Let o = (Q;, %, X;, A;) be ifm, i = 1,2 and let X1 N Xy = ¢

and X1 NYy = ¢. Let o) X ot be the intuitionistic Cartesian product of <7, and 5.

ThenVr € 21USS, v # N\ Yy e X7UXS, y# X and Ay X Ay = (pa, X fia,,Va, X
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Va,), where

.uzl(QMJ;vphy)a ifxEE’{,yGXf,

and gz = p2
(.uAl X,UAQ)*((QMCD)azy(P17P2)7y> = MZ2(Q2>$7P27Z/)7 Zf$6237y€X57
and q1 = p1
0, otherwise
and
Vzl(q17xaplay)7 if"ﬂGZ){,yGXik,
and qz2 = p2
(VA1 X I/AQ)* ((qlaQQ)axa (PlaPQ),y) = VZZ(Q27$,p2,y)> me S 237?/ S Xéka
and q1 = p1

0, otherwise

V(p1,p2), (q1,q2) € Q1 X Q2.

Proof. Let x € S UXS5, © # A\, y € X7 UX5, vy # X and |z| = |y| = n. Let
x € ¥] and y € X{. If n = 1, then the result is true. Suppose the result is true
Yu € 37, lul=n—1,n>1and Vo € X7, |v] =n—1,n > 1. Let z = au, where
a € ¥y and u € ¥} and y = bv, where b € X; and v € X7. Then,

(14, x MAQ)*<(Q1,QQ),au, (pl,p2)7b7]>
= V{(“x‘h X /’[’AZ)((q17QQ)5a’7 (T17T2)7b)/\

(a, x NAz)*((Tlﬂb)»Ua (p17p2)av> | (r1,7m2) € Q1 X Qz}
(Since Va € 7 and u € ¥7,b € X7 and v € X7)

_ \/{:LLAl (Qh a, T, b) A IU/*AI (Th U, P1, ’U) | e Q1}7 if g2 = p2
0, otherwise

_ NZl (CIIv au, pi, b’U)7 if go = po
0, otherwise

_ Nzl(QM%Play),if q2 = P2
0, otherwise

and
(va, x van)" ((a1,02),au, (p1,p2). bo)
= /\{(VAl X VA2)<(q1aq2)7a’7 (7’1,7’2),())\/

(va, % var) ((ror2)su, (prp2),v) | (r,m2) € Q1 x Qs
(Since Va € X7 and u € ¥7,b € X; and v € X7)
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_ JMval(qa,m,0) Vv (ru,pr,v) | € Qi go =
0, otherwise

_ V;xl (qlvauvplvbv)vif q2 = p2
0, otherwise

_ Vzl(Qvaplvy)aif q2 =
0, otherwise.

Thus the result follows by induction. Similarly, if x € ¥3 and y € X, then one can
prove the other case. O

Theorem 3.4. Let of; = (Q;,%;,X;, A;) be ifm, i = 1,2. Let @/ x o be the
intuttionistic full direct product of ifm. Then Vi € X7, x9 € 35,
T1,m2 # X, Yy € XT,y2 € X5,01,02 # A,

(pa, x NAQ)*((QhQQ)y (z1,22), (p1,p2), (y1,y2))
= pa, (@1, 21, P15 Y1) A W, (G2, 32,2, Y2)
and
(va, % vas)" (@1, @2), (21,22), (01,92), (11,92) )
=4, (q1,21,p1,91) V V4, (G2, T2, P2, Y2).-

Proof. Let x1 € Xj, 29 € 25,201,202 # X\, y1 € X942 € X3,y1,y2 # A and |2y =
|z2| = n = |y1] = |y2|. Then Clearly, the result is true for n = 1.

Suppose the result is true for all u; € X7, us € X3; |ur| =n — 1 = |ug|,
n > land forall v; € X§, vo € X3 |vi] =n—1=|vg|, n > 1. Let 1 = aquq, x9 =
agug, where a; € 31, az € Y9 and u; € X7, ug € 35 and y1 = b1v1, y2 = bava,
where b; € X3, by € Xy and v1 € X7, v2 € XJ. Then,

(i, % i)’ (<q1,q2> (arus, azua), (pr. p2), (o, bavs)

= (pa, x pa,)"((q1,q2),arus, (p1,p2), b1v1)/\
(1ay, X pa,)” ((QLQQ) azuz, (p1,p2), 5202)

= { v {(pa, ¥ MAZ)((thZz) ai, 7“1,7“2),51)/\
(1a, x ,UAQ)*<(T1,T2) u, (p1,p2),v1) | (r1,72) € Q1 % Q2}}
{ VA{(pa, X ﬂAg)(((Jh(Iz) az, (81,82)752)
(ay x pan)” (1, 52), w2, (prp2).v2) | (s1.52) € Qu x Qa} |
{ V{pa, (g, a1,71,b1) A pa, (r1,ur, prv) [ € Ql}}

{ V{14, (q2; az, s2,02) A iy, (52, u2,p2,v2) | 52 € Q2}}
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= py, (q1, a1u1, p1, bivr) A iy, (ga, aguz, p2, bava)
= 1, (q1,71,p1,91) A ta, (g2, T2, P2, Y2)
and
(va, m)*(ml,qz) (arus, azus), (pr. pa), (bron, bava) )
(va, x va,)"((q1,q2), arus, (p1,p2), bl’Ul)\/
(va, xva,)* ((q17q2) azuz, (p1,p2), bzv2)
{/\{ va, X VAz)((QIa(D) ai, ﬁﬂ"z),bl)\/
(va, Xva,)* ((7'1,7"2) uz, (p1, 2 ,’01) | (r1,72) € Q1 X QQ}}\/
A(va, x VA2)<(Q1,(12) az, (s1,52),b2 |V
(va, xva,)" ((31752),u2,(p1,p2),v2) | (s1,82) € @1 X Qz}}
= { A (@ an, b)) Vs (e pr) [ € Qi)

{ AMva, (g2, az, 82,b2) V vy, (82, u2,p2,v2) | 52 € Qz}}
= v, (q1, a1u1, p1,b1v1) V V4, (g2, aguz, p2, bavs)
= v, (qu,21,p1,91) V Vi, (G2, T2, P2, Y2 ).
O
Theorem 3.5. Let o = (Qi, X, X, A;) be ifm, i = 1,2. Let oy X o be the

intuitionistic restricted direct product of ifm. Then¥(q1,q2), (p1,p2) € Q1XQ2, Yz €
¥* Wy e X,

(pa, x qu)*((ql,qz)w, (pl,pz),y) = 1w, (g1, 2,p1,9) Ay, (g2, 2, p2, )
and

(VAl X VA2>*((q1aq2)7x7 (plap2)ay) = ijl(qlam7pl7y) VVEQ(Q%QP%?J)-

Proof. We prove the result by induction on |z| = n = |y|.

If n = 1, then the result is obvious. Suppose the result is true for all z € ¥* and
y € X*. Let x = au, where a € ¥,u € ¥* and let y = bv, where b € X,v € X*;
|luf =n—1=|v|, n>1. Then

(MA1 X MAQ)*((QM(D),% (p17p2)7y)
= (pa, uA2)*((q1,qz),au, (p1,p2)7bv)
= v{(pa, % ) ((ar, )., (1, 72),b) A

(1, % pan)* ((r172), 0, (propa), ) | (,72) € Q1 x Qo)
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= V{pa, (q1,a,71,b) A pa, (g2, a,r2,b) A ply, (11, u, p1, v)A
Wa, (r2,u, p2,v) | (r1,72) € Q1 X Q2}

= wa, (q1, au, p1,bv) A @y, (g2, au, p2, bv)

= pa, (1,2, p1,9) A pa, (g2, T, p2, y)

and

(va, X va,)* ((QhQQ),ﬂC, (pupz),y)
= (va, % va,)" ((a1,02), v, (p1, p2), bo)
= /\{(VA1 X 1/,42)((q1,q2),a, (rl,rg),b)\/

(va, x VAQ)*((T17T2)7U, (pl,pz),v) | (r1,7m2) € Q1 X Qz}
= Mva, (q1,a,71,b) Vva, (g2, a,72,b) V vy (11,4, p1,v)V

Va, (12,1, p2,0) | (r1,72) € Q1 X Q2}
= v}, (q1, au, p1,bv) V v, (g2, au, pa, bv)

- lel (Q1,:E,p1,y) \% VZQ(qanap25y)'

This completes the proof. O

Theorem 3.6. Let o7, = (Q;,%;, X;, A;) be ifm, i = 1,2. Let wy : Q2 X ¥o — X
and wy : Q2 X Xo = Xy. Let o x o5 be the intuitionistic cascade product of ifm.
Then ¥(q1,q2), (p1,p2) € Q1 X Q2 andVr =x1---xp, € X5,y =y1---Yn € X3,

(pa, x qu)*((ql,qz),x, (pl,pz),y)
* 1 n—1
= V{uAl (ql,wx(qz,m)wI(qé Vo) wa (8" 20, 1,

oz )y (087 92) -+ 0y (", )

(1)

1 2
A, (a2, 21,057 ) A iy, (057 0, 65

s Y2)A
/\IU/AZ(QQ 7x’n7p27yn) |q2 6@277/_ ) 4y y

and

(VAl X VAQ)* ((Q1>Q2)71’a (p17p2)7y)
* 1 n—1
= n{vi, (01002 m0)wa (@l 22) - wn (@™ ), 1,

wy (g2, 91 )wy (@57 y2) -+ wy (g, yn))

1 1 2
Vi, (g2 e, a8 ) v v, (68 2, 68 g A
* —1 ) .
”'VVAQ(qgn )axnap2ayn) ‘ QS) € QQaZ = 1a27"' 7n_1}
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Proof. Let (q1,q2), (p1,p2) € Q1 xQ2 and let v = 1 -+ 1, € X3,
Then

(,UA1 X MAQ)* ((Q1,L]2),5'3, (pl,p2),y)
= V{(MAl X piay)” ((ql,qz),ml, (Q§1),Q§1)),y1>

1 2 2
Ay % )" (0l a8™), 22, (0 8, 1)

(n=1) (n—1) (1)

A Ay X pay,)” (( o ia ), xm(pl,pz),yn> | (1)

Yy=uy1-yn € XJ.

(1))

(q§" 1>aQ2 )EleQQ}

= V{Mfaxl ((IhWI(QZ,xl)»Qg)awy((hvyl)) /\Nzg(q%xlvﬁél)vyl)/\
(1) (2) (1) (1) (2)

* 1
/J‘Al(q§ )7wx(q2 7I2) q1 awy(lb ay2)>/\:u’j<42(QQ y L2,y 792)

(n—1) (n—1)

/\"'/\qul((h 7‘%((]2 (

-1
xn)aplawy(an )ayn)>/\

02wy (@), o ))

1 (@S 2 p2,yn) | (6,68, (@Y, Y) € Q1 x Q2}
= V{uiih (ql,wx(th,xl),CJ§1)7wy(q2,y1)) A 1y, (fﬁl),wx(qgl), 2),
/\MA1( (= 1)7 (qénil) xn)vplvw(?J(qgnil)ayn))/\

* * 1 2
Wa, (g2, 71, 5" y1) Aqu(qé V20, a8 yp) A A

(n—

Wi (08w poyn) | (@ a)), (" 68 ) € Qo x Q2}

1
= \/{Hzl (qlawr(q27xl)wr(Q§ )7562)7 oty

wa (@8, ), p1y wy (g2, y1)wy (@8, 92), -+ wy (87 1),yn))/\
Wa, (g2, 71, @), y1) A Wa, (a5", 29,457 y2) A

* n—1 i .
AMAQ(Qé )7xn7p27yn)|q§)€Q27221727"'7n_1}

and

(VAl X I/AQ)* <(qlaQQ)7xa (p13p2)ay)
= /\{(VAI X VAz)* ((QIaQZ) T, ((A )7Q§1))ay1>v
(VAl X VAQ)*((Q§1)7Q§1))J?27 (QF)’CIéZ)),yz)V

oV (va, X vay)* ((qin D ognh), xn,(pbpz),yn) | (

1 1
g g,

' ,((JEN_I)v én Y ) € Q1 x Q2}
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1 1
= /\{V:h (Q1awm(QQ7xl)7Q§ )My(QQ,yl)) 4 VZQ(Q27$1,‘]§ )ayl)\/

V:xl (Q§1)awl‘(q§1)7 .132), q§2)7wy(q§1)7 92)) V ijlz (q§1)7 X2, q§2)7 y2) AT
(n—1) (n—1)

* —1
\/VAI (CAR )7wz(q2 7xn)7p17wy(q2 ayn))v

* —1 1 1 —1 —1
VAg(Qén )axnaPQ,yn) | (qg );Qé ))’ v(qgn )7Q§n )) S Ql X Q2}
* 1
= /\{VAI (Q1,wz(Q27331)7Q§ )7wy((J2,y1))\/

VZI (Q](_l) , Wy (qél)a 1’2)7 (Z§2) ) wy (QS1)7 yQ)) Vv

(n—1)

—1
“'\/Vzl(ql 7wx(q§n )7

-1
mn)aplawy(QSL )7yn))\/

1 1 2
VZQ(belaCé )ayl) \/VZ2(qé )7x2aq; ),92) VeV

Vi, (@8 2, p, ) | (@, a8), (@) € Qo x Q2}

(1)

= /\{V:Zl (Qh Wy (q27 xl)wa: (q21 (n—1)

7$2)"'wz(QQ 7$n)7p17
1 1
wy(az, y)wy (S 2) - wy (") )V

* 1 1 2
VAQ((I27$1,(1§ )7y1) \/VZ2(qé )71'2,(]; )7y2)\/

_,_\/sz(qén_l),mn’p%yn) ‘ qg) € QQai =1,2,---,n— 1}

g
Definition 3.7 ([11]). Let &7 = (Q,%, X, A) be an ifm. < is singly generated or

cyclic if 3 ¢ € @ such that & = ({q}). In this case ¢ is called a generator of &/
and we say that o7 is generated by g. Hence .o/ is singly generated by g € @ iff

= ({q})-

Definition 3.8 ([11]). Let & = (Q, %, X, A) be an ifm. Then &/ is called strongly
connected if Vp,q € @, p € S(q).

Theorem 3.9. Let o7 = (Q;,%;, X;, Ai) be ifm, i = 1,2. Then intuitionistic
Cartesian product of ifm @) X ofs is cyclic iff o1 and <t are cyclic.

Proof. Let x be intuitionistic Cartesian product. Suppose @7 and % are cyclic, say

Q1 = S(q1) and Q2 = S(gz2) for some q; € @1 and g2 € Q2. Let (p1,p2) € Q1 X Qa.
Then there exists 1 € X7, 22 € 35,91 € X7, y2 € X5 such that

le(qhxl)pl)yl) > Oa Mzz(Q27$2,p2ay2) >0
and
VZI(CIthhphyl) < 1u 1/:12((12,5527}7271/2) < 1.
Thus
(pa, x MAZ)*((CI17612)7961$2, (p17p2),y1y2)

= i, (q1,71,p1,91) A a, (g2, T2, p2,y2) > 0
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and

(va, X va,)* ((thh),xlx% (pl’pz),yﬂh)
= Vzl(%fl,pl,yl) v VZ2(Q2,$2,p2,y2) <1l

That is, (p1,p2) € S(q1,42). So, Q1 x Q2 = S((q1,g2)). Hence o/ x o7 is cyclic.

Conversely, suppose @ x 4 is cyclic. Let Q1 x Q2 = S((q1,¢2)), for some
(g1,92) € Q1 x Q2. Let p1 € Q1 and pa € Q2. Then Iz € (X UX)* and Jy €
(X1 U X3)* such that

(IU’A1 X /J’A2)*((Q17q2)7x7 (p17p2)7y> >0

and
(va, x I/A2)*((q1,q2),w, (pl,pz),y) <L
Thus by theorem 3.3, Jz1 € X7, z2 € 33, and Jy; € XY, y2 € X3 such that

wa, (qu, x1, p1,y1) A, (G2, T2, D2, Yo)

= (/J’A1 X /J/Az)* ((q17q2)7x5 (plap2)7y) >0

and

v, (@1, z1,p1,91) VVZ2(Q27$27P271/2)
= (VAl X VA2)* ((qlqu)v'ra (plap2)ay) <1

That is, dz1 € X7, 22 € £5 and y; € X{, y2 € X5 such that

le(qhxl?pl)yl) > Oa MZZ(q27x2)p2ay2) >0
and

vi, (g1, 1,p1,91) < 1, v, (g2, 72, p2,92) < 1.
Thus, p1 € S(q1) and py € S(g2). So, @1 = S(q1) and Q2 = S(g2). Hence & and

a5 are cyclic. O

Theorem 3.10. Let of; = (Q;, %, X, A;) be ifm, i = 1,2. Then intuitionistic full
direct product of ifm oy X oty is cyclic iff @, and 5 are cyclic.

Proof. Let x be intuitionistic full direct product. Suppose @7 and % are cyclic, say

Q1 = S(q1) and Q2 = S(gz2) for some q; € @1 and g2 € Q2. Let (p1,p2) € Q1 X Qa.
Then

wa, (q, 21, p1,91) > 0, 1%, (g2, 2, p2,y2) > 0
and

V‘zl(qhxlaplayl) < 17 VEZ(Q27332>p27y2) <1
Thus

(ay X pra,)" ((Qh q2), (z1,22), (p1,p2), (Y1, yz))

=y, (q1,21,p1,91) A, (g2, 22, p2,92) > 0
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and

(va, x VAz)*((Q17QZ)7 (w1, 22), (P1,D2), (y1a92)>
= v, (qu,21,p1,51) V V4, (g2, T2, p2, y2) < 1.

That is, (p1,p2) € S((¢1,42)). So, @1 X Q2 = S(q1,q2). Hence o7 x o is cyclic.
Conversely, suppose & X @/ is cyclic. Let Q1 x Q2 = S((¢1,92)), for some
(q1,q2) € Q1 X Q2. Let p; € Q1 and pa € Q2. Then

(i, x ) (a1 2): (@122 (prp2) (1. 32))

=, (qu, 21,p1,91) A i, (G2, 2, p2,92) > 0

and

(va, % var)* (a1 02), (01,22), (91, p2), (91, 92))
= Vjﬂl(qlaxhphyl) VVZ2((]2,$2,I?2,?/2) <L

This implies that

ﬂzl(qlvmlaplvyl) > 07 NZQ(QQ7$2»p2»y2) > O
and

V‘zl(qhxlaplayl) < 17 VEZ(Q27332>p27y2) <1
Thus, p1 € S(q1) and pa € S(g2). So, Q1 = S(q1) for some ¢; € Q1 and Q2 = S(q2)

for some gs € Q2. Hence & and o are cyclic. O
Theorem 3.11. Let of; = (Q4, 54, Xi, 4;) be ifm, i = 1,2. If intuitionistic restricted
direct product of ifm oy X oty is cyclic, then @1 and <f5 are cyclic.

Proof. Let x be intuitionistic restricted direct product. Suppose & X % is cyclic.

Let Q1 x Q2 = S((¢1,¢2)), for some (q1,¢2) € Q1 x Q2. Let p1 € Q1 and p2 € Q.
Then

(pa, x qu)*<(ql,qQ),w, (p1,p2),y)
= pa, (q1,2,01,9) A pa, (g2, 2, p2,y) >0

and

(VA1 X VAZ)*((Ql,QQ)J, (p17p2),y)
= Vzl (qlaxvplvy) \ Vj:lg((hvxap%y) <1l

This implies that wih, (g, 2, p1,y) > 0, ph, (g2, 2, p2,y) >0
and
ijll (QIa z,Pp1, y) < 17 ijlz (quxaany) <1
Thus, p1 € S(q1) and p2 € S(g2). So, Q1 = S(q1) for some ¢1 € @1 and Q2 = S(q2)
for some go € Q2. Hence &7 and < are cyclic. O

Theorem 3.12. Let @ = (Q;, X4, Xy, A;) be ifm, i = 1,2. If intuitionistic cascade
product of ifm | X oy is cyclic, then <) and of5 are cyclic.
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Proof. Let x be intuitionistic cascade product. Suppose @ X % is cyclic. Let
Q1 x Q2= 5((q1,92)), for some (g1,92) € Q1 X Q2. Let p; € Q1 and ps € Q3. Then

(A, X pra,)” ((Q17 q2), T2, (p1,P2), yz)

=y, (QhWw(q27$2)7plva(q2ay2)) A ta, (g2, 2, p2,y2) >0

and
(va, xva,)* ((qh q2), T2, (P1,D2), yz)

= Vzl (Q1;wm(q2axZ)aplawy(q%yZ)) \ VZ2(Q2,9327P2,y2) <1

This implies that

Ka, (Ch,wz(fh,$2)7P17wy(Q2,y2)) >0, i, (g2, z2,p2,y2) >0
and

Vi, ((h,wx((h,$2),P1»wy((I2ay2)) <1, v}, (g2, z2,p2,92) < 1. Thus, p1 € S(q1)

and pa € S(g2). So, Q1 = S(q1), for some ¢; € Q1 and Q2 = S(gz), for some g2 € Qo.
Hence &/ and < are cyclic. O

Theorem 3.13. Let o = (Qi, X, X5, A;) be ifm, i = 1,2. If intuitionistic wreath
product of ifm @ty X oy is cyclic, then <7, and o5 are cyclic.

Proof. Let x be intuitionistic wreath product. Suppose & X 4% is cyclic. Let

Q1 X Q2 = S((q1,92)),for some (q1,q2) € Q1 x Q2. Let p; € S(q1) and p2 € S(g2).
Then

(i, % )" (a1 2). (F.22), (prp2). (9.92))

= /1/21 ((Jh f(QQ)7p17g(QZ)) A M*AZ (Q27332>p2>y2) >0

and
(var x van)* ((a1,02). (F.22), (p1.2), (9.12))

=i, (917f(QQ)7p1ag(QQ)) V v, (g2, T2, p2,y2) < 1.

This implies that
Wa, (Ch, f(lIQ),pl,g(QQ)) >0, 1%, (g2, v2, p2,Y2) > 0

and Vzl (l]hf(QQ),Pl,g(fh)) < 1, VL(QQ,IE%PQ,W) < 1.

Thus, p1 € S(q1) and ps € S(g2). So, @1 = S(q1), for some ¢; € Q1 and Q2 = S(¢2),
for some ¢gs € Q2. Hence &7 and < are cyclic. O

Note 3.14. The converse of Theorems 3.11 to 3.13 is true when individual ifm are
strongly connected.

Theorem 3.15. Let o = (Q;, X, X;, Ai) be a strongly connected ifm, i = 1,2.
Then intuitionistic restricted direct product of ifm oy x o5 is cyclic.
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Proof. Let x be intuitionistic restricted direct product. By theorem 3.11, <7 and
afy are cyclic, one has @1 = S(¢1) and Q2 = S(g2) for some ¢; € @1 and ¢3 € Qo.
Let (p1,p2) € Q1 X Q2. Then

/J’*Al (Q17 T, P1, y) > 0) :ujziz (qu €, P2, y) >0

and ijl (qlaxaplay) < 17 V:ZQ(q27:Z:7p27y) <1
Thus,

(1, % pan)* ((ar @), 7, (91, p2). )

= :U’j-ll(qlaxaplay) A /U’ZQ(qanvp?,y) >0

and

(va, x VAZ)*((Ql,(D)J% (pl,pz),y)
=va,(q1,2,p1,9) V Vi, (2,7, p2,y) < 1.
That is, (p1,p2) € S((q1,62)). So Q1 x Q2 = S(q1,q2). Hence o/ x 4 is cyclic. [

Theorem 3.16. Let <7, = (Q;,2;, X;, A;) be a strongly connected ifm, i = 1,2.
Then intuitionistic cascade product of ifm <) X 5 is cyclic.

Proof. Let x be intuitionistic cascade product. Since @ and % are cyclic, one has

Q1 = S(q1) and Q2 = S(qz2) for some q1 € Q1, g2 € Q2. Let (p1,p2) € Q1 X Q2.
Then

Ha, (Qhwx(%,@)mhwy(%,2/2)) >0, i, (g2, z2,p2,y2) > 0

and
Vi, (qlvww(QQaI2)aplva(q27y2)) <1, v},(q2, 22,2, 92) < 1.
Thus
(a, X pa,)* ((917612),$2, (p1,p2),y2)
— i, (41,00 (02, 22), 91,0 (02,92 ) A 1, (@2, 22,92, 12) > 0
and

(VA1 X VA2)*((Q1,Q2),962, (pl’p2),yz)
= VZI (Q1awz(CI27$2)7p17wy(Q2;y2)> \v VEZ(Q27$27P27y2) <1
That is, (p1,p2) € S((q1,¢2)). So Q1 x Q2 = S(q1,q2). Hence @/ x o is cyclic. O

Theorem 3.17. Let o, = (Q;, %, X;, Ai) be a strongly connected ifm, i = 1,2.
Then intuitionistic wreath product of ifm ) x ot is cyclic.

Proof. Let x be intuitionistic wreath product. Since @ and % are cyclic, one has

Q1 = S(q1) and Q2 = S(ge2) for some ¢1 € Q1, g2 € Q2. Let (p1,p2) € Q1 X Q2.
Then
Ha, (ql,f(qz),phg(qz)) >0, uh, (g2, z2,p2,92) > 0
and
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v, <Q17f(CI2),P1,9(QQ)) <1, v}, (g2, 72,p2,92) < 1.
Thus,

(i, % )" (a1 @2): (F.22), (pr2). (9.92))

= [y, (th(qz),pl,g(qz)) A 1, (g2, T2, p2,y2) > 0

and

(va, xva,)* ((QL q2), (f,x2), (p1,p2), (9, yz))

= v, (a1, £(a2),p1,9(02)) V ¥4, (02, 22,02, 32) < 1.
That is, (p1,p2) € S((g1,92))- So Q1 X Q2 = S(q1,q2). Hence & x o is cyclic. O
Definition 3.18. An ifm & = (Q, X, X, A) is said to be intuitionistic retrievable,
ifVge Q, Ve € ¥*, Vy € X*, Ip € Q such that

walg, z,p,y) >0 and v} (q,z,p,y) <1,
then Ju € ¥*, v € X* such that

wh(p,u,q,v) >0 and v} (p,u,q,v) <1
Theorem 3.19. Let o = (Qi, %, X;, A;) be ifm, i = 1,2. Then intuitionistic
Cartesian product of ifm ) X oy is intuitionistic retrievable iff </, and </5 are
intuitionistic retrievable.

Proof. Let x be intuitionistic Cartesian product. Suppose &/ and #, are intuition-
istic retrievable. Let (q1,¢2), (p1,p2) € Q1 X Q2 and x € (X1 UX)*, y € (X3 U Xo)*
be such that

(a, x MAz)*((QIa(D)vxz (pl,pz),y) >0
and

(va, x VAQ)*((QI7Q2)79U7 (phpz),y) <1
Let 27 = x122 be the standard form of x, x; € £; and x5 € Xy and yi = y1y2 be
the standard form of y, y; € X; and y» € X5. Then

(/’LAI X MAz)* (((ha Q2)793a (plap2)7y)

= (pa, % NAQ)*(((]quQ)al'lx% (pl,pz),znyz)
=y, (g1, 21,p1,91) A i, (g2, 22, D2, Y2)

and

(va, x van)* ((a1,02),2, (1, 72), y)

= (va, X VAQ)*((Q1,Q2),$1$2, (p1,p2),y1y2)
= ij\l (QMxlvpl?yl) V VEQ(CD, x25p2ay2)-

Thus, w4, (q1,21,p1,91) > 0, s, (g2, 72,2, 92) > 0
and
vi, (g1, 71,p1,91) <1, v, (g2, 22,p2,92) < 1.
Since @/ and 27 are intuitionistic retrievable, Ju; € X7, ug € X5, v1 € X7, v2 € X3
such that
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/«Lzl(plvu17Q17’U1) > 07 /szl(p2vu27q2av2) > 0
and

vi, (1 u1,q1,v1) < 1, v (P2, u2, g2, v2) < 1.
So  (pa, X pa,)* ((Pl,]?z),mu% (Q1,Q2),’011}2) >0
and
(va, VAQ)*((phpz),uwQ, (q1,q2),v1vz> <1
That iS7 (MAl X MAQ)*((phpQ)uu? ((]17612)7“) >0
and
(VAl X VAQ)* ((p17p2)7u7 (q17QQ)a U) <L
Hence & x 47 is intuitionistic retrievable.
Conversely, suppose @/ X @/ is intuitionistic retrievable. Let ¢1,p1 € @1, = € ¥

and y € X{ be such that p% (q1,21,p1,91) > 0 and v} (q1,%1,p1,91) < 1. Then
Vg2 € Q2,

(pa, x NAz)*((lIhQQ) 1, (Pl,(h),%) >0

and (YA, X va,) ( q1,92), 21, (P1, G2), y1) <1
Thus, Ju € (X1 UXs)* and Jv € (X3 U X3)* such that

(MAl X MAQ) ((C]17QZ)7U7 (p17q2)7v) >0
and

(VA1 X VAQ)*<(Q17Q2)7U7 (p17Q2)7'U) <1
Let w = uqus, v = vivs be the standard form of u and v respectively, where
up € X7, ug € 5 and v1 € X§, v2 € X5. Then
(,U,Al X IU'A2)* ((qla q2)7 U ug, (p17 q2)a 1)1?)2)
= HA, (q17 U1, pP1, Ul) A HA,y (C]2, u2,q2, U2>

and

(va, X VAQ)*((Q17Q2)7U1U27 (Plafh)ﬂ)lvz)
=va, (q1,ur,p1,v1) V va,(ge, U2, g2, v2).

Thus, pa,(q1,u1,p1,v1) > 0 and va, (q1,u1,p1,v1) < 1. So & is intuitionistic
retrievable. Similarly, .o, is intuitonistic retrievable O

Theorem 3.20. Let o = (Q;,%;, Xi, 4;) be ifm, i = 1,2. Then intuitionistic
full direct product of ifm oy x oty is intuitionistic retrievable iff @1 and <t are
intuitionistic retrievable.

Proof. Let x be intuitionistic full direct product. Suppose @7 and o are intuition-
istic retrievable. Let (¢1,¢2), (p1,p2) € Q@1 X Q2 and (1, z2) € (X1 X X2)*, (y1,¥y2) €

(X1 x X2)* be such that
(:uA1 X :LLAQ)* (((Ih CI2)7 (:I;h x?)a (p17p2)7 (yl» y2)>

= /’LZI (qlaxhphyl) /\MEZ(Q2,$272727?J2) >0
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and

(va, % vas) (@1, @), (@1,22), (1, 72), (11, 02) )
= Vzl(qlvxlaplayl) V VZQ(q27x27p27y2) < 1.

Since <7 and gf are intuitionistic retrievable. Ju; € X7, v; € X7 and Juy €
33, v1 € X3 such that
le (plaulvqlvvl) > 07 NZQ(}?%U%C]Q,W) > 0

and
vi, (1 u1,q1,v1) < 1, v, (P2, u2, g2, v2) < 1.
Then,
wa, (P1,u1,q1,v1) A s, (P2, U2, G2, v2)
= (ay % ) (1, p2), (w3, 02), (01, 02), (01, 02) ) > 0
and

Vzl(p17u17Q17U1) \/VZQ(p%UQaQ%UZ)
- (VAl X VAQ)*((p17p2)7 <U1,’U,2), (qlaq2)a (UI;’UQ)) <1

Thus & x @/ are intuitionistic retrievable.
Conversely, suppose @ X &/ are intuitionistic retrievable. Let (¢1,¢2) € Q1 X Q2
and (21, 22) € (X1 X 32)* and (y1,y2) € (X1 x X2)*, I(p1,p2) € Q1 X Q2 such that

(pa, x MAQ)*((QMQQ), (z1,22), (p1,D2), (yl,yz)) >0
and

(VA1 X VAQ)*<(Q17QQ)> (ffl»xz), (p1»p2)7 (y1,y2)) <1
Then E'(Ul,UQ) € (21 X 22)*, (’Ul,’UQ) € (X1 X XQ)* such that
(A, X pa,)* ((p17p2)7 (u1,u2), (q1,q2), (U17U2)>
= wa, (P1,u1,q1,v1) A fa, (P2, U2, G2, v2) > 0

and
(va, % vaz) (b1, p2), (w1, 02), (a1, 02), (01, 02) )
= v}, (p1,u1,q1,v1) V V4, (P2, u2, G2, v2) < 1.
Hence & and % are intuitionistic retrievable Il

Theorem 3.21. Let o = (Qi, %, Xy, A;) be ifm, i = 1,2. Then intuitionistic
restricted direct product of ifm oy X s is intuitionistic retrievable then <, and <t
are intuitionistic retrievable.

Proof. Let x be intuitionistic restricted direct product. Suppose &) X <7 is in-
tuitionistic retrievable. Let (q1,q2), (p1,p2) € @1 X Q2, ¢ € ¥ and y € X such
that
(A, % MAZ)*((Qu(Jz)J% (pl,m),y) >0
and
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(va, x VAQ)*((QMQQ)vIa (p17p2)7y) <L
Then Ju € ¥*, v € X* such that

(,UA1 X MAQ)* ((phpz),% (thlz)yv)
= py, (1,4, q1,v) A pia, (P2, u, g2,v) >0

and
(VA1 X VAz)* ((p17p2)7 U, (Q17 qQ)a U)
= Vzl(plauaqlvv) \ V:Zg(anuquav) <L
Thus & and 4% are intuitionistic retrievable. O

Theorem 3.22. Let <7, = (Q;, %, Xi, A;) be ifm, i = 1,2. If intuitionistic cascade
product of ifm o) X oty is intuitionistic retrievable then <1 and </ are intuitionistic
retrievable.

Proof. Let x be intuitionistic cascade product. Suppose @ X <7 are intuitionistic
retrievable. Let (g1, q2), (p1,p2) € Q1 X Q2, T2 € Yo and ya € X5 such that

(:uA1 X MA2)*<(Q17QQ)7$27 (p17p2)7y2> > O
and

(VAl X VA2)*((q17QQ)7x25 (P17P2)7y2> < 1.
Then Juy € X3, vy € X5 such that

(A, X pa,)* ((p1,p2)7 u2, (q1,q2), Uz)

= [a, (phwu(pbuz)y%,wv(p%02)) A Wy, (P2, uz2, g2, v2) >0

and
(va, X VAz)*((pl,pz)auz, (q17q2)7'02>
=V, (pl,wu(pz,uz),ql,wv(pz,w)) V V4, (P2, u2, g2, v2) < 1.
thus &/ and % are intuitionistic retrievable. O

Theorem 3.23. Let o, = (Qi, X, Xy, A;) be ifm, i = 1,2. If intuitionistic wreath
product of ifm oy X oty is intuitionistic retrievable then <7, and o5 are intuitionistic
retrievable.

Proof. Let x be intuitionistic wreath product. Suppose & X <% are intuitionistic
retrievable. Let (q1,42), (p1,p2) € Q1 X Q2, z2 € X5 and y, € X3 such that

(s % 1a.)" (a1 2, (£ 2), (b1, p2). (9,32) ) > 0
and
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(va, x va)* (@1, 62), (F22), (91, 2), (9,2 ) < 1.
then Jup € X3, v € X3 such that

(MA1 X MAz)* ((p17p2)7 (fa u2)’ (Qh Q2)7 (971)2))

= i, (P F(p2), 01, 9(p2) ) A Wi, (P2, 2, g2, v2) > 0

and

(VAl X VA2)* ((P17P2)a (f7 u2)7 (CILQQ)? (gu UQ))

=V, (pb f(p2), Q1,9(p2)) V v, (P2, u2, g2, v2) < 1.

Thus & and % are intuitionistic retrievable.

O

Note 3.24. The converse of Theorems 3.21 to 3.23 is true when ifm are strongly

connected.

Theorem 3.25. Let o7, = (Q;, %, X;, A;) be a strongly connected ifm, i = 1,2.

Then intuitionistic restricted direct product of ifm ofy X a5 is intuitionistic

retrievable.

Proof. Let x be intuitionistic restricted direct product. By that theorem 3.21, </
and 27, are intuitionistic retrievable. Let (g1, ¢2), (p1,p2) € @1 XQ2, x € X*, y € X*

be such that
(,U,Al X [LLAQ)* ((qla q?)a &€, (plaPQ)a y)

= N’Zl(qhxaplay) A /’L*A2(q23‘r7p27y) >0
and

(VA1 X ijlz)*((qlaq2)7x7 (plap2)ay)
=va, (91,2, p1,y) V V4, (g2, T, p2,y) < 1.

Since o) and % are intuitionistic retrievable, Ju € ¥*, v € X* such that

,uzl (p17u7 QhU) > Oa sz(anUa q27v) >0

and
V:ll(plauvqlav) < 1? V:lg(p%uqu)v) <1l
Thus
,Ule (phuv Q1,U) A ,u':k42 (P27Ua Q2,U)
= (pa, x MAQ)*<(p1,p2),U, ((J1,Q2)7U) >0
and

Vzl (plvua qlvv) \ VZQ (PQ»%QQ;’U)

= (VA1 X VAQ)* ((p17p2)7u, (Q17QQ),U> < 1.

So &7 X /5 is intuitionistic retrievable.

O

Theorem 3.26. Let o7, = (Q;, %, X;, Ai) be a strongly connected ifm, i = 1,2.

Then intuitionistic cascade product of ifm oy X s is intuitionistic retrievable.
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Proof. Let x be intuitionistic cascade product. Suppose 27 and 4% are intuitionistic
retrievable. Let (q1,¢2), (p1,p2) € Q1 X Q2 and x5 € X3, y2 € X3 be such that

(HAl X HAQ)* <(Q17 Q2), z2, (pl,Pz), yQ)

=y, (Q1,wx(Q27932)7p1,wy(Q2,y2)) A i, (g2, 2, p2,y2) >0
and
(va, X va,)* ((Q17CI2)7$2, (p17p2)7y2)
=vy, (Q1awm(Q2ax2)aplawy(q23yZ)) Vv, (g2, 2, p2,y2) < 1.

Since @/ and % are intuitionistic retrievable, Jugy € 33, vo € XJ such that

Nfaxl (Pl,wu(p27u2)7Q1,wv(p2,112)) > 0, M*AQ(pz,U%CIzaUz) >0

and
Va, (phwu(pz,uz),CIhwu(pz,vz)) <1, va,(p2,u2,q2,v2) < 1.
Thus
Wa, (pl, Xu(q2,uz), q1, Xu(QQ,’Uz)) A iy, (p2, uz, g2, v2)
= (:uA1 X ,U/Az)* ((p17p2)7u2, (Q17QQ)aU2) >0
and
VZI (ph Xu(CI27U2)7Q1a Xv(q27v2)) \ V:12(p27U2»(I2a'02)
= (va, % VAZ)*((pl’pQ),Uz, (Q17CI2),U2) <1
So, @/ X /5 is intuitionistic retrievable. O

Theorem 3.27. Let o7, = (Q;,%;, X;, A;) be a strongly connected ifm, i = 1,2.
Then intuitionistic wreath product of ifm oy X ot is intuitionistic retrievable.

Proof. Let x be intuitionistic wreath product. Suppose & and % are intuitionistic
retrievable. Let (q1,q2), (p1,p2) € @1 X Q2 and zo € X3, yo2 € X3 be such that

(a, X pra,)” ((Q17Q2), (f,22), (p1,p2), (g,y2)>
= Wa, (Pl,f(Pz),(hag(PQ)) A W, (g2, 2, p2,Y2) > 0
and
(vay % van)* (a1, ) (F2), (1. 2), (9.2) )

=V}, (p17f(p2)7(11,9(p2)> V v, (g2, 2,2, 2) < 1.

Since o4 and .of, are intuitionistic retrievable, Jus € X5, vy € X5 such that

i, (P F(p2), a1, 9(p2)) > 0, iy, (P22, 2, v2) > 0

and

v, (phf(pQ),QhQ(pz)) <1, vi,(p2,u2,q2,v2) < 1.
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Thus,
Nzl (p17 f(p2)7 q1, g(pQ)) A MZQ (p27 U2, qz, ’UQ)

= (ay % 1a)" (1,92): (902, (41, 02), (9 02) ) >0

and

Vi, (P F(p2), 01, 9(p2) ) V Vi, (s 2, g2 2)

= (v, xva)" ((1,92), (9,12), (a1, 02), (9,v2) ) < 1.
So, @7 X 5 is intuitionistic retrievable. O

Definition 3.28 ([17]). Let o = (Q4, X4, X, 4;) beifm, i = 1,2. Let (q1, g2), (p1,p2)
€ Q1 X Q2. Then (q1,42), (p1,p2) are called intuitionistic connected, if either ¢; = py
or 3¢10,q11, ik € Q1, @1 = qo,P1 = ik and Jaip,a11,- - a1 € 31 and
db11,b12,b13,- -+ ,b1x € X1 such that Vi =1,2,--- |k

either pa, (q1i-1, a1, q1i, b1:) > 0 or pa, (q1i, ai, qri—1,b1:) >0
and

either v4, (qi—1,a14, q1i, b1s) < 1 or va, (qui, @14, qri—1,b14) < 1.

Theorem 3.29. Let o, = (Qi, %, X;, A;) be ifm, i = 1,2. Then intuitionistic
Cartesian product of ifm o) X oty is intuitionistic connected iff </, and <t are
intuitionistic connected.

Proof. Let x be intuitionistic Cartesian product. Suppose 7 and /% are intu-
itionistic connected. Let (¢1,42), (p1,p2) € @1 X Q2. Then 3 ¢10,911,412, - ,q1n €
Q1, ¢1 = qi0, P1 = Q1 and Jayy,a12,a13,- - , a1, € X1 and Ibyq, b12,b13,- -+ b1y, €
X7 such that Vi =1,2,--- ,n

either p1a, (q1i—1,a1i, q1i,b15) > 0 or pa, (q1is avi, qri—1,b1i) >0
and

either va, (q1i—1, @14, q1i, b1:) < 1 or va, (qui, @14, qri—1,b15) <1
and

3 ¢20, 921,922, -, @2m € Q2, G2 = G20, P2 = G2m
and

Jdagi, aze, as3, -+, a2m € Mo
and

3 b213b227b237"' 7b2m € X2 Vi = 1727"' ,m,

either pa, (g2i—1,a2i, q2i,b2i) > 0 or pa,(q2i, a2, g2i—1,b2;) > 0
and

either va, (q2i—1, a2i, q2i, b2i) < 1 or va,(qei, a2i, q2i—1,b2i) < 1.

Consider the sequence of states
(Q17Q2) = (%0#]20)7 (911,1120)7"' a(qlnquO)v (Q1n,Q21),"' ,(lhm(hm)

= (p1,p2) € Q1 X Q2
and

the sequence a11,a12,a13, -+ ,G1n, G21,022,023," - ,02m € 21 U Xg
and
b11,b12,b13, -+ ,b1in, ba1,bag, b3, -+ boy, € X1 UXo, Vi=1,2,--- . n

either (pa, x HAQ)((Qu—lwlzo), a1i, (q1i, 920), bu) >0 or
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(pa, x #AQ((QU,QQO),GU, (q1i—17q20)ab1i) >0

and either (v4, x VAQ)(((]11'71,(]20)7€11¢, (Chmfho),bu) <lor
(va, x VAJ((QM»QQO),Mm (%Fl»%(}),bu) <1

and Vj =1,2,--- m either (pna, x MAZ)(((JlnyCsz—l)v(hjy (q1nuq2j)>b2j) >0 or
(pa, x NAz)((QIn7QQj>7a2j7 (Q1n,Q2j71)7b2j) >0

and either (v4, x VAz)((anaQZj—l)aCij (QInaq2j)7b2j) <1lor

(va, x VA2)<(Q1quj)7a2j, ((J1n,qu—1),sz) <L
Then (g1, ¢2) and (p1, p2) are intuitionistic connected. Thus, 27 x % is intuitionistic
connected.
Conversely, suppose & X <7 is intuitionistic connected. Let g1,p; € @1 and let
9 € Q.
If p1 = q1, then p; and ¢; are connected.

Suppose p1 # ¢1. Then 3 (g1,72) = (q10,720), (q11,721), -+ 5 (qin,T20) = (P1,72) €
Q1 X Q2 and ay,as, -+ ,a, € 31 U Xs such that Vi =1,2,--- | n,

either (pa, X fta,) ((Q1i—1,7“2i—1), ai, (qis q2i), bi) >0 or

(pa, x MA2)<(Q1¢,T2i),ai7 (q1i—17QQi—1)7bi) >0
and
either (v4, x VAg)((Qli—laTQi—l)aaiv (Q1¢,QQ¢),bi> <lor

(va, x VA2)<((]1i77”2i),ai7 (Q1i—1,CI2¢—1),bi) <1
Clearly, if q1;—1 # qui, then 72,1 = ry; and if ro;_q # 724, then g1 = qu4,
Vi=1,2,--- ,n.
Let {¢1 = q11, 412, - » 41, = p1} be the set of all distinct ¢; € {q10,q11," -, q1n}
and let af,ab, - ,a), € 37 and b, b5, - - , b}, € X7 be the corresponding a}s and b}s
respectively and Vj =1,2,--- |k,

either pa, (¢1;_1,a},41;,0;) > 0 or pa,(q1;,a5,¢1;_1,05) >0
and

either uAl(qij_l,.a;-,gij,b;) < 1 or yAl(qij,a;-,qij_.l,b’;) < 1 -
Thus, p; and ¢; are intuitionistic connected. So & is intuitionistic connected.
Similarly, we can prove that 7 is intuitionistic connected. O

Theorem 3.30. Let o = (Q;,%;, Xi, A;) be ifm, i = 1,2. Then intuitionistic
full direct product of ifm o X oy is intuitionistic connected iff <, and o5 are
intuitionistic connected.

Proof. Let x be intuitionistic full direct product.
Case(i): Suppose @4 and % are intuitionistic connected. Let (q1,¢2), (p1,p2) €
Q1 x Q2. Then 3 qi0,q11,q12, -+ s q1n € Q1, @1 = q10, P1 = Gin
and daq1,a12,a13, *+ ,A1n € 21
and 3[)11,()12,[)13,"' abln eX1Vi=1,2,--- ,n,
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Hna, ((qul,am%i,bu) >0, va, ((qul,au,(hi,bu) <1
and 3 g0, q21, 422, s Gom € @2, @2 = G20, P2 = G2m
and Jdaoy,a22,a23," -+ ,d2m € Yo
and 3 b217b227b23a"' ame S X2 Vi = 1a27"' ,m,
HA, (QQi—laa%aQQi;b%) >0, va, (Q2i—1,azi,QQ¢,b21) <1
Without the loss of generality m < n. Consider the sequence of states
(q17 QQ) = ((I1O7 q20)7 (qlla CI21)> T (q1m7 q2m)7 (q1m+17 qu)7 R (Chm q2m)

= (p15p2)
and a sequence (ai1,a21), -, (@1m, @2m), (@1mi1, G2mi1)s 5 (G1n, G2n),
where agy, =\, Vk=m +1,--- ,n
and a sequence (b11,b21)," 5 (b1m, b2m )y (B1mats b2mi1)y - 5 (bin, b2n),

where bop, = A\,\VE=m+1,--- n.
Thus Vi = 1,2,--- ,n, (pa, X MAQ)(((JUA,C]%A), (a14,a2:), (q1i> q2i)s (bu,b%)) >0

and (va, x VA2)((Q11‘717Q21‘71)7 (a1i,a2:), (q1is g2:), (bu,bzi)) <1,
where qo; = g, Vi=m+1,--- ,n.
So (q1,¢2) and (p1,p2) are intuitionistic connected. Hence, @7 X < is intuitionistic
connected.
Case(ii): Suppose o and &% are intuitionistic connected. Let (g1, q2), (p1,p2) €
Q1 X Q2. Then 3 q10,q11,q12,-** ,q1n € Q1, @1 = q10, P1 = G1n
and 3&11, 12,013, - ,01n € 21
and 3[)11,()12,[)13,' .. ,bln S X1 Vi = 1,2, cee,n,
pa, (qris @16, qri—1, b15) > 0, va, (qui, @14, qri—1,b15) < 1
and 3 g20, g21, 22, -+ s G2m € Q2, @2 = @20, P2 = @om
and 3 ag1, azz, a3, - ,Gam € L2
and 3 b21,b22,b23,-~- ,bgm S X2 Vi = 1,2,“- ,m,
B, (q2i5 @245 Goi—1,b2i) > 0, va,(q2i, azi, q2i—1,b2:) < 1.
Without the loss of generality m < n. Consider the sequence of states

(pl,pz)
= ((hn, Chm), (Q1n—1, Q2m)7 Tty (Chm, Q2m), (Q1m—1, q2m—l); D (Q11, Q21), (Q107 Q20)
= ((I17Q2)
and a sequence (@in, @2n); -, (@1m; @2m); (@1m—1,02m—1)," ", (@10, a20),
where asy, = A\, Vk=m+1,--- ,n
and a sequence (bln7 bgn), ey, (blm, bzm), (blm—h b2m_1), ey (blo, bgo),

where bop, =\, Vk=m+1,--- ,n.
Thus Vi =n,n —1,--- ,1, (ua, X NJAg)((‘hi,‘bi)?alia (fhmfbi),bu) >0

and (v4, X VAQ)((QM,CIm)ﬂu» ((11¢,qu),51¢) <1,
where q2; = qom, Yi=m+1,--- ,n.
So (¢1,92) and (p1,p2) are intuitionistic connected. Hence, @ X o7 is intuitionistic
connected.
Case(iii): Suppose & and </ are intuitionistic connected. Let (¢1,¢2), (p1,p2) €
Q1 X Q2. Then 3 q10,q11, 12, ,q1n € Q1, @1 = q10, P1 = Gin
and Jay, a2, a13, - ,01, € X1
and dbq1,b10,b13, - b1, € X1 Vi =1,2,--- ,n,
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pa, (quiet1, a1, qui, b1i) >0, va, (qri-1,a1i, qui, b1i) <1
and 3 ¢20, 421,922, » @2m € Q2, 92 = Gom; P2 = G20
and 3&21, 29,023, ,A9m € 22
and 3 bgl,bgg,bzg,,"' ,bgm € Xo Vi = 1,2,"' ,m,
HA, (q2i7a2iaq2i—1;b2i) > 0,va, (Q2i,a21,42i—1’b21) <1
Without the loss of generality m < n. Consider the sequence of states

(q1,92)
= (q10,920), (q11,921)s ** , (Q1m> @2m) s (Qim+15 G2m)s 5 (Q1ns G20)
= (p1,p2)
and a sequence (0117 a2m), T, (a1m7 a21), (a1m+1, a2m+1)7 oty (aln, a2n)7
where agp, = A\, VE=m+1,--- ,n
and a sequence (bi1,b2m), -, (bim, b21), (Drm+1,b2m+1), -+ bin, b2n),

where by, =\, VE=m+1,--- ,n.
Thus (q1,¢2) and (p1,p2) are intuitionistic connected. So, 27 X 4% is intuitionistic
connected.
Case(iv): Suppose @4 and @ are intuitionistic connected. Let (¢1,q2), (p1,p2) €
Q1 X Q2. Then 3 q10,q11,q12,-** ,q1n € Q1, P1 = 10, @1 = q1n
and 3&11, a12,013, - ,01n € 21
and 3[)11,()12,[)13,' .. ,bln S X1 Vi = 1,2, s ,n,
pa, (qris @16, qri—1, b15) > 0, va, (qui, 414, qri—1,b15) < 1
and 3 g0, q21, 22, ** s @2m € @2, G2 = G20, P2 = G2m
and 3 ag1, azz, a3, ,Gam € L2
and 3 b21,b22,b23,-~- ,bgm S XQ, Vi = 1,27“' ,m,
BA, (q2i—1, 24, q2q, b2i) > 0 and va, (q2i—1, a2s, q2i, b2;) < 1.
Without the loss of generality m < n. Consider the sequence of states

(%#]2)
= (¢1n,920)s (Q1n—15920), - 5 (Q1m+15920), (@1m> G20)s (Qrm—1,421), -, (q10, G2m)
= (p1,p2)
and a sequence (@15, @20 ), , (@1m, a21), (@1m—1,022), * , (A1n, G2m ),
where asy, = A\, Vk=m+1,--- ,n
and a sequence (bhu bzn), ey, (blm, bgl), (blm—la bzg), ety (b1n7 me),

where bop, =\, Vk=m+1,--- ,n.
Thus (g1, ¢2) and (p1, p2) are intuitionistic connected. So, @ X 4% is intuitionistic
connected.

Conversely, suppose &4 x g/ are intuitionistic connected. Let (q1,¢2), (p1,p2) €
@1 X Q2. Then 3 a sequence of states

{(Q17(J2) = (q107QQ0)7 (Q11,Q21), e ,(fhn,lJzn) = (P17P2)} € Q1 x Q2
and the sequence {(a11,a21), (a12,a22), -, (@1n,a2,)} € L1 X 3o
and {(b11,b21), (b12,b22), -+, (bin,b2n)} € X1 X Xo, Vi=1,2,--- ,n,

either (p4, X NAg)((Qli—laq%—l)a (a1is a2i), (quis g2i)s (bli,bQi)) >0
or (MAl X /~LA2)(((]11', Q2i)7 (au,azi), ((J1i71,(J2i71), (bu, bm‘)) >0
and  either (v4, x VAZ)((q1i717q2i71)7 (@14, a2i), (q1is q2i), (bliabZi)> <1

or (va, X VA2)(((J11‘76121‘)7 (a1i,a2:), (qri-1,92i-1), (bu,bzi)) <L
Without loss of generality, suppose
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(MA1 X ,LLAQ) ((QU—l, Q2i—1), (au, azi)’ (411'7 q2i), (bu, b2i)) >0
and
(VA1 X VA2)<((]11‘71; (J2i71), (au, a2i)a (QU,(]%), (bu, b2i)) <1
Consider the sequence {q1 = q10,q11,¢12," "+ ,q1n = P1}
and the sequence {a11,a12,a13, - ,a1n,} € 1
and {b117 b12, b13, s ,bln} € X1 such that Vi = ]., 2, e, Ny
pa, (qri-1,a1i, qui, b1i) > 0 and va, (qri—1, @14, quis b1i) < 1.
Then &7 is intuitionistic connected.
Consider the sequence {q2 = ¢20, 21,922, ,G2n = P2}
and the sequence {as1,as2,as3, - ,a2,} € 3o
and {b217 b22, b23, e ,bgn} S X2 SUCh that V’L = ]., 2, e, N,

BA, (q2i-1, 24, q2q, b2i) > 0 and va, (q2i—1, a2s, q2i, b2;) < 1.
Then % is intuitionistic connected. O

Theorem 3.31. Let o, = (Qi, %, X;, A;) be ifm, i = 1,2. Then intuitionistic
restricted direct product of ifm @y X s is intuitionistic connected then <7, and <t
are intuitionistic connected.

Proof. Let x be intuitionistic restricted direct product. Suppose @ X % are intu-
itionistic connected. Let (q1,¢2), (p1,p2) € Q1 X Q2. Then

3 a sequence of states {(qi0,920), (q11,421), " » (q1n, G2n)} € @1 X Q2
and the sequence {ai,as,as, - ,a,} €3
and {b1,bo,b3, -+ ,b,} € X such that Vi=1,2,--- n,

either pa, x pa, (((Ju—h q2i-1); @i, (q1is G2i ), bi) >0
OT 1A, X LA, ((QU, q2i), @i, (qri-1,q2i-1), bi) >0
and either v4, X va, ((qu_l,qgi_l),ai, (qu,qu),bz) <1
Or Vg, X VA, (((hmthi),ai, (q1i—1,q2i—1),bi) <1l

Without the loss of generality, suppose

(A, % MA2)<(Q12'—17Q2¢—1)7(M, (QM,C]%),bi) >0

and
(va, x VAg)((q1i717q2ifl)7ai7 (QIi;Q2i)7bi) <L
Consider the sequence {q1 = qi0,¢11,¢12, " ;qin = D1}
and the sequence {a1,as,a3,-+- ,a,} € X

and {by,bo,b3, -+ ,bp} € X such that Vi =1,2,--- ,n,

pa, (qri-1,ai, qui, bi) > 0, va, (qui-1, @i, quis b;) < 1.
Then &7 is intuitionistic connected.

Consider the sequence {g2 = ¢20,q21,q22, " ;G2n = P2}

and the sequence {aj,as,a3, -+ ,a,} € X
and {by1,bo,b3, -+ ,by} € X such that Vi =1,2,--- ,n,

HAy(q2i—15 G5 G2, bi) > 0 and va, (q2i—1, aq, q2i, b;) < 1.
Then % is intuitionistic connected. O
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Theorem 3.32. Let o, = (Qi, %, X;, A;) be ifm, i = 1,2. Then intuitionistic
cascade product of ifm o) X oty is intuitionistic connected then o/, and <ty are
intuitionistic connected.

Proof. Suppose X is intuitionistic cascade product. Suppose @7 X % are intuition-
istic connected. Let (g1, q2), (p1,p2) € Q1 X Q2. Then

3 a sequence of states {(q10,920), (q11,421)," - » (q1n, G2n)} € @1 X Q2
and the sequence {21, %22, T3, ,Tan} € 1o

and {y21a Y22,Y23, 792n} S X2 Vi = 17 27 e, N,
either (pa, x MAQ)(((]ufl,(JQiq),JCzi, (Qh‘,(m),ym) >0

or (pa, X MAQ)((QM,Qm)J%(Q1i—1,Q2i—1),y2i) >0
and either (va, x VAz)((QIi—hCIQi—l);mZia (Q1i7QQi)ay2i> <1

or (va, X VAQ)((qanQi)vaia (1111—1,(121—1),1121') <1
Without loss of generality, suppose

(pa, x ﬂA2)<(q1i—1;q2i—1);$2ia (Q1i,tI2i)7y2i> >0

and (v4, X VA2)<(Q11'717(]21'71)75E21', (q1i7QQi)ay2i> <1
Consider the sequence {q1 = q10,¢11,912,"** ,q1n = P1}
and the sequence {w,(q21) = x11(say),wz(g22) = 712, - , we(gon) = T1n} € X1
and {wy(q21) = 11, wy(ge2) = Y12, -+, wy(g2n) = Y1n} € X1 such that Vi =
1,2, n, pa, (quie1, 14, quis 1) > 0 and va, (qui—1, %14, quis y1:) < 1. Then o7
is intuitionistic connected.
Now consider the sequence {g2 = ¢20,¢21,922,** ,q2n = D2}
and the sequence {1’21, X292,X23," " ,Ign} S
and {y21, Y22, Y23, * ,Y2n} € X2 such that Vi =1,2,--- ,n,

pas (G2i—1, T2, G2is Y2i) > 0 and va, (q2i—1, T2i, q2i, y2i) < 1.
Then % is intuitionistic connected. O

Theorem 3.33. Let o, = (Qi, %4, X;, A;) be ifm, i = 1,2. Then intuitionistic
wreath product of ifm <) X ot is intuitionistic connected then <7, and <5 are intu-
itionistic connected.

Proof. Suppose X is intuitionistic wreath product. Suppose @ X .o#, are intuitionistic
connected. Let (q1,¢2), (p1,p2) € @1 X Q2. Then
3 a sequence of states {(q10,720), (q11,G21)," "+, (q1n;G2n)} € Q1 X Q2
and the sequence {(f1,721), (f2,222), (f3,%23), -+, (fn,T20)} € E?l X 2o
and {(g1,¥21), (92, ¥22), (93,523)s -, (Gn> Y2n) } € X2 x Xo,¥i =1,2,-+ ,n

either (ua, x N“Az)(((hiflvqm'fl)v (fis®2i), (qui, q2i), (gi»y2i)) >0
or (pa, x MAQ)((QM,CML (fir2i)s (qri—1,q2i—1)s (gi,ym')) >0
and either (v4, x VA2)<(Q11‘71»Q21‘71)» (firw2:i), (quis q2i)s (gi7y2i)) <1

or (va, x VAz)((QIi7Q2i)7 (fis®2i), (qri-1, q2i-1)> (giay%)) <L
Without the loss of generality, suppose
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(pa, x #A2)<(Q1¢—1,Q2i—1), (fi, 24), (qui, q24), (guyzi)) >0

and (VAl X VA2)<((]11'—17(]21'71)7 (fi,xm‘), (fhi,(hi), (gi,y%)) <1
Consider the sequence {q1 = qi0,¢11,¢12, " ,qin = D1}
and the sequence {f1(qo1) = x11 (say),fa(qo2) = 12, -+, fulgon) = T1n} € X1
and {g1(q21) = y11, 92(q22) = Y12, , Gn(@2n) = Y1n} € Xy suchthat Vi =1,2,--- n,

pa, (qri—1, @i, qui, y1:) > 0 and va, (qri—1, 14, qui, y1i) < 1.
Then &7 is intuitionistic connected.

Now consider the sequence {g2 = ¢20, 22,923, * ,q2n = D2}
and the sequence {1’21, X22,X23," " ,IL'Qn} IS
and {y21, Y22, Y23, - ,Y2n} € X2 such that Vi =1,2,--- ,n,

pas (G2i—1, T2, G2is Y2i) > 0 and va, (q2i—1, T2i, q2i, Y2i) < 1.
Then % is intuitionistic connected. O

Note 3.34. The converse of Theorems 3.31 to 3.33 is true when individual ifm’s are
strongly connected.

Remark 3.35. Let o7 = (Q;, X;, X;, A;) be ifm, ¢ = 1,2. By theorems 3.29 to 3.33,
ifm @7 X #, is strongly connected if and only if ifm .o/ and &% are strongly connected,
where X is intuitionistic Cartesian product, intuitionistic full direct product, intu-
itionistic restricted direct product, intuitionistic cascade product and intuitionistic
wreath product.

4. CONCLUSIONS

In this paper the results of fuzzy Mealy machine are successfully extended for
intuitionistic fuzzy Mealy machines. We introduced various kinds of products of
intuitionistic fuzzy Mealy machines such as intuitionistic cartesian product,
intuitionistic full direct product, intuitionistic restricted direct product, intuitionistic
cascade product and intuitionistic wreath product. Using these products it has been
shown that intuitionistic fuzzy Mealy machines preserves some structural properties
viz. cyclic, intuitionistic retrievable, connected and strongly connected.
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