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ABSTRACT. In the present paper we have further extended the study
of operators on soft inner product spaces. In fact, in this paper, normal
operators, unitary operators, isometric operators and square root of positive
operators on soft inner product spaces have been introduced and some basic
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1. INTRODUCTION

Molodtsov [25] introduced the concept of soft set as a new mathematical tool for
dealing with uncertainties while modeling the problems in engineering, physics, com-
puter science, economics, social sciences, and medical sciences. As he argued that
soft sets are more general than fuzzy sets, as a mathematical structure and serves as
a better tool for processing uncertainty because of its non-restrictive parametrization
and easy applicability to various real life problems. Following his work Maji et al.
[21, 22] introduced several operations on soft sets and applied soft sets to decision
making problems. Chen et al. [4] presented a new definition of soft set parametriza-
tion reduction and some works in this direction have been found in [20, 28, 32]. Soft
group was introduced by Aktas and Cagman [1] and soft BCK/BCI — algebras and
their applications in ideal theory were investigated by Jun [18, 19]. Ali et al. [2]
introduced some new operations on soft sets. Feng et al. [14] worked on soft semir-
ings, soft ideals and idealistic soft semirings. Some works on semigroups and soft
ideals over a semi-group are found in [29]. The idea of a soft topological space was
first given by Shabir and Naz [30] and subsequently Hazra et al. [17], Pazar et al.
[23] and Cagman et al. [3] introduced new definitions of soft topology. Soft topolog-
ical groups and soft topological soft groups were studied by Nazmul and Samanta
[26, 27]. Mappings between soft sets were described by Majumdar and Samanta [24].
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Guler et al. [16] studied fixed point theorem on soft G-metric spaces. Feng et al.
[15] worked on soft sets combined with fuzzy sets and rough sets. Recently we have
introduced soft real sets, soft real numbers, soft complex sets, soft complex numbers
in [5, 6]. Two different concepts of soft metric have been presented in [7, 8]. ’Soft
linear (vector) space’ and ’soft norm’ on an absolute ’soft vector space’ have been
introduced in [9]. An idea of ‘soft inner product’ has been introduced in [10]. In
[11, 12], we have proposed ideas of ‘soft linear operator’ and ‘soft linear functional’
on ‘soft linear spaces’ and ‘soft normed linear spaces’. In [12], four fundamental
theorems of functional analysis have also been extended in soft set settings.

In fuzzy settings, metric and norm structures are nicely developed based on the
theory of interval analysis. But there are some inherent difficulties in the non-
comparable order structure of complex numbers on one hand and the lattice ordering
of the gradation function of fuzzy sets on the other. So the theory of fuzzy complex
numbers is not so well-developed. The notion of fuzzy inner product has a lot of
potentials for being a tool for quantum mechanics or in the development of fuzzy
operator theory. The reason behind the lack of progress in fuzzy inner products
may be due to the fact that the theory of fuzzy complex numbers is not so well-
developed. However, in soft set settings, it has been possible to extend the inner
product theory nicely. In the present paper an attempt has been made to extend
the operator theory on soft inner product spaces. In [13], we introduced notions of
self-adjoint soft linear operators and completely continuous soft linear operators on
soft inner product spaces and study some of their properties.

In this paper we have further extended the study of operators on soft inner prod-
uct spaces. In fact, in this paper, normal operators, unitary operators, isometric
operators and square root of positive operators on soft inner product spaces have
been introduced and some basic properties of such operators have been investigated.
In section 2, some preliminary results are given. In section 3, a notion of normal op-
erator on a ‘soft inner product space’ is given and some properties of such operators
are studied. In section 4, unitary operators and isometric operators over soft inner
product spaces are introduced and some fundamental properties of such operators
are studied. In section 5, square roots of positive operators over soft inner prod-
uct spaces are introduced and some basic properties of such operators are studied.
Section 6 concludes the paper.

2. PRELIMINARIES

Definition 2.1 ([25]). Let U be a universe and E be a set of parameters. Let P(U)
denote the power set of U and A be a non-empty subset of E. A pair (F,A) is
called a soft set over U, where F is a mapping given by F : A — P(U). In other
words, a soft set over U is a parametrized family of subsets of the universe U. For

e € A, F(e) may be considered as the set of e-approximate elements of the soft set
(F, A).

Let X be an initial universal set and A be the universal parameter set. Then any
soft sets (F, E1), (G, E3) can be considered as soft sets (F, A), (G, A) with respect
to the universal parameter set A, where F(e) = @, if e € A — Ey, G(e) = o, if
e€ A— FEs.
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In our study, throughout this work, we shall consider the soft sets with respect
to the universal parameter set A.

Definition 2.2 ([22]). (i) A soft set (F, A) over U is said to be an absolute soft set,
denoted by U, if for each e € A, F(e) =U.

(ii) A soft set (F, A) over U is said to be a null soft set, denoted by @, if for each
e€A, F(e)=0.

Definition 2.3 ([5]). Let X be a non-empty set and A be a non-empty parameter
set. Then a function € : A — X is said to be a soft element of X. A soft element € of
X is said to belongs to a soft set B of X, which is denoted by e€B, if € (e) € B (e),
for each e € A.

Thus for a soft set A of X with respect to the index set A, we have B (e) =
{e(e),e€B}, e € A.

It is to be noted that every singleton soft set (a soft set (F,A) for which F(e)
is a singleton set, for each e € A) can be identified with a soft element by simply
identifying the singleton set with the element that it contains for each e € A.

Definition 2.4 ([5]). Let R be the set of all real numbers, B(R) the collection of all
non-empty bounded subsets of R. Let A be taken as the set of parameters. Then a
mapping F': A — B(R) is called a soft real set. It is denoted by (F, A).

If specifically (F, A) is a singleton soft set, then after identifying (F, A) with the
corresponding soft element, it will be called a soft real number.

The set of all soft real numbers is denoted by R(A) and the set of all non-negative
soft real numbers by R (A4)".

We use notations 7, §, t to denote soft real numbers whereas 7, 5, t denotes
a particular type of soft real numbers such that 7(\) = r, for each A € A. For
example 0 is the soft real number where 0 (\) =0, for each A € A.

Definition 2.5 ([6]). Let C be the set of all complex numbers and p(C) be the
collection of all non-empty bounded subsets of the set of complex numbers. Let A
be the set of parameters. Then a mapping

F:A— p(C)

is called a soft complex set. It is denoted by (F, A).

In particular, If (F, A) is a singleton soft set , then identifying (F, A) with the
corresponding soft element, it will be called a soft complex number.

The set of all soft complex numbers is denoted by C (A).

Let X be a non-empty set. Let X be the absolute soft set, i.e., F (N = X, for
each A € A, where (F,A) = X. Let S(X) be the collection of all soft sets (F, A)
over X for which F'(X) # @, for each X € A together with the null soft set .

Let (F,A)(# ®) € S(X). Then the collection of all soft elements of (F,A) is
denoted by SE (F, A) . For a collection B of soft elements of X, the soft set generated
by B is denoted by SS(B).

Definition 2.6 ([9]). Let V be a vector space over a field K and let A be a parameter
set. Let G be a soft set over V. Now G is said to be a soft vector space or soft linear
space of V over K, if G()) is a vector subspace of V, for each A € A.
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Definition 2.7 ([9]). Let G be a soft vector space of V over K. Then a soft element
of GG is said to be a soft vector of G.

For example O is the null soft vector defined by ©(A) = 8 (the null vector of V),
for each A\ € A.

In a similar manner, a soft element of the soft set (K, A) is said to be a soft scalar,
K being the scalar field.

Definition 2.8 ([9]). Let Z, 7 be soft vectors of G and k be a soft scalar. Then the
addition 7 + § of #, § and scalar multiplication k. # of k and # are defined by
G+ N =2\ +7\), (k2)(A\) =k(\).Z(\), for each A € A.
Obviously, Z + §, k.Z are soft vectors of G.

Definition 2.9 ([9]). Let X be the absolute soft vector space, i.e., X (\) = X, for
each A € A. Then a mapping |.[| : SE( X) — R(A)" is said to be a soft norm on
the soft vector space X, if ||. H satisfies the following conditions:

(N1) ||| >0, for each z € X,

(N2) ||Z|| = 0 if and only if z = O,

(N3) ||a.z|| = |a| ||Z]| for each Z€ X and for every soft scalar &, where || denotes
the modulus of a,

(N4) For cach 7,5& X, |7 + 31l Z 7] + |71
The soft vector space X with a soft norm ||.|| on X is said to be a soft normed linear
space and is denoted by (X, ]|.]|,A4) or (X, |.]|). (N1), (N2), (N3) and (N4) are said
to be soft norm axioms.

Theorem 2.10 (]9, 31]). Every soft norm ||.|| satisfies the condition
(A) For( e X, and A € A, {||Z]| (A) : Z(N\) =&} is a singleton set.
And hence each soft norm ||.| can be decomposed into a family of crisp norms

{1, A€ A}, where |||, : X = RT is defined by the following:
for each & € X, ||€|l, = ||| (\), with & € X such that & ()\) = &.

Definition 2.11 ([10]). Let X be the absolute soft vector space i.e., X (\) = X,
for each A\ € A. Then a mapping (.) : SE(X) x SE(X) — C (A) is said to be a soft
inner product on the soft vector space X, if (.) satisfies the following conditions:

(11) (z,2) >0, for each & € X and (%,Z) = 0 if and only if = ©,

(12) (&,7) = (g, %), where bar denotes the complex conjugate of soft complex
numbers,

(13) (a.7, ) = a. (z,7) for each #,J€ X and for every soft scalar &,

(I4) For each & g}gX (T+7,2) =(2,2) + (7, 2).
The soft vector space X with a soft inner product (.) on X is said to be a soft inner
product space and is denoted by (X, (.}, A) or (X, (.)). (I1), (12), (I3) and (I4) are
said to be soft inner product axioms.

Example 2.12. Let X = l5. Then X is an inner product space with respect to
the inner product (z,y) = > 2, &7y for © = {&}, y = {n:} of lo. Let &,y be soft
elements of the absolute soft vector space X. Then & (A\) = {&}}, 5 (\) = {1} are
elements of 5. The mapping (.) : SE(X) x SE(X) — C (A) defined by (z,7) (\) =
Yoo &) = (2 (V) ,g(N)) , for each X € A, is a soft inner product on the soft vector
space X.
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We now state the following result which is a modified version of Decomposition
Theorem of [10].

Theorem 2.13 ([10]). Every soft inner product {.) satisfies the condition

(D) For (&,m) € XxX and X € A, {(Z,7) (\) : &, J€X such that & (\) = &,§(N) =n}
is a singleton set.

Hence every soft inner product can be decomposed into a family of crisp inner prod-
ucts {(.), A € A}, where for each A € A, (.), : X x X — C is defined by for each
(&m) € X x X, (&), = (%,9) (\), with 7, §EX such that & (\)=&,§(\) = 7.

Theorem 2.14 ([10]). Let (X,(.),A) be a soft inner product space. Let us define
I : X = R(A)" by |2|| = /(&, &), for each € X. Then ||.|| is a soft norm on
X.

Definition 2.15 ([10]). A soft inner product space is said to be complete, if it is
complete with respect to the soft metric defined by soft inner product. A complete
soft inner product space is said to be a soft Hilbert space.

Definition 2.16 ([11]). Let T : SE(X) — SE(Y) be an operator. Then T is said
to be soft linear, if

(L1) T is additive, i.e., T(Z1 + Z2) = T (&1) + T(Z2) for every soft elements
F1,79€X,

(L2) T is homogeneous, i.e., for every soft scalar ¢, T (¢Z) = ¢T'(Z), for every soft
element Z€X.

The properties (L1) and (L2) can be put in a combined form T (¢1&1 + ¢aZ2) =
61T (Z1) + &T(Z4) for every soft elements Z1, o€ X and every soft scalars &, ¢.

Definition 2.17 ([11]). The operator T : SE(X) — SE(Y) is said to be continuous
at #o€X, if for every sequence {&,} of soft elements of X with &, — & as n —
oo, we have T'(Z,) — T(Zo) as n — oo, i.e., ||Z, — Zo|l| — 0 as n — oo implies
T (Z,) — T'(Zo)|| — 0 as n — .

If T is continuous at each soft element of X, then 7T is said to be a continuous
operator.

Definition 2.18 ([11]). Let T : SE(X) — SE(Y) be a soft linear operator, where
X, Y are soft normed linear spaces. The operator 7' is called bounded, if there exists
some positive soft real number M such that for each Z€X, ||T(Z)|| <M ||Z]| -

Theorem 2.19 ([11]). Let T : SE(X) — SE(Y) be a soft linear operator, where
XY are soft normed linear spaces. Then T is bounded if and only if T is continuous.

We now state the following result which is a modified form of the Decomposition
Theorem of [11].

Theorem 2.20 ([11]). Every soft linear operator T : SE(X) — SE(Y), where X, Y
are soft vector spaces, satisfies the condition
(B) For £ € X, and A\ € A, {T'(&)(\): & €X such that & (\) = ¢} is a singleton
set.
And hence every soft linear operator can be decomposed into a family of crisp linear
operators {T, A € A}, where for each A € A, the mapping Ty : X — Y is defined
by Th(€) = T (&) (\), for each & € X and FEX with & (\) = €.
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Theorem 2.21 ([11]). Let X,Y be soft normed linear spaces and T : SE(X) —
SE(Y) be a bounded soft linear operator. Then ||T(%)|| <||T| ||Z|, for all ZEX.

Theorem 2.22. [I1] Let X, Y be soft normed linear spaces. Let T : SE(X) —
SE(Y) be a continuous soft linear operator. Then Ty is continuous on X for each
Are A

Theorem 2.23 ([12]). Let X, Y be soft normed linear spaces. Let {Tx;\ € A} be
a family of continuous linear operators such that Ty : X — Y for each \. Then
the soft linear operator T : SE(X) — SE(Y) defined by (T (2)) (\) = T\ (Z (\)), for
each A € A, is a continuous soft linear operator.

Theorem 2.24 ([12]). Let X, Y be soft normed linear spaces. Let {Tx; A € A} be a
family of bounded linear operators such that Ty : X — Y for each . Then the soft
linear operator T : SE(X) — SE(Y) defined by (T (Z)) (\) = Ta(Z (X)), for each
A € A, is a bounded soft linear operator.

Definition 2.25 ([12], Soft linear space of operators). Let X,Y be soft normed
linear spaces. Consider the set W of all continuous soft linear operators S, T etc.
each mapping SE(X) into SE(Y). Then W can be interpreted as to form an absolute
soft vector space. We shall denote this absolute soft linear (vector) space by L(X,Y).

Proposition 2.26 ([12]). FEach element of SE (L (X, Y)) can be identified uniquely
with a member of W, i.e., to a continuous soft linear operator T : SE(X) — SE (Y)

Definition 2.27 ([12]). A soft linear functional f is a soft linear operator such that
f: SE(X) — K where X is a soft linear space and K = R(A) if X is a real soft
linear space and K=C (A), if X is a complex soft linear space.

Theorem 2.28 ([12]). Let X be a soft normed linear space. Let f : SE(X) — K
be a continuous soft linear functional on X. Then fy is continuous linear on X for
each \ € A.

Theorem 2.29 ([12]). Let X be a soft normed linear space. Let {fx;\ € A} be a
family of continuous linear functionals such that fy : X — R orC for each A. Then
the functional f : SE (X) — K(= R(A) or C (A)) defined by (f (Z)) (A) = fr(Z (N)),
for each \ € A and for each Z€X, is a continuous soft linear functional.

Definition 2.30 ([9]). A sequence of soft elements {Z,} in a soft normed linear
space (X, ||.||, A) is said to be convergent (or strong convergent) and converges to
a soft element 7 if ||, — Z|| — 0 as n — oo. This means for every £>0, chosen
arbitrarily, there exists a natural number N = N (&), such that 0< ||Z, — Z| <& ,
whenever n > N, ie., n > N = Z, € B(Z, ).

We denote this by z,, =+ T as n — oo or by lim, . T, = Z. In this case, T is
said to be the limit of the sequence z,, as n — oo.

Definition 2.31 ([12]). Let X be a soft normed linear space. Suppose that &,,, #o€X.
The sequence {Z,} of soft elements is said to converge weakly to Z, if for each
f e X* f(&,) — f(Zo) as n — co. We write &,—"*&, and we say that Z, is a
weak limit of the sequence {Z,}.
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Theorem 2.32 ([12]). Let X be a soft normed linear space. Then for any sequence

of soft elements in X, strong convergence implies weak convergence.

Theorem 2.33 ([12]). If a sequence {i,} of soft elements of X converges weakly
then the sequence of norms {||Z,||} is bounded.

Theorem 2.34 ([13]). Let X, Y be soft normed linear spaces. Let T : SE(X) —

SE(Y) be a continuous soft linear operator. If {Z,} be a sequence of soft elements
of X, then T,—"k&o implies T (Z,,) —"“*T (%) .

We now state the modified version of Uniform Boundedness Principle Theorem
of [13].

Theorem 2.35 ([13], Uniform Boundedness Principle). Let X be a soft Banach
space and Y be a soft normed linear space. Let {T;} be a non-empty sequence of
continuous soft linear operators such that Ty : SE(X) — SE(Y) for each i. If the
sequence {T; (%)} is bounded in Y for each €X, then {||T;||} is a bounded sequence
of soft real numbers.

Theorem 2.36 ([13], Riesz Representation Theorem). Let H be a soft Hilbert space
and f be a soft linear functional on H. Then f is continuous on H if and only if
there erists a unique soft element § in H such that f (%) = (&,7) for each T€H.

Also, |[£1I = [l7ll-

Definition 2.37 ([13]). Let H be a soft Hilbert space and let T' be a continuous soft
linear operator such that T': SE(H) — SE(H) and §EH. We define a functional
fg on H by

(2.1) fy (@) = (T(2),7) -
Then f; is a soft linear functional. Moreover, f; is bounded and thus f; is a

continuous soft linear functional defined everywhere on H and | f5 (2)|| < Tl |13]|.
By Theorem 2.36, f; has the form

(2.2) [y (&) = (2,97)

for each ZE€H, where §*€H is uniquely determined by fy. Thus to each GeH, we
get a unique §* satisfying (2.2). So we obtain an operator T such that

This operator T* : SE(H) — SE(H) is called the adjoint operator to T. From (2.1)

and (2.2), we see that the operator T and its adjoint operator T™* are connected by
the relation

(2.3) (T(x),9) = (2, T (9))-

Theorem 2.38 ([13]). Let H be a soft Hilbert space. Let T be a continuous soft
linear operator such that T : SE(H) — SE(H) and T* be the adjoint operator to T.
Then the following properties are satisfied:

(1) T* is unique.

(2) T* is a soft linear operator.

(3) T* is a continuous soft linear operator with || T*|| < ||T).
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) I = 1. ] ~

(6) (TWTy)" = To*"Ty*, where Ty, Ty : SE(H) — SE(H) are continuous soft
linear operators.

() 17| = |7

(8) 77| = |7 )

(9) (T + To)* = TV + T, where Ty, Ty: SE(H) — SE(H) are continuous soft
linear operators.

(10) If @ be any soft scalar, then (&T)" = &T*; where & denote the conjugate of
a.

(11) T*T = the null soft linear operator if and only if T is the null soft linear
operator.

Proposition 2.39 ([13]). Let H be a soft Hilbert space and let T be a continuous
soft linear operator such that T : SE(H) — SE(H) and T* be the adjoint operator
to T. Then T} defined by TX(£(N)) = (T*(Z))(N) is the adjoint operator of T, for
each A € A.

Proposition 2.40 ([13]). Let H be a soft Hilbert space and let T be a continuous
soft linear operator such that T : SE(H) — SE(H). Let {T5,\ € A} be a family of
adjoint operators of Tx. Then the soft linear operator T* defined by (T*(Z))(\) =
Tx(Z(X)), for each A € A, for each ZE€H is the adjoint operator of T.

Definition 2.41 ([13]). A continuous soft linear operator T : SE(H) — SE(H) is
called self-adjoint soft linear operator or simply self-adjoint, if 7% = T.

Theorem 2.42 ([13]). (1) If Ty, Tz are self-adjoint, so is Ty + Tx.

(2) If T is self-adjoint and & is a soft real number, then &T is self-adjoint.

(3) If T is any continuous soft linear operator, then T*T, TT* and T + T* are
self-adjoint.

(4) If Ty, Ty are self-adjoint, then Ty Ty is self-adjoint if and only if TyTo = ToTy.

Theorem 2.43 ([13]). Let H be a soft Hilbert space. Let T : :S'E(PNI) — SE(H) be
a self-adjoint soft linear operator. Then T is self-adjoint on H (X) for each A € A.

Theorem 2.44 ([13]). Let H be a soft Hilbert space. Let {Tx;\ € A} be a family
of self-adjoint continuous linear operators such that T : H(X\) — H(\) for each .
Then the operator T : SE(H) — SE(H) defined by T(Z) (\) = Tx(&(\)), for each
X\ € A and for each Z€H, is a self-adjoint soft linear operator.

Theorem 2.45 ([13]). Suppose that T € L(H,H). Then (T(&),§) = 0 for all
Z,9€H if and only if T = O, the zero soft linear operator.

Theorem 2.46 ([13]). Suppose that T € L(H, H). Then (T(%),Z) =0 for all F€H
if and only if T = O, the zero operator.

Lemma 2.47 ([13]). Suppose that T : SE(H) — SE(H) is a self-adjoint soft linear
operator. Then

{(T (2),2)| (\) : 2€H, ||7]| = T} = {{Tx (2) ,2),| 1w € H(N), ||z, = 1}.
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Theorem 2.48 ([13]). Suppose that T : SE(H) — SE(H) is a self-adjoint soft
linear operator. Then

170 (A) = sup{[(T" (%), Z)[ (A) : [|Z]] = 1}, VA € A.

Definition 2.49 ([13]). Let H and H; be soft Hilbert spaces. A soft linear operator
T : SE(H) — SE(H,) is said to be completely continuous soft linear operator or
simply completely continuous, if given any sequence of soft elements {Z,} of H such
that {||Z,||} is bounded, the sequence {T'(Z,)} has a convergent subsequence.

Theorem 2.50 ([13]). A completely continuous soft linear operator is continuous.

Theorem 2.51 ([13]). If S and T are completely continuous, then S + T is com-
pletely continuous.

3. NORMAL SOFT LINEAR OPERATORS

Definition 3.1. A continuous soft linear operator 7" mapping a soft Hilbert space
H into itself is said to be normal soft linear operator or simply normal if it commutes
with its adjoint, that is, if TT* = T*T.

From the fact that 7%* = T, we can say immediately that if 7" is normal then its
adjoint T is also normal. The following theorem gives a criteria for a soft linear
operator to be normal.

Theorem 3.2. A continuous soft linear operator T is normal if and only if || T*(Z)|| =
T (%)|| for every T€H.

Proof. |T*(2)|| = |T(z)|, for every z€H

if and only if |T*(2)||? = ||T(z)|?, for every Z€H

if and only if (T*(&), T*(2)) = (T(z), T(&)), for every Z€H

if and only if (T'T*(%), %) = (T*T(&), &), for every Z€H

if and only if ([TT* — T*T)(i), ) = 0, for every ZEH

if and only if TT* = T*T, by Theorem 2.46.
Then ||T*(%)|| = ||T(z)||, for each ZEH if and only if T is normal. This proves the
theorem. O

The sum and product of two normal soft linear operators are normal under certain
restrictions, as the following theorem shows.

Definition 3.3. Two soft linear operators T} and T5 are said to permute, if 7175 =
ToTh, i.e., for every z, T1To(Z) = ToT1(Z).

Theorem 3.4. IfT7 and Tb are normal soft linear operators such that one of them
permutes with the adjoint of the other then Ty + Ty and ThT> are normal.

Proof. Suppose that 77 permutes with the adjoint of T3 i.e., T1Ty = T5T;. Then
we see that (ThTy)* = (TyTh)*, i.e., ToTy = T} Ts, ie., Ty also permutes with the
adjoint of T7.

To verify that T7 + T5 is normal, we see that

(Ty + T)(Th + T2)" = (1 + To)(T7 + T3) = T + Th Ty + ToT7 + ToTy
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and
(M+0)'(NM+L)=T7+T)(M+ 1) =TT + Ti T + T5Ty + T5 T

Under the stated conditions, the right hand sides are equal. Thus T} + 75 is normal.
To see that T1T5 is normal, we have

(M\TL) (1) =TT T5TY = TVIZ Ty = Ty TVIT T, = T5T T = (ThT) " (Th Ts).
This proves the theorem. O
Theorem 3.5. If T is a normal soft linear operator, then ||T?|| = ||T?.

Proof. We first observe that if |71 (Z)| = “T2(~)|| for each Z€H, then ||T1[| = || T>]|.
By Theorem 3.2, ||[T%(%)|| = | TT(2)|| = |T*T(Z)|| for every ZEH. Then

(3.1) 172} = |T*Tl-

From Theorem 2.38, we have

(3-2) IT*T|| = |7

Combining (3.1) and (3.2), we get ||T?|| = ||T||?> and this proves the theorem. O

Theorem 3.6. If T is any continuous soft linear operator from a soft Hilbert space
H into itself, then T can be expressed uniquely in the form T = Ty + i1y where T}
and Ty are self-adjoint soft linear operators(Here i is the soft complex number such
that i(\) = i, for each A € A).

Proof. We define T} and Ty by the formulas T} = ( T +T%), T (2 )(T T).
Then T} = ( WT*4+T)=T, and Ty = —( Z)(T* T)= (—)( T*) = Ty. Thus
T, and Ty are self-adjoint soft linear operators and T = T} + iT5.

If T = Ty + i1y, where T3 and Ty are self-adjoint soft linear operators, then
T = (Tg +€T4)* = T3 — ET4 Thus T+ T* = ?Tg and T —T* = ZT;; So Tl = Tg
and T, = Ty. Hence T is expressed uniquely. O

Definition 3.7. The self-adjoint soft linear operators 77 and T» are called the real
part and the imaginary part of the operator T, respectively.

Theorem 3.8. If T is a continuous soft linear operator from a soft Hilbert space H
into itself, then T is normal if and only if its real and imaginary parts permute.

Proof. Let T = T 44Ty, where T} and Ty are self-adjoint soft linear operators. Then
T =T, —iTy,
TT* = (Ty +iTR)(T) —iTy) = T2 + T3 +i(ToT) — T T»)
and
T = (Tl — ZTQ)(T] + ZTQ) = le + T22 +5(T1T2 - T2T1>.
Suppose T1T5 = ToT. Then it is clear that TT* = T*T, i.e., T is normal.
Conversely, suppose T' is normal, i.e., TT* = T*T. Then 11Ty, — 15T, = ToTy —
T\ T». Thus 27115 = 2T5T,. So T T, = T5T;. This proves the theorem. O

Theorem 3.9. Let T' be normal. Then T(Z) = AE if only if T*(&) = j\i, for z€H
and for any soft scalar \.
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Proof. We consider the operator T — M, where I being the identity soft linear
operator. Then we have

(T — X)(T — N)* = (T — N)(T* — M) = TT* — AT — XT* + [AP2I
and
(T — X)*(T — X) = (T* — XI)(T — M) = T*T — \T* — \T + [\

Since T is normal, TT* = T*T. Thus it follows that T — M is normal.
By Theorem 3.2, ||(T — X)(#)| = |[(T — M)*(@)| for every ZEH. So
1T (&) — A(#)|| = [|(T*(%) — M@)|| for every Z€H.
Hence, T(Z) = A(Z) if and only if T*(#) = A(Z). This proves the theorem. O

Theorem 3.10. (1) Every self-adjoint operator is normal.

(2) If T is normal and X is a soft scalar, then NT' is normal.

(3) If T, is a sequence of normal operators that converges (in the norm of L(H, H))
to T, then T is normal.

Proof. Proofs of (1) and (2) are obvious. We prove only (3).
(3). Suppose T, is a sequence of normal operators that converges (in the norm
of L(H,H)) to T. Then | T, — T| — 0 as n — oc.
On one hand, | T — T*|| = (T, — T)*|| = ||T,, — T||. then | T} — T*|| — 0 as
n — oo. Thus,
T, Ty — TT*|| < |TWTy; — T, T + | T T* — TT|
2 ITullITs =T + T[T — T1| — 0 as n — oo,
because ||T, — T'|| — 0. So ||T%,|| is bounded. Hence, T,,T,F — TT™*.
Similarly, TXT,, — T*T. Now,
|TT* = T*T(|<|TT* = T, i || + | 1o Ty = T Toll + | T3 T =TT |
= ||TT* = T,,T}|| + || T} T, — T*T|| — 0 as n — oco.
Then, TT* =T*T. Thus T is normal. This proves the theorem. O

4. UNITARY AND ISOMETRIC SOFT LINEAR OPERATORS

Definition 4.1. A continuous soft linear operator T : SE(H) — SE(H) is said to
be unitary, if it satisfies the condition TT* = T*T = I, where I is the identity soft
linear operator.

Proposition 4.2. The unitary operators on H are those operators whose inverses
are equal to their adjoints.

Proof. Let T be unitary. Suppose T'(£1) = T'(#2). Then operating both sides by the
operator T%, we get T*T'(21) = T*T(£2) and TT* =T*T = I. Thus 41 = 3. So T
is injective.

Also for JEH, T(T*(4)) = TT*(§) = I(§) = §. Then T is surjective. Thus T is
bijective. So the result holds. O

Every self-adjoint soft linear operator is normal. Also, it is evident that every
unitary operator is normal. We now exhibit an example to show that a normal
operator need not be self-adjoint or unitary.
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Example 4.3. Let [ : SE(H) — SE(H) be the identity soft linear operator. Let
T =2il. Then T* = (2iI)* = —2il and also T~' = —(1)il. Thus, TT* = T*T =
41,T* # T, So T is normal which is neither self-adjoint nor unitary.

Theorem 4.4. IfT € L(fl, I:I), then the following conditions are equivalent to one
another:

(1) T*T =1.

(2) (T(2),T(®)) = (Z,9), for each &, jEH.

(3) |IT(Z)|| = |||, for each ZEH.

Proof. Suppose that (1) is true. Since (T*T(z),9) = (T(%),T(§)), for each Z,j€H,
(T(&), T(§)) = (&,7), for each &,J€H. Then (2) holds.
Suppose that (2) is true. Then by making § = &, we obtain
(T(),T(x)) = (&,7) or | T(&)|* = |2]|* or | T(@)[| = [|Z]-
Thus (3) holds.

Now suppose that (3) is true. Then ||T(Z)|| = [|Z] or | T(2)|* = [|Z]|* or
(T'(2),T(2)) = (%,7), i.e., (T*T(Z),7) = (T, ), ie., (I*T —I)(Z),z) = 0.
By Theorem 2.46, T*T = I. Thus (1) holds. This proves the theorem. O

Theorem 4.5. A continuous soft linear operator T : SE(H) — SE(H) is unitary
if and only if T is an isomorphism.

Proof. Suppose T is unitary. Then T is injective and surjective, by Proposition 4.2
and T*T = I. Thus by Theorem 4.4, ||T(Z)| = ||Z||. So T is an isomorphism.

Conversely, suppose T is an isomorphism. Then 7! exists and ||T(2)| = ||Z]|.
Thus by Theorem 4.4, T*T = I. Tt follows that (T*T)T~! =IT "  or T* =T ! or
TT*=1. SoTT* =T*T = 1. Hence T is unitary. U

Definition 4.6. A continuous soft linear operator T : SE(H) — SE(H) is called
isometric, if |T(Z)|| = ||Z||, for each ZEH.

Theorem 4.4 shows immediately that a unitary soft linear operator is isometric.
But the converse is not true as shown by the following example.

Example 4.7. Consider the soft Hilbert space H as defined in Example 2.12.
Then a soft element of the soft Hilbert space is of the form Z, where Z(\) =
{60,62,63, ..}, € A; {£),62,€2, ...} being an element of the Hilbert space 5. Let
us define T : SE(H) — SE(H) by T(&) = §, where §(\) = {0,£},&3, ...}, for each
A€ A. Then |T(&)| = ||Z||, for each ZEH.

But T is not unitary, because T' does not map SE(H) onto itself.

5. SQUARE ROOTS OF POSITIVE OPERATORS

Definition 5.1. Let H be a soft Hilbert space and T : SE(H) — SE(H) be a
self-adjoint soft linear operator. The operator T is called positive, if (T'(Z),Z)>0,
for each Z€EH. In notation, we write T>0.

Let Th and T3 be two self-adjoint soft linear operators on H. 1If for cach Z€H,
(T1(7),2)>(T2(2), 2), ie., ((T1 — T2)(2), #)>0, then T} is called greater than T,
or T5 is said to be smaller than T3. In notation, T3 >T5 or To<T}.
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If T is a self-adjoint soft linear operator on H, then o
(T*(2),2) = (T(T(2)),2) = (T(2), T*(2)) = (T(2),T(2)) = |T(2)]*=0.
Thus T?>0. ~
If T is any continuous soft linear operator on H, then the operators TT™* and T*T
are self adjoint. We have also
(TT*(2),7) = (T*(2), T*(2)) = |T*(%)[|*>0
and o
(T*T(2),7) = (T(2),T(2)) = |T(2)|*>0.
Thus, the operators TT* and T*T are always positive.

Theorem 5.2. The product of two positive permutable soft linear operators S and
T is positive.

Proof. We consider the following two cases:
(Case 1): Let ||S]|(A) # 0, for any A € A. By theorem 2.42 (4), ST is self-adjoint.
We construct a sequence of operators {S,,}, by the definition

(5.1) 51 = ||S|| =51-51°%, S3 = S5—55%, -+, Spi1 =S, —S2, --and O<S,, <I

form=1,2,---
Since S is self-adjoint, it is clear that each Sn~is self—adjoirlt.
Let n = 1. Then (S1(%),%) = 15 (S(%), )>0. Thus $,>0 and

((I = 81)(2),7) = (,7) — (S1(2),7) =0,
because (S; (%), #)<||S1(2)|||Z||<||S1|||Z||> = ||#]|> = (&, &). This shows that S;<I.
So, (5.1) is true for n = 1.
Let (5.1) be true for n = k. Then
(SR = Sk)(@),7) = (ST — Sk)(@), S5 (@) = (I — Sk)Sk(#), Sk(#)) 20,
because (I — Sy) is positive. Thus, SZ(I — Sx)>0. Similarly, it follows that Sy, (I —
S1)2>0. As the sum of two positive operators is clearly positive, it follows that

Sk+1 = Sp(I — Sk) + Si(I — Sk)*=0.

Also, I—Sky1=(1-S5k) +S,§§O. So, O<Si11<I, i.e., (5.1) is true for n = k + 1.
Hence (5.1) is true.

Now S1 =87+ 8, =87 +S55+S3= -+ =57+852+S5+ -+ +52+ 8,11
and this implies that

(5.2) > 8p =51 — 8,155

Then, S1—> p_, S>0or {(S1—> ) 1 S2)(%),2)>00r (S1(%), &) —>_p_, (S3(7),7)>0
or (S1(), @) — >, 1<Sk(;ﬁ) +(2))>0, because Sy, is self-adjoint. Thus we see that
D k=1 (Sk(@), Sk (2)) <(51(2), ),
whatever n may be. This gives that the series >, _; (Sk(Z), Sk(Z)) = Y1y [|9k(Z)|?
is convergent. So ||Sk(Z)|| = 0 as k — oco. Hence from (5.2),
(7, S2)() = $1(7) — Suta (7) = S1(7) as n— oo,
On the other hand, by continuity of T,
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T(3j=1 S(E) = TSi(F) or 35, T(SF)(E) = TS1(2).
(T(Xk=1 SP)(@), 7) = (TS1(E),7) or 34 ((TSR(F), &) — (T'S1(E), 7).

Now T is permutable with S. So T is permutable with Si. Hence we obtain
(ST(2),2) = ||S|(TS1(2), 2) = ||S|| lim = _(TS}(%), %)
= [IS|l tim 3251 (SRT(2), &) = |IS|| lim 325_ 1 (SkT(%), Sii(@))
— 18] tim S (TS(#), Su(@) =0,
because T is positive. This shows that ST is a positive operator.

(Case 2): Let ||S||(A) =0, for some A € A. Let D C A be such that ||S||[(A) =0
for each A € D and ||S]|(1) # 0, for any p € (A — D). Then [|Sx][x = [|S||[(A) =0
for each \ € D, i.e., Sy =0, for each A € D.

Let us define a soft linear operator W such that W () = I, for each A € D and
W(u) = S(u), for each p € (A — D). Then |[W](X) # 0, for any A € A. Thus
by (Case 1), the operator WT is positive, i.e., (WT(&),%)>0, for each Z€H, i.e.,
(WT(z),Z)(\) >0, i.e., (WATA(Z(N)), Z(A))x > 0, for each #EH and for each A € A.

Now, for each ZEH, we have,

(ST(2), ) () = (SpTu(E(p)), T(1))p = Wi T (E(1)), Z(1)) 2 0,
for each p € (A— D) (Since W, = W(p) = S(p) = Sy, for each pp € (A — D)).
And (ST (%), Z)(A) = (SATA(Z(N)), Z(A))x = 0, for each A € D.
So, (ST(z),Z)(\) = (SAT\(Z()\)),Z(\))x > 0, for each \ € A, i.e., (ST(Z),#)>0,
i.e., ST is positive.
Hence in either case, the product of two permutable positive soft linear operators
is positive. O

Then

Definition 5.3. A sequence {7} of self-adjoint soft hnear operators on a soft
Hilbert space H is called monotone 1ncreasmg7 if T)<TL<T3<
and monotone decreasing, if Ty >T5>T3> -

Theorem 5.4. Let {T,} be a sequence of self-adjoint soft linear operators on a soft
Hilbert space H such that

T<Th<T3< - - - <8,
where S is a self-adjoint soft linear operator on H. Suppose, further that any T;
permutes with S and with every T,,,. Then {T,} is strongly convergent and the limit
operator is soft linear, bounded and self-adjoint and satisfies T<S. An analogous
result holds for monotone decreasing sequence.

Proof. Let C), =S —T,. Then

(i) C,, is self-adjoint soft linear operator, because S and T, are so,

(ii) C, is a positive operator because T, <S8,

(iii) since T; permutes with S and with every T,,, we have C,C,, = Cp,Cp, so
that C),’s are permutable operators,

(iv) if n > m, then C,, —C,, = T,,— T}, >0, so that C,, is monotonically decreasing
sequence.

For n > m, the operator C,, — C,, is positive and also C),, and C,, are positive.
Thus by Theorem 5.2, their products C,,(Cy, — Cy,) and C,(C,, — C,) are also
positive. So,
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. (Ch, = CnC)(2), )20 or (C7,(2), ) 2(CinCa(2),7)
<(CnCm - CZ)("Z')’ j) éﬁ or <Cncm(j)7 ‘%>§<C’I’2L(j)7 ‘i‘>
These together imply

(5.3) (Cr(2), 2)2{CrnCi (2), 7) 2(C(2), 7).
Now, C2 is positive. Then (C2(%),#)>0. From Equation (5.3), we obtain for
n > m, (C2(z),#)<(C2 (&), #). Thus, the sequence {(C?(#),Z)} is monotonically
decreasing sequence of non-negative soft real numbers and so has a limit. Form
(5.3), it follows that the sequence
{{C\,C\,(Z),Z)} converges to the same limit as m, n — oo.
Since for any self-adjoint soft linear operator T, ||T(Z)|* = (T?(%),%). Then we

have
[Cm (& )

Cn(

[(Cr = Cn)(Z
((C = Cn)*(2),2)
(CE, 20,0, +C7)(%), )
= (C2,(2),7) — 2(Cn,C(7),Z) + (C2(Z),Z) — 0 as m, n — oo.
Thus, {C, (%)} is a Cauchy sequence and therefore convergent. Because C,, = S—T,,
ie, Cn(Z) = S(&) — Tn(Z), this implies that {T,,(Z)} converges to T'(Z), say for
arbltrary i€H, ie. , () = im T,(Z) for Z€H. This defines a soft linear operator
T:SEH) — SE( ) which is clearly soft linear. Uniform boundedness principle
(Theorem 2.35) implies that T is bounded. Also T is self-adjoint, because T,, is
self-adjoint and the soft inner product is continuous.

Now, for each n, ((S — Ty,)(%),2)>0 or (S(%),)>(T,, (%), 7).
Since Ty, (%) — T(%), we have (S(%),7)>(T(%),%), i.e., (S —T)(Z),7)>0 or T<S.

This proves the theorem. O

D’
)2

Definition 5.5. Let T : SE(H) — SE(H) be a positive soft linear operator on a
soft Hilbert space H. Then a self-adjoint soft linear operator S is called a square
root of T, if §2 = T'. If, in addition S>O, then S is called a positive square root of
T and is denoted by S = Tz.

Theorem 5.6. The positive square root S of an arbitrary positive self-adjoint soft
linear operator T exists and is unique. It is permutable with each operator permutable
with T.

Proof. We consider the following two cases.

(Case 1): Let ||T|[(A) # 0, for each A € A.

We can further assume that T<I, where I is the identity operator. Because
if not, we can start with the operator T}, where T} = ”—5”, then |T1]] = 1. By
Schwarz inequality, (T} (Z), ><HT1||||gc||2 = ||Z|]? = (&,2), ie., (I(Z) - T1(%),2)>0
or (I —T1)(&),#)>0. Then Ty <I.

We now construct a sequence of operators by

So =0,
S1=So+ (T —83) = 1T,
Sy = S 1 4T 59,
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1
(5.4) Snt1 = 5n + §(T —53)

and so on. Because T is self-adjoint and square of a self-adjoint soft linear operator
is self-adjoint, it follows that S, are self-adjoint. It also follows that all S, are

permutable with every operator permutable with T'. In particular, we have S, T =
TS, and S,,T =TS, and thus S S = S S

Now 2(I = Sp)?+3(I—-T)=1—[S,+ (T —52)] =1— 5,41 and so
(5.5) S.<I, Vn.
Further using (5.4), we obtain that
1
(5.6) Sp41— Sn = 5[(1 — Sn—1) + (I = Sn)](Sn — Sn-1).

We now show that Snéan for each n. Equality (5.6) shows that S, 11 — S,>0
if S, —5,-1>0. But §1 = %TZO = Syp. Then S,<S, 41, for each n. Thus, we
obtain a monotonically increasing sequence {S,,} of self-adjoint operators

Sp<81<Gp< - <S8, < <1

By Theorem 5.4, this sequence converges to an operator S which is self-adjoint.

We now show that S is positive. We have 57 = %T is positive and because the
sequnce {S,} is monotone increasing, each S, is positive. Then (S, (#),%)>0 for
each n. Passing to the limit, (S(&),%)>0. Thus S is positive. Letting n — oo in
(5.4), we get S =S5+ (T — S2) ie, S?2=T.

(Case 2): Let ||T]|(A ) =0, for some A € A. Let D C A be such that [|T||(\) =
for each A € D and ||T||(p) # 0, for any p € (A — D). Then [|T)|[x = ||T||(A) =0
for each A € D, i.e., T\ = 0, for each A € D. Let us define a soft linear operator
W such that W(\) = I, for each A € D and W (u) = T'(u), for each p € (A — D).
Then ||[W]|(A\) # 0, for any A € A. Thus by (Case 1), there exists a positive soft
linear operator V such that V2 = W.

Let us consider the soft linear operator S defined by S(u) = V(u), for each

€ (A—D)and S(\) = 0, for all A € D. Then S*> = T. Let Z€H and let

€ (A—-D). Since V,, =V (u) = S(u) = Sy,

(S(2),Z)(1) = (Su(@ (1)), 2(p)) p = (Viu(E()), (1)) = 0.

Furthermore, (S(Z),Z)(A) = (Sx(Z(N)),Z(A))x =0, for each A € D.
Then, (S(z),7)(\) = (Sx(Z()\)), #(A\))x > 0, for each A € A. Thus (S(%),7)>0. So
S is p051tlve and hence S is a positive square root of T.

Therefore in either case, the existence of a positive square root S of the operator
T is obtained.

Now, S,, is permutable with every operator permutable with 7". Let the operator
C permute with T, then S,,C = CS, i.e., S,C(Z) = CS,(Z), for each ZE€H. Taking
limit, SC (&) = CS(&), for each #€H, i.e., SC = CS. So, S is permutable with C,
i.e., S is permutable with every operator permutable with 7'

We now prove the uniqueness. Let S be another positive square root of 7. Since
S1 permutes with T', by the preceding observation, S1.5 = 5.5;.
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If Z€H and §j = (S — S1)Z, then B

(S(@),9) +(S1(9),5) = (S +S1)(9),9) = (5 = 5})(2),9) = (T - T)(@),9) = 0.
Since both S and S; are positive, it follows that <S(y) g) = 0 and (S1(g9),y) = 0.
Because S is positive, by what we have already proved, there exists a self-adjoint
soft linear operator C such that S = C2. Thus,

IC@I = (€(3).C) = 5.C°C@0)
=<y,02(y)> <y7S( )>_0 Le. C( ) ©. o~

So S(g) = C?(§) = C(C(§)) = O. Similarly, Sl( ) = ©. Hence for z€H, B

15(2)=S1(@)|I* = ((S—51)*(2),7) = (S—51)(F), %) = (S(5),7)—(S1(7),%) = 0.
Therefore, S(Z) = S1(Z), for each Z€H, i.e., S = S;. This proves the uniqueness of
the square root. O

6. CONCLUSIONS

The concept of operator plays a very important role in many aspects of linear
algebra and functional analysis. In the dynamics of quantum theory, one must
study operators on infinite dimensional Hilbert spaces. On the other hand, the usual
uncertainty principle of Heisenberg ultimates generalized uncertainty principle, this
has been motivated by string theory and non-commutative geometry. In string
quantum gravity regime space-time points are determined in a fuzzy manner. Thus
Hilbert spaces and operators on Hilbert spaces involving the uncertainties need to
be developed. In this regard it is to be noted that the study of operator theory
on fuzzy inner product spaces is limited since in fuzzy setting complex valued inner
product space is not so developed. In soft set settings it has been possible to develop
the concept of soft inner product nicely. A concept of operator theory on soft inner
product spaces is also introduced in [13]. In this paper we have further extended
the operator theory on soft inner product spaces. This concept can be extended to
spectral theory of bounded self-adjoint operators and unbounded linear operators
on soft Hilbert spaces. A generalization of quantum mechanics can be done by using
the generalized unbounded linear operators on soft inner product spaces. There is
an ample scope for further research on operators on soft inner product spaces.
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