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1. INTRODUCTION

A.n m x n matrix A = (a;;) whose entries are in the unit interval
[0,1] is called a Fuzzy Matrix (FM). After the introduction of fuzzy

matrix (FM) theory using max-min algebra by Thomason [21], several
authors [13, 16] have developed the fuzzy matrix theory and studied
about convergence [0, 3], decomposition [0], reduction [7, &] of a fuzzy

matrix (FM). In all the above said study implication operator plays a
vital role. Atanassov [I] developed the concept of Intuitionistic Fuzzy
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Set (IFS) theory analogous to fuzzy set theory. In [2] Atanassov studied
intuitionistic fuzzy index matrix on the basis of index matrix, and ex-
tended intuitionistic fuzzy index matrix (EIFIM). Im et al. [10], Jeong
and Lee Hong [11], Khan S. K, Pal M and Amiya K. Shyamal [12],
Meenakshi AR and Gandhimathi [15] and several others have studied
Intuitionistic Fuzzy Matrices (IFM). IFM is very useful in the discussion
of intuitionistic fuzzy relation. Pal and Mondal[17] studied the similar-
ity relation, invertibility and eigenvalues of IFM.

Nora and Atanassov [19] used implication operators in IFSs and they
have put forth more than hundred and fifty such implication operators
and derived some axioms for those implication operators. Sriram and
Murugadas [20] used < implication operator for IFM, studied the con-
cept of g-inverse and semi-inverse of an IFM which was a generalization
of FM studied by Hiroshi Hashimoto [9].

In fuzzy set theory, for any two fuzzy elements z,y € [0,1], z + y >z
for all x,y. However this is not true in the case of fuzzy matrices
(FMs)A, B. That means A < B # A always in the case of implica-
tion defined in[9]. Also Hashimoto [!] used < implication operator to
fuzzy sets as well as to FMs, in which case also  «— y < x for all
x,y € [0,1], but it is not true that A «— B < A for all fuzzy matrices
(FMs) A, B. In this paper we extend the new implication operator ~—
for IFM and discuss the relation with the existing implication operator.

Many authors [7, 22, 11] have used ~— operator component wise in FM
and in most of the cases the results are evident from fuzzy set theoretic
point.

In this paper we try to overcome the above problem and we have
shown the condition under which A + B > A and A — B < A are
true using A < B, A «— B defined in [9] for FM, we extend this study
to IFM and the relation between the above two implication operators.
Also we obtain the unique maximum solution for the Intuitionistic Fuzzy
inequality A x X x B < C' under max-min composition and unique min-
imum solution for Ao X ¢ B > ' under min-max composition. Further,
we investigate the similarity relation for IFM using max-min operation
and <, dissimilarity relation for IFM using min-max operation and «— .
Finally we structured a method to find max-min transitive IFM and
min-max c-transitive IFM from any square IFM A.
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2. PRELIMINARIES

Throughout this paper .%,,,, denotes IFMs of order m x n, .%,, denotes
IFMs of order n x n, and entries in IFMs are comparable.

Definition 2.1 ([1]). An Intuitionistic Fuzzy Set(IFS) A in F(universal
set) is defined as an object of the following form A = {{(x, pa(x),va(x))|
x € E}, where pa(x) : E — [0,1] and va(z) : E — [0,1] define the
membership and non-membership of the element © € FE respectively
and for every x € F : 0 < fig(q) + va(x) < 1.

For simplicity we consider the pair (z,z’) as membership and non-
membership function of an IFS with z + 2/ < 1.

Definition 2.2 ([1]). For (z,2'), (y,y’) € IFS, define
(z,2") V (y,y) = (maz{z, y}, min{z’,y'}),
Ex, xiic/\_@(, y’) >: (min{z,y},max {2’ y'}),

Definition 2.3 ([1]). Let X = {x1, 22, ...x,,} be a set of alternatives
and Y = {y1,¥2, ...yn} be the attribute set of each element of X. Then
an intuitionistic fuzzy matrix (IFM) is defined by

A= (((zi,95), pa (@i, y5), valzs, y;)),
fori=1,2..m and j = 1,2,..n,, where py : X xY — [0,1] and v, :
X xY — [0,1] satisfy the condition 0 < pa(z;,y;) + va(z;,y;) < 1. For
simplicity we denote an intuitionistic fuzzy matrix (IFM) as matrix of
pairs A = ((aij, aj;)) of non negative real numbers satisfying a;;+aj; <1
for all 7, j.
For any two elements A = ({(a;;,aj;)), B = ((blj,b;])) € Fpn and
Ce Fp, define: foralll1 <i<mand1<j<n
(i) (Component wise addition)
A S B = (<max{a7«]7b1]} mln{au’ z]}>)
(ii) (Component wise multiplication)
A © B = (<mzn{al]7bl.7} max{a”, Z]}>>
(iii) (The universal matrix)
J = ((1,0)) is the matrix in which all entries are (1,0),
(iv) (Identity matrix)
1,0) ifi=j
((6707 5;j>) ) Where <52]7 5;]> {20’ 1; lf Z 7& j )
(v) (The zero matrix)

O is the matrix in which all the entries are (0, 1),
857
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(vi) A > B, if a; > by and aj; < b,
A>B,ifaw>b anda ;< b,
B are comparable.
(vii) (Complement of A)
AC = (< zj’a’Z]))
(viii) (Transpose of A)
AT = ((aji, a}y)),
(1) AC = (macl_ymin{as, i b min_ymar{al, 1)
= ((Xker @ikCrs [Tmy () + C;cj)»?
(x) A = C = (ming_, ({@ir, agg) < (crjs Cy)))
= (Apoq (an, ajp,) <ij70;cj>))7
(xi) For any two comparable elements (x,2'), (y,y/) € IFS, define
(L0) if (z,2") > (y,¥)
(x, ') if (z,2) < (y,y)

Definition 2.4 ([1]). For A = ({ai;,a};)) € Fpn and C = ({cij, ¢};)) €
Fp, define

for all 1, 7,
for all 4, j, in which case A and

(z,2") + (y,y) =

Ao C = (N\(awm, ai) V {ers, &y)-
k

Definition 2.5 ([18]). Let R € .%#,. Then

(i) If R > I,,, then R is reflexive.

(ii) If R? < R, then R is transitive.

(iii) If Ro R > R is c-transitive.

(iv) If Ro R < R is c-compact.

(v) If R? > R, then R is compact.

(vi) If R is reflexive and transitive, then R is idempotent.

(vii) In R, if all the diagonal entries are (0, 1), then R is irreflexive.

(viii) R is symmetric if and only if (ri;, rj;) = (rji,77;), for all i, j.

(ix) R is antisymmetric if and only if R ® RT < I,,,
where [, is the unit matrix with all entries in the main diagonal as
(1,0) and remaining entries with (0,1), and R ® RT < I, means
(rij, i) (rji, ) = (0,1) for all i # j and (ry,rj;) < (1,0) for all i.
So if (rij, ri;) = (1,0), then (rj;,r’;) = (0, 1).

(x) If R is irreflexive and transitive, then R is nilpotent.

(xi) If (rig, ;) > (rij, 7i;), for all i, j, then R is weakly reflexive.

Proposition 2.6 ([20]). For A € F,, B € Fyp, and C € F,, the
following inequality hold:
(1) Bx (BT - A+ CT)xC < A.
858
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(2) Bx (BT — A) < A.
(3) (A« CT)xC < A.

Lemma 2.7 ([20]). For A € Fn, A < AT is reflezive and transitive.

Proposition 2.8 ([20]). For any A € Fun, the following inequality
hold:

(1) A= AT >1,.

(2) A+ AT > 1,.

(3) (A— ATYA> A.

3. MAXIMAL AND MINIMAL SOLUTION OF INTUITIONISTIC FUZZY
INEQUALITIES

In this section we extend implication operator ~— used by Hashimoto
[9] for fuzzy matrices to IFS and IFM and discuss the relation between
< and «— .

Lemma 3.1. For A,B € %,, A<+ B > A if and only if A is weakly
reflezive.

Proof. Let A = ((a”, a;;)) and B = ((bi;,b;)). Then

1js Yij
(A<= B)>As /\((am, i) <= (brj, Uyy)) 2 (aij, aiy)

= <azz, a;y) = (biy, bj;) > {ais, ai;) for some [
& (aq, ajy > (ai;, aj;)
& in particular, (ay, aj;) > (ay, aj;). O

Lemma 3.2. For A,B € ,,A «— B < A if and only if (ay,aj;) >
(@i, aj;).

Proof. Let A = ((aw, a;;)) and B = ((bi;,b;)). Then

1js Yij
(A—B)<As V((azk, i) ~= (bijs b)) < (@, aiy)

g <azlv Zl) <blj7 b2]> < <aij7a’;j> for some
& (ag, ajy < (ay, aj;)

& in particular, (ay, aj;) < (ay, aj;). O

Definition 3.3. For any two comparable elements (z, '), (y,y') € IF'S,
define

0,1) if (z,2") < (y,v/)

(x 2y if (z,2") > (y,y)

(z, ") — (v, 9) = {
859
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and for A € %, and C € .%,,,, define
A—C= \/(<aik> ) ~ {Chjs Ci;ﬂ)
k

and

A= € =\/(aw aig) — (ciys chy))-
k

Lemma 3.4. For (a,d’), (b,b') € [FS,
(3.1) ({a, ) <= (b, 1)) = ({a,a’)* — (b, b))

Proof. Case (i): If (a,d’) > (b,V'), then (a,d’) < (b,0') = (1,0).

assumption, ((a,a’))® < ((b,0'))¢. Thus

(3.2) ({a,a’) < (b,V'))* = (0, 1).
So, by Definition 3.3,
(3.3) ({a,d’))* — ((b,0'))" = (0, 1).
Hence, by (3.2) and (3.3), (3.1) holds.
Case (ii): If (a,a’) < (b, V'), then (a,a’) + (b,V') = (a,a’). Thus
(3.4) ({a,a’) < (b,V'))* = (a,a")* = (d, a).
By assumption, (a,a’)¢ > (b,0')¢. So, by Definition 3.3,
(3.5) {a,a’)* < (b,b")¢ = (d',a).

Hence, by (3.4) and (3.5), (3.1) holds.
Lemma 3.5. For (a,d’), (b,b') € [FS,
(3.6) ({a,a’) )* = ((a,d)" < (b,0)°).

h< ) >

Proof. Case (i): If (a,a’) < (b, V'), then
(3.7) ({a,a’) — (b, 8))" = (1,0).
By assumption, ({(a,a’))¢ > ({(b,'))¢. Thus
(3.8) ({a,a) «+ (b)) = (1,0).
So, from (3. ) and (3.8), (3.6) holds.

Case (ii): If (a,a’) > (b, V'), then (a,a’)® < (b,¥')¢. Thus
(3.9) ({a,a’) = (b,))° = (a, )
and

(3.10) (a,a’)¢ + (b,b")¢ = (a,d)".

,a')
So, by (3.9) and (3.10), (3.6) holds.
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Lemma 3.6. For (a,d’), (b,b') € [FS,
(3.11) ((b, ') = (a, )" = ((b, 1) — {a,d’)").
Proof. Case (i): If (a,a’) > (b,), then
(3.12) ((b, ') = (a,a’))” = ({1,0))".
By assumption, ({(a,a’))¢ < ((b,'))¢. Thus
(3.13) ({6, ) — (a,a))* = (0,1) = (1,0)".
So, by (3.12) and (3.13), (3.11) holds.

Case (ii): If (a,d’) < (b, V'), then
(3.14) ((b,0") = (a,a"))¢ = (a,a)*
and
(3.15) (b, — (a,a")* = (a,d)".

Thus, by (3.14) and (3.15), (3.11) holds.
In the same manner, we prove the following Lemma.
Lemma 3.7. For (a,d’), (b,V') € I[FS,
((b,b') — (a,a’))c = (b,b')° — (a,d’)".
Lemma 3.8. For (a,d’), (b,V'),{(c,d) € [FS,
{a,ad") N (b,V) < (¢, ¢) & (a,a’) < (¢, ) « (b,1).
Proof. Case(i): If(a,a’) < (b, V'), then

(a,a’y N (b,b) = (a,a’) < {c,()
& {a,d) < {c,d) + (bV).

Case (ii): If (a,a’) > (b, V'), then

(a,a’) A (b, V) = (b,b) < {c,C)
<:><cc>%(b,b> (
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Now we extend this result to IFMs.

Proposition 3.10. For A € %,,,,, B € .., the following results hold:
(1) (A« B)* = A° — B“.

(2) (A~ B) = A°« B°.
()(A—>B) A° — Be.
(4) (A — B)¢ = A° - B-.

Proof. The proof is evident from Lemma 3.4, Lemma 3.5, Lemma 3.6
and Lemma 3.7 ]

Lemma 3.11. For A € %,,,, B € %,
(1) (A<« B)T = BT — AT.
<2) (A N— B)T — BT e AT.

Proof. (1) Let A = ({a;;,a5:)), B = ((bi;,b;)). Then

i iJs i

< > if <azk7 k> <bk 7b/ >

ik, @ by, U, i ! 7k

(O B £ <““>{@bmlumwg<%m»
Thus,

3.16 @-,’-<—b’,’»T=<’ o e

(3.16) ({aun, ain) ¢ (b Big) {<aki7a;gi> if (agi, ag;) < (bjk, Uy,)-

Now,

(1,0) if {ari, ag;) = (bj; bi),
(agi, ag;) i (ans, aj,) < <bjk>b;'k>'

(3.17)  (bjk, bi) — (aws, aj) = {

So, by (3.16) and (3.17), (1) holds.
(2) Clearly,

(ik, @jp,) ~— (brj, by;) = {
Then

<O> 1> if <aika a;k> < <bkj> b;cj>v
<aika a;k> if <ail€a a;k) > <bkj7 b2]>

3.18 ial‘ ﬁb‘,b/-T: <7 » Pk jvjk-
( ) ((Gig, azy,) (br; k])) {(Gkia@;m‘> if (awi, ay,;) > <b]k,bjk>.
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and

0,1) if (api,al;) < (bjr, b)),
3.19 b; ,b', — i) Iy — < ’ » Wi ks Ok /s
( ) (bjk jk‘) (g, ag;) {<aki7a;ci> if (ap;,ay;) > <bjk,bjk>.

Thus, by (3.18) and (3.19), (2) holds. O

Lemma 3.12. For A € F,,,, B € #,, and C € F,,,,
(1) AxB<(C&A<C+ B"s B<AT = C.
(2)AoB>CeA>C+—B"s B> AT - C.

Proof. (1) Ax B<C
& (Vllams i) A (b b)) < (e cl) for all i,
& (air, ay,) < (cij, ¢ij) = (bij, by;) for all 4, j, k, by Lemma 3.8
& (i, aly) < N\;({cij, ¢j) < (brj, b)) for all i,k
A (<al.77 1])) < /\k(clk7 zk>) A <bjk’b;k>) for all i7j>k
& A< C+ BT
On one hand,
AxB<(C&e&B'xAT<CT < BT<C0T+ A< B<(CT + AT,
By Lemma 3.11 (1), (CT «+~ A)T = AT — C. Then

AxB<(C&sB<AT - C.

(2) AeB>C
& (Ap(air; @) V (brj, b)) = (cij, ¢iy)) for all i, j
& (i, aly)) V (brj, bi;) > (cij, ci;) for all i, 7, k.
& (i, aly) > (CJ,CU> <bkj,b;€j> for all ¢, j, k
& (@i, aly) > \/ ({cij, cij) ~ (brj, b)) for all 4, k
< (aij, a;;) = Vk((czka i) ~ {bjk, b;k>) for all 4, j.

Then Ac B>C < A>C «— BT & B> AT — (C is obvious. O

Proposition 3.13. For A € %,,,, B € %,,,
(1) (A~ BT)o B > A.
(2) Bo (BT — A) > A, for B € .%,

Proof. (1) Since A — BT > A — B, by Lemma 3.12(2), (1) holds.
(2) Put D = BT — A. Then, by Lemma 3.12(2),

Thus Bo (BT — A) > A. O]

Remark 3.14. Consider the inequality A x X x B < C where A €

Fn, B € Fpq and C' € F,,, with unknown X € %,
863
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By Lemma 3.12(1),

(3.20) X < (A" - )« BT

By Proposition 2.6,

(3.21) Ax (A" = C+« B xB<C.

From (3.20) and (3.21), (AT — C <+ BT) is the maximum solution of
Ax X x B<C.

Remark 3.15. Consider the inequality A ¢ X ¢ B > C with suitable
size and unknown X. Then, by Lemma 3.12(2),

(3.22) X>A" - C+— B
By Proposition 3.13,

(3.23) Ao (A" —C—B")oB>Ao (A" = C) > C.

From (3.22) and (3.23), AT — C «— BT is the minimum solution of
Ao X oB>C.

4. INTUITIONISTIC FUZZY SIMILARITY RELATION (IFSR) AND
INTUITIONISTIC FUZZY DISSIMILARITY RELATION(IFDR) USsING
< AND .

This section provides a method to obtain [FSR and IFDR from any
IFM. Using this IFSR and IFDR we shall obtain max-min idempotent
(R x R = R) and min-max idempotent (R o R = R) for any IFM.

Proposition 4.1. For A € #,,,, B € Fp),

(1) A« (AT « B) > B.

(2) A— (AT — B) < B.

(3) (B— AT) = A > B, for B € %,,.

(4) (B —7 AT) — A S B, fOTB € ypn'
Proof. (1) Since (BT — A) < (BT — A),

(AT« B! =BT - (AN =BT - A< B » A
Since AB < C & A< C + BT & B< AT — (), using Lemma
3.12(1),
B(AT + BT < A

and

B< A+ (AT + BT = A« (AT + B).
864
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(2) Since BT — A > BT — Aor (AT — B)T > BT — A, using
Lemma 3.12(2), Bo (AT «— B)T > Aand B > A — (AT — B).
(3) Since A+ BT < A<+ BT or (B— AT)T < A+ BT,
(B— AT)YTB< Aand B< (B— AT) —» A
(4) Since A ~— BT > A+ BT or (B — AT)T > A+~ BT, by Lemma
3.12,
(B— ATY'oB>Aand B> (B — AT) — A. O

Proposition 4.2. For A € #,,,, B € Z,,,
(1) (A+ B")B) + B" = A+ B”.
(3) BT — (B(BT — A)) = BT — A, for B € Z,,,.
(4) B — (B (B" — A)) = BY — A, for B € .,
Proof. (1) Clearly, (A + BT)B < (A < BT)B. Then, by Lemma
3.12(1), (A + BT) < ((A + B")B) «+ B”. Thus, by Proposition 2.6,
(A+ BT < (A« B")B) «+ B < A« B".

So ((A+ BT)B) + BT = A+ B”.
(2) Clearly, (A~ BT)o B) > (A~ BT)o B. Then

(A~ B")> (A~ B"oB)« B" > A+ B
Then, by Lemma 3.12(i), and Proposition 3.13(1),
(A~ B)oB)— BT = A+ BT,
(3) Clearly, B(BT — A) < B(BT — A). Then
(BT - A) < B" - B(B" - A) < BT » A
By Proposition 2.6, (B(BT — A) < A. Thus
BT — (B(B" — A)) = BT — A.

(4) Clearly, B¢ (BT — A) > Bo (BT — A). Then, by Proposition
313, BT — A 2 BT —7 (BO(BT —7 A)) Z BT — A. Thus

BT — (Bo(B" — A))=B" — A

Proposition 4.3. (1) For A € %,,,, B € #,, and C € F,,
(a) (A+ BT) x (B+ CT)x C < A.
(b) (A~ BT)o (B~ CT)oC > A.
(2) For A € Fn, B € Zpp and C € Fpy,
(a) C x (CT — B) x (BT — A) < A.
(b) Co(CT — B)o (BT — A) > A.
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Proof. (1) (a) By proposition 2.6, (4 <~ BT)B < A, (B + CT)C < B.
Then (A + BT)(B + CT)C < (A« BT)B < A. Thus (a) holds.

(b) By Proposition 2.6, (A~ B")o B> A= (B~ C")oC > B.
Then (A<~ BT)o (B+—C")oC > (A<~ BT)B > A. Thus (b) holds.

(2) (a) By proposition 2.6, B x (BT — A) < A, C x (CT — B) < B.
Then C x (CT — B) x (BT — A) < B(BT — A) < A. Thus (a) holds.

(b) By proposition 3.13, Bo (BT — A) > A, Co(CT — B) > B.
Then C ¢ (CT — B)o (BT — A) > Bo (BT — A) > A. Thus (b)
holds. O]

Proposition 4.4. (1) For A € %,,,, B € #,, and F € Fy,,
(a) (A« BT)(B+ F)< A+ F.
(b) (A~ BT)o(B—F)> A< F.
(2) For A€ F, B € Zpy and F € Fyy,
(a) (F— B)(BT - A) < F — A.
(b) (F— B)o (BT — A) > F — A.

Proof. (1) (a) By Proposition 4.3, (A < BT)(B <~ FT)F < A. Then,
by Lemma 3.12, (A <~ BT)(B+ FT) < A+ FT.

(b) Clearly, (A~ BT)o (B~ FT)o F > A. Then (b) holds.

(2) (a) By Proposition 4.3, F(FT — B)(BT — A) < A. Then (a)
holds.

(b) Clearly, F o (FT — B)o (BT — A) > A. Then (b) holds. O]

Proposition 4.5. (1) For A € #,,,, B € %, and F € %,,
(a) (A< BT)(BA(B+ F))<AAN(A+ F).
(b) (A~ BT)o(BV (B~ F))>AV (A< F).
(2) For A€ Zn, B € %y and F € F,,
(a) (BA(F — B)) x (BT — A) < ANA(F — A).
Proof. (1)(a) It is clear that BA(B < F') < B, BA(B <+ F) < B+« F.
Then

(4.1) (A« BNYBAN(B+ F)<(A+ BB <A,

By Proposition 4.4,

(42) A« BNYBAB+F)<(A«B)B+F)<A«F
From (4.1) and (4.2),

(A« B")YBA(B+ F))<AAN(A«+F).
866
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(b) Clearly, BV (B ~ F) > Band BV (B «— F) > B «— F. By
Proposition 3.13,

(A~ B o (BV(B+—F))> (A~ B")oB>A.
By Proposition 4.4(1b),
(A~ B o(BV(B+—F)>(A~B")o(B+—F)>A+F.

Thus (1b) holds.
Similarly, we can prove (2a) and (2b), using this similar argument
and proposition 4.4(2a) and 4.4(2b). O

Proposition 4.6. (1) For A € #,,,, B € F,,,C € Fpp, D € Fppp,
E e %), and F € Fp,,
(a) If A< D,C < B,E < B, then

(A+ BN x (CA(E+ F))<DA(A+ F).
(b) If A>D,C> B, E> B, then
(A~ B"o(CV(E~F)>DV (A< F).

(2) For A € #,,,B € %,,,C € #,,,D € Fpn.E € Fpy, and
F e Jnm;
(a) f A< D,C < B, E<B, then

(CA(F = E))x (B" = A)< DA(F = A).
(b) IfA>D,C>B, E> B, then
(CV(F —E))o (BT — A >DV(F — A).
Proof. (1) (a) Since (C' A (E <+ F)) <C < B and E < B,
(CAN(E<«+ F))<(E<+ F)<B<«F.

Then
(A« B")x (CA(E+ F))<(A+ BHC
< (A« B"B
<A<D.
Thus
(4.3) (A« B")Yx (CAN(E <+ F))<D.
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Similarly, by Proposition 4.4),
(A« BN x (CAN(E+ F))<(A+ BY) x (E+ F)
< (A« BY) x (B+ F)
<A+ F.
So
(4.4) (A« B x (CAN(E+ F)) <A+ F.
Hence, from (4,3) and (4.4),
(A« BN (CAN(E<+ F)<DA(A+F).

(b) Clearly, CV(E~— F)>Cand CV(E «— F) > E <« F.

Then
(A~ BN o(CV(E~F)>A~B"NoB>A>D.
Thus
(4.5) (A~ BN o(CV(E~ F)>D.
Using Proposition 4.4,
(A~ BN o(CV(E~F)> (A~ B o(E~F)
> (A B")o (B~ F)
> A< F.
So
(4.6) (A~ B")o(CV(E~ F))>A<«F.

Hence, from (4.5) and (4.6), we get
(A—B")o(CV(E~F))>DV (A~ F).
By similar argument, we can prove (2a) and (2b). O

Theorem 4.7. (1) For A € %, B € #,,, C € Fpp,
De Py, B € Fpy, F € Fpp and C € Fpy, and G € F,pyp,
(a) f A< D,C < B, E<B, then

(GA(A+B"))x (CA(E+ F)) <DAN(A+ F).
(b) fA>D,C>B, E>B,
(GV (A~ B")o(CV(E~ F))>DV (A« F).

(
(2) For A € Zpn, B € Fpy, C € Py, D € Fpn, E € Fyp,
F € Zpm and G € Fpp,
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(a) f A< D, C<B, E<B, then
(CA(F = E)x(GA (BT — A) <DA(F — A).
(b) IfA>D,C > B, E> B, then
(CV(F—E)o(GV (BT — A)>DV(F— A).
Proof. (1) (a) By Proposition 4.6(1a),
GA(A« BY)<Gand GA(A+ BT) < A+ BT
Then
(GA(A+ BD)(CAE <+ FT) < (A« BN(CA(E «+ F))
<DA (A« F).
(b) By Proposition 4.6 (1b),
(GV(A~—B")o(CV(E—F)> (A~ B o (CV(E <« F)
>DA (A< F)).
(2) (a)
(CA(F—E))x(GA(B"—= A) <(CA(F— E))x (BV — A)
<DA(F — A).
(b) By Proposition 4.6 (2b),
(CV(F—E)o(GV (BT — A) > (CV(F— E")o(B" — A))
> DV (F— A).
O

Using the above Theorem 4.7, we obtain the following proposition.

Proposition 4.8. For A,B,C € .%,,
(1) (a) If A< C < B, then

(CA(A+ BT) x (CA(A+ BT <CA(A«+ BT,

(b) If A> C > B, then
(CV (A~ BT)o(CV (A~ BT)>CV (A~ BT).

(2) (a) If A< C < B, then
(CA (BT — A) x (CA (BT — A) <CA(B' = A).

(b) If A> C > B, then

)
(CV (BT — A)) o (CV (BT — A)) > C Vv (BT — A).
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This proposition shows that C'A (A < BT) and C A (BT — A) are
transitive and C'V (BT — A) and C' V (A «— BT) are c-transitive.

Remark 4.9. In Proposition 4.8, if we replace CandB by A, we get
AN (A + AT) and AN (AT — A) are transitive, and A vV (AT — A)
and AV (A «— AT) are c-transitive.

Theorem 4.10. (1) For A € %, B € %#,,, C € F,, and F € F,,,
(a) If C < B, then (A+ BT)(C + F) < A+ F.
(b) If C > B, then(A BTYo(C+— F)> A+ F.
(2) For any IFM A € F,,,,, B € Fpp, C € Fppp and F € Fyy,
(a) If C < B, then(F—>C’)(BT—>A)<F—>A
(b) If C > B, then (F — C)o (BT «— A) > A+ F.

Proof. (1) (a) By Proposition 4.4(1a),
(A« BN(C+ F)<(A+« BB+ F)< A+ F.
(b) By Proposition 4.4(1b),
(A~ BT o(C—F)>(A~—B")o(B+—F)> A<+ F.
Similarly, we can prove (2a) and (2b). O
The following Proposition is evident from the Theorem 4.10.

Proposition 4.11. (1) For A € %, B € %, and F € F#,,,
(a) If A< B, then (A<« BT)(A«+ F)< A« F.
(b) If A> B, then (A~ BY)o (A~ F)> A< F.
(2) For any IFMs A € F,,,,, B € Fpp and F € F
(a) If A< B, then (F — A)(BT — A) < F — A.
(b) If A > B, then (F — A)o (BT — A) > F — A.

Remark 4.12. If we replace F' by BT in Proposition 4.11, we get

(1) (a) If A < B, then (A <+ BT)(A <« BT) < A+ BT.

(b) If A > B, then (A~ BT)o (A~ BT)> A+ BT.
(2) (a) If A < B, then (BT — A)(BT —) A) < BT - A.

(b) If A > B, then (BT — A)o (BT — A) > BT — A.
Similarly,

(a) If A > B, then (A + BT)(A+ BT) > A+ BT.

(b) If A < B, then (A~ BT)o (A~ BT)< A+ BT.

(c )IfAzB, then (BT—>A)(BT—>A) > BT — A.
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Remark 4.13. In the above Remark 4.12, if A = B, we get
(1) (a) (A« AT)(A + AT) = A+ AT,
(b) (A AT)o (A AT) = A — AT,
(2) (a) (AT — A)(AT — A) = AT — A
(b) (AT — A)o (AT — A) = AT — A,

Remark 4.14. (1) In Proposition 4.8 (1a), if we replace C' by (A <
AT then

(A AT A (A AT) x (A AT A (A AT))
< (A+ ADT A (A« AT)).

(2) In Proposition 4.8 (1b), if we replace C' by (A «— AT)T and B by
A, then

(A= ANV (A= AT o (A ATV (A AT))
> (A ATV (A AT).

Let Rbe an nxn IFM. If Rx R < R(transitive), RT = R (symmetric)
and I < R( reflexive), then R represents a similarity relation or an
intuitionistic fuzzy equivalence relation. Clearly

(A AN (A AT > T,

(A AN (A+ AT = (A AT)A (A ATHT
and

(A ATY A (A + AT (A« AT) A (A + ATHT)

= ((A« AT) A (A ATHT).

Thus ((A <+ AT) A (A + AT)T) represents a similarity relation.
Also (AT — A) A (AT — A)T represents a similarity relation.

If Ro R > R (c-transitive), R" = R and I° > R, then R represents
a dissimilarity relation. That is, if R = ((rzj,rw>) is a dissimilarity
matrix, then

(rie V Thjs T ATag) = (Pig 7i5)5 (Tigs 1) = (T3 1)
and

(ri,rl;) =(0,1) for i, 5,k =1,2,...,n
Thus (A — AT) VvV (A — AT) and (AT — A) Vv (AT — A)T represents
dissimilarity relations.

Proposition 4.15. (1) For A € F, F € Foy,
(a) (A AT)(A«+ F)= A<+ F.
b) (A— AT o (A—F)=A+ F.
(2) For A€ Fon, F € Fy,

(a) (F — A)(AT - A)=F — A.
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(b) (F — A)o (AT — A) =F « A.
Proof. In Proposition 4.11(1a), if we set B = A, then
(A AT) A+ F) <A+ F.

Since A < AT is reflexive, A+~ AT > T (A+ AT)(A+ F)> A+ F.
Thus (A <+ AT)(A«+ F)= A+ F.
Similarly, setting in Proposition 4.11(1b), B = A. Then we have

(A— Ao (A—F)> A—F.
Since I* > A+ AT, (A—F) > (A+— AT)o (A~ F). So (1b) holds

By similar argument, we can prove (2a) and (2b). O

Proposition 4.16. For A € .%,,,,
(1) (a) (A« AT)A = A.
(b) (A+— AT)o A = A.
(2) (a) A(AT — A) = A.
(b) Ao (AT — A) = A.

Proof. (1) (a) Clearly, A <~ AT > I. Then (A <~ AT)A > A. Thus, By
Proposition 2.6, (A < AT)A < A. So (A + AT)A = A.

(b) Clearly, A «— AT < I¢and (A4 «— AT)o A < A. By Proposition
313, (A AT)o A > A. Thus (A +— AT) 0o A = A.

Similarly, we can prove (2a) and (2b). O

The following Proposition is obvious from Proposition 4.16.

Proposition 4.17. For A € F ..,
(1) (A« AT)A(AT — A) = A.
(2) (A—AT)o Ao (AT — A) = A,

Proposition 4.18. For A € Z,,,,
(1) (a) A+ (AT - A)T = A+ (AT + A) = A.
(2) (a) (A« AT) = A=(A— AT) 5> A=A,

Proof. By Proposition 4.1(1), A < (AT <~ A) > A. Since (AT < A) >
I,A+ (AT« A)> A<+ T=A Thus A<« (AT + A) = A.
(b) By Proposition 4.1(2), A — (AT «— A) < A. Since ¢ > AT — A,

ThUSAT(ATﬁA):A O
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Remark 4.19. By Proposition 4.16 and 4.18, we have
(A+ ATY)A = A+ (AT «~ A) and A(AT — A) = (A — AT) — A.

Lemma 4.20. For A, B € %#,, (AN B)?> < A> A\ B2

Proof. AN B = ({(ay A by;), (aj; Vb;))). Then
(AN B)?
= (Vi A bik) A (s A b)), AV Bi) V(@i V 8))).

Without loss of generality, assume AandB are 2 X 2 matrices.
Consider

V ((a@ir A bir) A (arj A bi;))

[k(azl A ayj) A (bin Abig)] V [(aig A agg) A (biz A baj)]
[(airAar;)V[(agAaz; ) A(bia Abgj ) [ A[(bis Ab1j )V [(@izAag;) A(bia Abay )]
[(ain A arg) V(a2 A agg)] All(ain A aig) V (biz Abay)] A [(bin A biy)V

(a2 A a2j)] A (b A blj) (biz A bQ])]
[(air Aaiz) V (a2 A agg)] A [(bin A biy) V (big A bay)]
= (\k/(auc A agj)) A (\k/(bik A bij))-
Similarly,
/k\[(% Vi) V(ag; Vb)) > (/k\(a;k Voag;)) vV (/k\(bik Vb))
Thus

IN

(AN B)?
< ((\(@in A arg)) A\ i Abrg)), (Nl V ai)) v (N OV b))
= A% A B2

In dual fashion we can prove the following Lemma.

Lemma 4.21. For A,B € %,,(AV B)o(AVB)>(AcA)V (BoB).

Proposition 4.22. (1) For A € #,,B € Fup,
(a) R=AN(A+ ATY)AN (BT - B)= RxR<R.
b) R=AV(A— AT)v (BT — B)= RoR > R..
(1) For any IFMs A € %,,B € F,n,
(a) R=AN(A—= ATY)AN (BT« B)= RxR<R.
b) R=AV(A— AT)v (BT — B)= RoR>R.
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Proof. (1) (a) Since (A A (A < AT) and (BT — B) are transitive,
Rx R=((AN(A+ AT)) A (BT — B))?
<(AN(A+ AN A (BT — B)?
<(AN(A+ AT A (BT — B)
=R.
Similarly, we can prove the other results. O

In the above Proposition, if we replace B by A, we get the following.

Proposition 4.23. For any IFMs A € %,
(1) R=AN(A+ AT)AN (AT - A)= Rx R<R.
2)R=AV(A— AT)V (AT — A)= RoR>R.

Lemma 4.24. If R € .%,, is transitive and symmetric, then it is weakly
reflezive.

Proof. Since R is transitive, R < R. Then (ry Ari, vl Vre.,) < (ri, rl).

Using the symmetricity condition of R, we get (ry, ri.) < (ry,rl). Thus
the result holds. O
Lemma 4.25. If R € %, is transitive and weakly reflexive, then R is

compact.

Proof. Since R is weakly reflexive, (rig,7,) < (ry, ;). Then

(rias T3) A Tins i) = (i Tige) -
This is true for all ¢, k. thus R? > R. O
Lemma 4.26. If R € %, is c-transitive and symmetric, then RoR = R.

Proof. If R is c-transitive, then (rix, 73) V (Trj, 7050 > (g, 7i5)-
In particular, (ru, rig) V (T, ) > (Ti, rl;). By symmetry of R,

(Pikes gy = (ray ). Thus (i, vh) V (Pig, 700y < (i, rig). So Ro R < R,

i —

Hence R¢ R = R. OJ
From the above Lemmas the following proposition is trivial.
Proposition 4.27. For any symmetric A € %,
(WDR=ANA+—ATYAN (AT = A)= RxR=R.
2)R=AV(A+— AT)v (AT — A)= RoR=R.
The Proposition 4.27 shows that one can derive a max-min idempo-

tent IFM from any symmetric [IFM and min-max idempotent IFM from
a symmetric [IFM. If we replace replace A by A°¢ A (AT)¢ in Proposition
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4.27(1) and A by A°V (AT)¢ in Proposition 4.27 we get idempotent and
min-max idempotent IFM for any IFM.
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