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ABSTRACT. In this article, we introduce the notion of injectivity and
quasi injectivity of an intuitionistic fuzzy G-module. We also establish a
condition on finite dimensional G-modules for which an intuitionistic fuzzy
G-module is injective with respect to another intuitionistic fuzzy G-module.
We discuss the injectivity of an intuitionistic fuzzy G-module with respect
to the quotient intuitionistic fuzzy G-module of another G-module. Some
important properties of injectivity of intuitionistic fuzzy G-modules with
regards to direct sum of intuitionistic fuzzy G-modules are also studied. A
relationship between injectivity and quasi injectivity of intuitionistic fuzzy
G-modules is also obtained.
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1. INTRODUCTION

The concept of injectivity of modules was introduced by Eckmann and Schopf
[8]. Banaschewski [5] extended this work of injective and projective modules. Af-
ter this, many authors tried to generalize the concept of injective modules, for ex-
ample, Johnson and Wong [14] introduced quasi-injective modules. The notion of
M-injective modules was introduced by Azumaya in [1]. Singh [21] introduced the
notion of Pseudo injective modules. After the introduction of fuzzy sets by Zadeh
[23], the researchers have been carrying out research in various concepts of abstract
algebra in fuzzy setting. Rosenfeld [17] was the first one to define the concept of
fuzzy subgroups of a group. The literature of various fuzzy algebraic concepts have
been growing rapidly. In particular, Nagoita and Ralescu [15] introduced and ex-
amined the notion of fuzzy submodule of a module. Zahedi and Ameri [22] studied
about the fuzzy projectivity and fuzzy injectivity of modules. Fernadez introduced
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and studied the notion of fuzzy G-modules in [9] and fuzzy G-modules injectivity in
[10].

As an important extension of fuzzy set theory, Atanassov [1, 2, 3] introduced
and developed the theory of intuitionistic fuzzy sets. Using the Atanassov's idea,
Biswas [0] established the intuitionistic fuzzification of the concept of subgroup of a
group. Later on many mathematicians worked on it and introduced the notion of

intuitionistic fuzzy subring, intuitionistic fuzzy submodule etc.(See [11, 12, 13, 16]).
The author et al. in [18, 19, 20] have studied intuitionistic fuzzy G-modules ; intu-
itionistic fuzzy representation, reducibility and complete reducibility of intuitionistic
fuzzy G-modules respectively. As a continuation of author’s work [18, 19, 20] here

the concept of intuitionistic fuzzy G-module injectivity has been introduced and
analysed.

2. PRELIMINARIES

Here we shall provide some definitions and a few elementary results associated
with injectivity of G-modules. Throughout the paper, R and C denote the field of
real numbers and field of complex numbers respectively. Unless otherwise stated all
G-modules are assumed to be taken over the field K, where K is a subfield of the
field of complex numbers and all homomorphisms are G-module homomorphism.

Definition 2.1 ([7]). Let G be a group and let M be a vector space over a field K.
Then M is called a G-module if for every g € G and m € M, 3 a product(called the
action of G on M), gm € M satisfies the following axioms :

(i) 1gm =m,¥Ym € M (1g being the identity of G).

(ii) (gh)m = g(hm),Ym € M, g,h € G.

(111) g(k1m1 + kgmg) = kl(gml) + kg(gmg),Vkl,kz S K;ml,mg € M and g € G.

Definition 2.2 ([7]). Let G be a group and let M be a G-module over the field K.
Let N be a subspace of the vector space M over K. Then N is called a G-submodule
of M if any +bny € N, for all a,b € K and ny,ns € N.

Definition 2.3 ([7]). Let M and M* be G-modules. A mapping f : M — M* is
called a G-module homomorphism if

(1) f(kimi + kamz) = k1 f(ma) + ko f (m2),
(i) f(gm) = gf(m),Vk1, ke € K;m,my,my € M and g € G.

Definition 2.4 ([7]). A G-module M is said to be injective if for any G-module M*
and for any G-submodule N* of M*, every monomorphism from N* into M can be
extended to a homomorphism from M* into M.

FiGure 1. Figure-1
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In other words, a G-module M is said to be injective if for all homomorphisms
@ : N* — M and injection k : N* — M¥*, there exists homomorphism ¢ : M* — M
such that Yok = ¢ (i.e., injection defined on submodules can be extended to the
entire module.i.e., ¥|n. = ¢), that is such that the above diagram commutes.

Example 2.5 ([10]). Let G = {1,—1,4,—i} and M = C, which is a vector space
over C. Then M is a G - module with respect to trivial action . Also, we see that
no proper subset of C' becomes a G-module. Let M* be any other G-module. Then
following are some prominent cases of M™ :

(i) M* = {0}.

(ii) M* = C™(n > 1) or a G-submodule of C™.

(iii) M* = Space of all functions from any set .S into C'.

(iv) M* = C™*™ = Space of all m xn matrices over the field C' or a G- submodule
of M*.

Let N* be a G-submodule of M* and ¢ : N* — M be a homomorphism.

Case(i): Here N* = M* = {0}. Then 0 =1 : M* — M extends the homomor-
phism .

Case(ii): Since C™ is n dimensional, we have dimM* = k < n. Let dimN* =m
and let {aq, ag,....,ap, } be a basis of N* such that {a1, g, ..., @m, Qg1 ...,  } be
a basis of M*. Then

N*=Ca1 ®Cas @ ...... ® Cay,
and
M*=Ca1 ®Cas®.... » Cayy ® Capy1 @ ... ® Cayy.
Thus the map v : M* — M defined by
Y(crag + caag + ... + cpag) = p(cran + coan + ... + CmQm)
is a homomorphism which extends .

Case(iii): Here M* = M; @ My, where M is the G-submodule of M* consisting
of all odd functions and My is the G-submodule of M™* of all even functions. Then
as in Case(ii), there exist a homomorphism  : M* — M which extends .

Case(iv): Since C™*"™ is an mn-dimensional vector space over C, dim M* < mn.
Then as in Case(ii), there exist a homomorphism v : M* — M which extends ¢.

Similarly, for any G-module M* and any G-submodule N* of M*, every homo-
morphism ¢ : N* — M can be extended to a homomorphism ¢ : M* — M. Thus
M is injective.

Definition 2.6 ([7]). Let M and M™* be G-modules. Then M is M*-injective if for
every G-submodule N* of M*, any homomorphism ¢ : N* — M can be extended
to a homomorphism ¢ : M* — M.

Remark 2.7. A G-module M is injective if and only if M is M*-injective for every
G-module M*.

Example 2.8. Let M* = R", is an n-dimensional vector space over R.

Let {a1, a9, cccvnee. , i, } be a basis for M*. Then M* = Rayj B Rag®............. D Ray,.
Let M = R and G be any finite multiplicative subgroup of R. Then both M* and
M are G-modules. Let N* be any G-submodule of M* and ¢ : N* — M be a
homomorphism.
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(1) If N* = {0}, then ¢ = 0. Thus ¢ =0: M* — M extends ¢.
(2) If N* = Raj(1 < j <n), then ¢ : M* — M defined by
Plerag + ... +cjo; + ... + chan) = ¢(cjay)

is a homomorphism which extends ¢.
(3) N* = @%_, Raj(k < n), then ¢ : M* — M defined by

is a homomorphism which extends ¢. Thus M is M* -injective.

Proposition 2.9 ([10]). Let M = My @& Ms, where My and My are G-submodules
of M. Then M is injective if and only if My and My are both injective.

Proof. Let M be injective. Let M* be G-module and N* be any G-submodule
of M*. Then the monomorphism ¢ : N* — M can be extended to homomorphism
1 : M* — M such that Yok = ¢, where k : N* — M* is an injection homomorphism.
Let 7 : M — M, and w5 : M — M5 be the projection mappings. Then ¢y = w09 :

M*

N*

k
\ v
=M, &M,
D
T

MI

FiGURE 2. Figure-2

M* — M is an extension of ¢1 = mop : N* — M; for
P10k = (mo)ok = mo(Yok) = mop = ¢1 . Thus My is injective.

Similarly, 1y = mg 09 : M* — My is an extension of @y = my 0@ : N* — M,. So
M, is injective.

Conversely, suppose both M; and My are injective. Let M* be a G-module and
N* be any G-submodule of M* and let ¢ : N* — M be a homomorphism. Let m
and 7o be the projections of M; and M on M respectively.

Then ¢1 = mop : N* — M; and @y = mop : N* — M,. Since both M; and

k k

N* Mm* N* Mm*
¢ 0, A ¢ 0 v
M, M,

m T,

FiGure 3. Figure-3

M, are injective, the mappings ¥ and o can be extended to homomorphisms
Y1 M* — My and ¥y : M™* — M, respectively such that ¥ 0k = @1 and 20k = ps.
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Define v : M* — M by ¢(m) = 1(m) + ¢2(m) , ¥V m € M*.
Then v is a homomorphism. Also for any m € M, we have
(ok)(m) = ¥(k(m)) = 1 (k(m)) + ¢2(k(m))

= (10k)(m) + (P20k)(m) = @1(m) + 2 (m)

= (p1 + @2)(m) = @(m).
Thus Yok = ¢. So v is an extention of . Hence M is injective. O
Corollary 2.10. M = ®]_; M, is injective if and only if M; is injective, for every
1 =1,2,....,n.
Proposition 2.11 ([10]). Let M and M* be G-modules such that M is M*-injective.
If N* is a G-submodule of M*, then M is N*-injective and M is M*/N*-injective.
Proof. Since N* C M* and M is M*-injective, it is obvious that M is N*-injective.
Let X*/N* be a G-submodule of M*/N* and ¢ : X*/N* — M be a homomorphism.

X* . M*

=T\

FIiGURE 4. Figure-4

Let w: M* — M*/N* be the canonical map, which is given by n(z) = z + N*,
Vo € M* and © = 7|x+ : X* — M*/N*. Then ¢, = por : X* — M. Since M is
M*-injective, 9 an extension 6 : M* — M of ¢;. Thus, we have

O(N*) = p1(N*) = (por )(N") = p(m (N*)) = 2(0) = 0.

So Ker 7 is a G-submodule of Ker 6. Hence 3's a map ¢ : M*/N* — M such that
orm = 0. Also for any z € X*, we have

B+ N) = h(r(x) = (om)(z) = 6(x) = (por ) (@) = (p(x (2)) = (x + N*).
Therefore 1) extends ¢ and thus M is M*/N*-injective. g

Definition 2.12 ([1]). A G-module M is called quasi-injective, or self-injective,
when it is M- injective.

For example, injective modules and semisimple (or completely reducible) modules
are quasi-injective and direct summands of quasi-injective modules are also quasi-
injective.

Example 2.13. Let S = {1,w,w?}, where w is a complex cube root of unity and
G = S3, the symmetric group of degree three. Let M = {a+fw+7w? : o, 3,7 € R}.
Then M is a vector space over R spanned by S. For each x € GG, define T, : M — M
by
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Toa + Bw + yw?) = ax(1) + fr(w) + y(w?).

Then T, is an isomorphism of M onto itself.

Also the map T : G — GL(M) defined by T'(x) = T,, V x € G, is a representation
of G. Thus M is a G-module. Also the only G-submodules of M are M and {0}.

We will show that M is M-injective. Let N be any G-submodule of M. Then
N ={0} or N =M. Let ¢ : N = M be any homomorphism.

Case(i): SupposeN = {0}. Then the map ¢ : M — M defined by (x) = 0V
x € M extends .

Case(ii): Suppose N = M. Then ¢ is a homomorphism from M into itself. Thus
1) = ¢ is the required extension.

So, in both cases, ¢ : N — M can be extend to a homomorphism ¢ : M — M.
Hence M is M-injective. Therefore M is quasi-injective.

Proposition 2.14. Any finite dimensional quasi- injective G- module is the direct
sum of quasi injective G-submodules.

Proof. Let M be a finite dimensional G-module. Then M is completely reducible.
Thus M is a direct sum of irreducible G-submodules. Let M = M{®MyG......... &M,
where M;(1 < i < n) be irreducible G-submodules of M. If M is quasi-injective, then
by Propositions 2.9 and 2.11, M; 's are quasi-injective. Thus M is direct sum of
quasi-injective G-submodules. O

Definition 2.15 ([4]). Let M and M*-injective be G-modules. Then M and M*
are relatively injective if M is M*- injective and M™* is M-injective.

Example 2.16. Let G = {1,-1}, M = Q3 and M* = Q+/5 are vector spaces
over (. Also both M and M* are G-modules. It can be easily proved that M is
M *-injective and M™* is M-injective and hence M and M* are relatively injective.

3. INTUITIONISTIC FUZZY G-MODULE INJECTIVITY

In this section we extend the notion of injectivitity of G-modules to injectivity of
intuitionistic fuzzy G-modules. Here homomorphism means G-homomorphism.

Definition 3.1 ([18]). Let G be a group and let M be a G-module over K, which
is a subfield of C. Then an intuitionistic fuzzy G-module on M is an intuitionistic
fuzzy set A = (14, v4) such that following conditions are satisfied :

(i) palaz +by) > pa(z) Apa(y) and va(ax + by) <wva(z)Vva(y),Va,b €K and
x,y €M.

(i1) pa(gm) > pa(m) and va(gm) < wva(m),Vg € G; m €M.

Remark 3.2. If A is an intuitionistic fuzzy G-module of a G-module M, then
1a(0) > pa(x) and v4(0) < va(x), Vo € M.

Example 3.3 ([18]). Let G = {1,—1}, M = R" over R. Then M is a G-module.
Define an intuitionistic fuzzy set A = (ua,v4) on M by

o {1 =0 o {0 ie=0
) = s VA\T) = .
pa 0.5 ifz#0 4 0.25 ifz %0,

where © = (r1, 22, .....,Z,) € R". Then A is an intuitionistic fuzzy G-module on M.
810
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Proposition 3.4. Let A = (pua,va) is an intuitionistic fuzzy G-module on M. Then
for each r € [0,1] the intuitionistic fuzzy set A, = (pa,,va,) defined by
pa, () =pa(z)Ar and va, () =valz)V(l—7r), Yoz eM
s an intuitionistic fuzzy G-module on M.
Proof. Let x,y € M,a,b € K. Then
pa,(ax+by) = palax+by) Ar
pa(z) A paly) Ar
= (ma(@)Ar)A(paly) Ar)
= pa, (@) Apa, (y)-
Similarly, va, (ax + by) <wva,(z) Vva,(y).
For any g € G,z € M, we have

v

ra,(gz) = palge) Ar
palz) Ar
pa, (@).

Y%

Similarly, va, (gz) < va,(z).
Thus A, is an intuitionistic fuzzy G-module on M. g

Proposition 3.5 ([18]). Let A = (pa,va) is an intuitionistic fuzzy G-module of a
G-module M and let N be a G-submodule of M. Then the restriction of A on N is
an intuitionistic fuzzy set denoted by A|Ny = (pa|y,Va|y) and is defined by

paly (@) = pa(z) and vy () = va(z), Vo €N,
is an intuitionistic fuzzy G-module on N.

Proposition 3.6. Let A = (pa,va) is an intuitionistic fuzzy G-module of a G-
module M and let N be a G-submodule of M. Then the intuitionistic fuzzy set Ay =
(a|xsVA|y) of M/N defined by

pay @+ N)=pa(r) and vay(x+ N) =va(x), Vo e M,
is an intuitionistic fuzzy G-module on M/N.
Proof. For x + N,y + N € M/N,g € G and scalar a,b € K, we have

pay{alz+N)+bly+N)} = pay{(az+by)+ N}
palax + by)
> pa(z) A pay)
> uAN(:HN) Apay(y+ N).
Similarly, va,{a(x + N) +b(y + N)} <wvap(x+ N)Vwva,(y+ N) and
paylg@+N)| = pay(gz+N)
= palge)

pa(z)
= pay(@+N).

Similarly, va, [g(z + N)] < vay(z+ N).
Thus Ay is an intuitionistic fuzzy G-module on M/N. O
811
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Proposition 3.7 ([18]). Let M be a G-module and let A be an intuitionistic fuzzy
set on M, then A is an intuitionistic fuzzy G-module on M if and only if either
Cla,p)(A) = T or Cap)(A), for all o, € [0,1] such that « + 3 < 1, is a G-
submodule of M, where Cq py(A) ={x € M : pa(x) > a and va(x) < B}.

Theorem 3.8 ([20]). Consider a mazimal chain of submodules of G-module M
Moy C My C My C ........ cCM,=M,

where C denotes proper inclusion. Then there exists an intuitionistic fuzzy G-module
A of M given by

Qg Zfl' S MO ﬂo ZfZE S MO
a1 Zfl‘ € Ml\MO ﬂl Zf{E S Ml\MO
MA(.T) = q Q2 Zf.’I,‘ € MQ\M]_ ;I/A(ZL') = 52 Zf$ S MQ\Ml
Qp fo € Mn\Mn—l ﬂn Zfl' S Mn\Mn—la
where og > a1 > g > ... >a, and Bop < B < By <. < Bn ; @y, B; €[0,1] such

that a; + 6; <1,¥i=0,1,2,...,n.
Remark 3.9 ([20]). The converse of the above theorem is also true i.e., any intu-

itionistic fuzzy G-module A of a G-module M can be expressed in the above form.

Definition 3.10 ([20]). If A = (ua,va) and B = (up,vp) be intuitionistic fuzzy
G-module of G-module M and M* respectively. A function f: M — M* is said to
be a function from A to B if upof = ps and vpof = v4. Further, if f is a G-module

/
M M*

OJ'A’VA) (PBvVB)

IxI

FIGURE 5. Figure-5

homomorphism or G-epimorphism or G-isomorphism, from M to M*, then f is said
to be intuitionistic fuzzy G-module homomorphism or G-epimorphism
or G-isomorphism from A to B.

Suppose M and M* be G-modules and let M be M*-injective. Then for every
monomorphism ¢ : N* — M and injection k : N* — M?*, there exists homomor-
phism ¢ : M* — M such that ¥ok = ¢ , where N* is a G-submodule of G-module
M*. In other words the map ¢ extends to v, i.e., P|n+ = .

If A= (up,va) and B = (up,vp) be intuitionistic fuzzy G-modules of M and
M* respectively and (up|,.,VB|y.) be the intuitionistic fuzzy G-module of N*.
Then A is said to be B-injective if the following diagram is commutative. That is,
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N* 5 M+

B ¢
(g, »VE).) (povs) v

Ix| M
(Hasva)

FIGURE 6. Figure-6

UB|y. = ppok and vp| . = vpok ; up = praoy and v = V409 ;
BB|y. = paop and vp| . =va0p .
Thus, we notice that
ps(k(m)) = (upok)(m) = pp| . (M) = (paop)(m)
. = pa(p(m)) = pa((Yok)(m)) = pa((k(m)))
vp(k(m)) = (vpok)(m) = vp| . (m) = (vaop)(m)
=va(p)(m)) = va((Yok)(m)) = va((k(m))).

If m € N*, then k(m) = m. Thus ug(m) = pa(yp(m)) and vg(m) = va(yp(m)).
If m € M*\ N*, then

pp(k(m)) =0 < pa(yp(m))
and

vp(k(m)) =1 2 va((k(m))).

Hence Vi € Hom(M*, M) and m € M*,
ps(m) < pa(¥(m)) and vp(m) 2 va(y(m)).

Now, we are ready to define the injectivity of intuitionistic fuzzy G-module.

Definition 3.11. Let M and M* be G-modules. Let A = (4, v4) be any intuition-
istic fuzzy G-module on M and B = (up,vp) be any intuitionistic fuzzy G-module
on M*. Then A is B-injective if

(i) M is M*- injective and

(ii) pp(m) < pa((m)) and vp(m) > va(yp(m)), V v € Hom(M*, M) and
m € M*.

Example 3.12. Let G = {1,—-1,4,—i}, M = C and M* = Q(i). Then M and
M* are G-modules over (). Define intuitionistic fuzzy sets A and B of M and M*
respectively as follows:

1, ifz=0 0, ifz=0
palz+iy) =41/2, fzeQl)—0, valr+iy)=<1/4, ifzeQ@:)—0
1/4, ifzeC—Q») 1/2, ifz e C—Q(»).
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@ (A te=0 0 fo a0
BV =15, ste#07 "B T 14, it 0.

Then, by Theorem 3.6, A and B are intuitionistic fuzzy G-modules on M and M*
respectively. Let X be any G-submodule of M*. Then either X =0 or X = M*.
Let ¢ : X — M be any homomorphism.

Case (i): If X =0, then ¢ = 0. Thus ¢ = 0: M* — M extends ¢.

Case (ii): If X = M™*, then ¢ = ¢ extends .
Thus M is M*-injective. Also it follows from the definition of A and B that
pp(m) < pa(p(m)) and vg(m) > va(yp(m)) YVop € Hom(M*, M) and m € M*.
So A is B-injective.

Proposition 3.13. Let M and M* be G-modules such that M is finite dimensional
and M is M*-injective. Let {1, B2, ....,0n} be a basis for M. If A = (ua,va)
and B = (up,vB) are intuitionistic fuzzy G-module of M and M* respectively such
that pp(m) < min{pa(B;) : j = 1,2,3,...,n} and vg(m) > max{va(Bj) : j =
1,2,3,....,n} for all m € M* respectively. Then A is B-injective.

Proof. Let A be an intuitionistic fuzzy of G-module M. Let z,y € M and a,b € K,
then

(3.13.1) palax +by) > pa(x) Apa(y) and va(ax + by) <wva(z)Vva(y).

As M is M*-injective G-module and let v € Hom(M*, M) be any G-homomorphism.
For any m € M*,¢)(m) € M. Thus ¢»(m) = o181 + @22+ .... + ap By, where a; € K
and 8; € M. So, from our assumption and (3.13.1), we have

pa((m)) = paloafr + oo+ .coo. + an ) > min{ua(B;) : j =1,2,..n} > pp(m)
and

va(p(m)) = valai1 b1+ aofa + ... +anfn) < max{va(f;) 1 j=1,2,..n} <vg(m).
Hence pa(¢(m)) > pp(m) and va((m)) < vg(m), V v € Hom(M*,M) and
m € M*. Therefore A is B-injective. g

Example 3.14. Let G = {1, -1}, M = Q(2'/2,2'/?) and M* = Q(i). Then M and
M* are G-modules over ). Since G-module M* and M are finite dimensional over
Q and the sets {a; = 1,0 = 22 a3 = 21/3 oy = 25/6 a5 = 22/3 a5 = 27/6} and
{1,i} are basis of M and M* respectively. Thus, as in Case (ii) of Example 2.5, we
have M is M™ - injective.

Now we define intuitionistic fuzzy sets A on M* and B on M by

1/8, ifx=y=0,Vz,yeqQ
pale+iy) =19, itz £0,y=0
1/10, ify#0

1/10, ifx=y=0,Vz,y € Q
valx+1iy) =<1/9, ifz#0,y=0

1/8, ify#0.
814
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L,

1/2,
1/3,
pp(cion + ciog, ..., +egag) = ¢ 1/4,
1/5,
1/6,
1/7,

and

0,

1/7,
1/6,
vp(ciar + crao, ..., +ceo) = < 1/5,
1/4,
1/3,
1/2,

Then A and B are intuitionistic fuzzy G-modules on M* and M respectively.
Also from the definition of A and B, we have
pa(m) <min{pa(a;) :j=1,2,...,n} and vg(m) > mazx{va(e;) : j =1,2,...,n}

VYm € M* and so,

pp(m) < pa(p(m)) and vg(m) > va(p(m)) ¥ o € Hom(M*, M) and m € M*.

Hence A is B-injective.

Proposition 3.15. Let M and M* be G-modules and A, B be intuitionistic fuzzy G-
module on M and M* respectively such that A is B-injective. If N* is a G-submodule
of M* and C is an intuitionistic fuzzy G-module on N*, then A is C-injective if

C C Bly-.

Proof. Since M is M*-injective and N* is a G-submodule of M™*, by Proposition
2.11, M is N*-injective. Let v € Hom(N*, M).
exist an extension homomorphism ¢ : M* — M. Thus ¢ = @|y~.

B-injective, we have V n € N*,

B.15.1)  pp(n) < palp(n)) = pa(d(n)) and vp(n) > pa(p(n)) = va(b(n)).

Since C C B|n~,

ifcl#O,c%c?,: ...... 06:0
if62#0763764: ...... CGZO

if e3 #0,c4,c5,c6 =0
ifC47éO,C5,C(;=O

ifc5 %0706:0

ifCﬁ?éO

ifCi = 0V2
ifCl#O,Cg,Qg: ...... 6620
if62#0,63,04: ...... 66:()

if c3 #£0,¢4,¢5,c6 =0
if ¢4 #0,¢5,¢c6 =0
ifes 20,¢6 =0

if cg # 0.

(3.15.2) pe(n) < pp(n) and ve(n) = va(¥(n)),Vn € N™.

So, from (3.15.1) and (3.15.2), we have,

pe(n) < pa((n)) and ve(n) > va((n)) Vo € Hom(N*, M) and n € N*.

Hence A is C-injective.

Proposition 3.16. Let M and M* be G-modules and let A and B be intuitionistic

fuzzy G-modules on M and M* respectively such that A is B-injective.
every r € [0, 1], the intuitionistic fuzzy set B, = (up,,vp,) where

815
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up,(m) =pp(m)Ar and vg.(m)=vg(m)Vv (1 —r),Vme M*;
s an intuitionistic fuzzy G-module on M* and A is B,.-injective.

Proof. 1t follows from Proposition 3.4 and Theorem 3.15 [Here N* = M* and B, C
B. O

Proposition 3.17. Let A and B be intuitionistic fuzzy G-modules on the G-modules
M and M* respectively such that A is B-injective. For any G-submodule N* of M*,
define the intuitionistic fuzzy set By~ on M*/N* by
UBy. (M + N*) = pug(m) and vg,.(m+ N*) =vg(m), Vm e M*.

Then By~ is an intuitionistic fuzzy G-module on M*/N* and A is By~ -injective.
Proof. 1t follows from Proposition 3.6 that By« is an intuitionistic fuzzy G-module
on M*/N*. Since N*is a G-submodule of M*, from Proposition 2.13, M is M*/N*-
injective. Let ¢ € Hom(M*/N*,M). Since M is M*-injective, there exist an
extension § € Hom(M™*, M). Since A is B-injective and 8 € Hom(M™*, M), we have

(3.17.1) pp(m) < pa(0(m)) and vg(m) > va(6(m)),¥Ym € M*.
For any m € M*,m+ N* € M*/N*, we have
pa(@(m+N*)) = pa

VAN
=
S

Similarly,
va(B(m + N*))

\
N
N

VANVAN

Thus,

(3.17.2) wa(@(m~+ N*)) > pa(8(m)) and va(6(m + N*)) < va(0(m)).
Also,

B(m)

1.4(0(m)) By (3.17.1)]

pa(6(m+ N*))[By (3.17.2)]

pa(p(m + N*)), Y € Hom(M* /N*, M)

. (m+ N7)

Il
=

IA A IA

and

|
N

VB (M + N¥) B(m)

va(0(m))[Byl]

va(0(m+ N*))[By (3.17.2)]

valp(m —é—l]gf*)),Vgo € Hom(M*/N*, M).

AVARAVARLYS
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So, ¥ ¢ € Hom(M*/N*, M),
1By (M + N7) < pa(p(m+ N¥)) and vp. (m+ N*) = va(e(m + N¥)).
Hence A is By~ — injective. O

Definition 3.18. Let M be a G-module and let A be an intuitionistic fuzzy G-
module on M. Then A is quasi-injective if

(i) M is quasi-injective and

(ii) pa(m) < pa((m)) and va(m) > va(yp(m)),Viyp € Hom(M, M) and m € M.

Example 3.19. Every constant intuitionistic fuzzy set defined on a quasi-injective
G-module M is always quasi-injective module i.e., if M is a quasi-injective G-module.
Then an intuitionistic fuzzy set A = (ua,v4) on M defined by

pa(x) =r and va(x) = s,V © € M, where r, s € [0,1] such that r + s < 1,
is quasi-injective.

Example 3.20. We have, the G-module M as defined in Example 2.13 is quasi-
injective. On this M, If we define an intuitionistic fuzzy set A = (pua,va) by

(2) 1, ifz=0 (2) 0, ifx=0
) = s VAT ) = .
pa r, ifx#0. 4 s, ifx#0

Vo € M, where r, s € [0,1] such that r + s < 1, is quasi-injective.

4. PROPERTIES OF INTUITIONISTIC FUZZY G-MODULE INJECTIVITY

Proposition 4.1 ([20]). Let M be a G-module and let M = &7, M; , where M;' s
are G-submodules of M. If A;'s (1 <4 < n) are intuitionistic fuzzy G- modules on
M;'s, then an intuitionistic fuzzy set A of M defined by

pa(m) = AM{pa,(m;) i =1,2,...... ,n} and va(m) = V{va,(m;) 1 i =1,2,.....,n},
where m =Y m; € M, is an intuitionistic fuzzy G-module on M.

Definition 4.2 ([20]). An intuitionistic fuzzy G-module A on M = @I | M;, in
Proposition 4.1 with p4(0) = pa,(0) and v4(0) = v4,(0), V 4, is called the direct
sum of A; and it is written as A = ®7_; A;.

Theorem 4.3. Let M be a G-module such that M = &7 M, , where M; s are
G-submodules of M. Let B;'s be intuitionistic fuzzy G-modules on M; and let B =
@ 1 B;. Let A be any intuitionistic fuzzy G-modules on M. Then A is B-injective
if and only if A is B;-injective for all i (1 <1i <mn).

Proof. (=): Assume that A is B-injective. Then

(i) M is M = @}, M;-injective and

(i) up(m) < pa((m)) and vp(m) > va(¥(m)), Vo € Hom(M, M) and m € M.
To prove that A is B;-injective for all i(1 < i < n), i.e., to prove that

(a) M is M;-injective and

(b) 1, (i) < pa((my)) and vs,(mi) > va(B(my), ¥ ¢ € Hom(M;, M) ¥
m; € M;.

Proof of (a): Since M; is a G-submodule of M, from Proposition 2.11, it follows
that M is M;-injective.
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Proof of (b): Let ¢ € Hom(M;, M) and let m; € M;. Then

Thus
pup(mi) = pp(04+0+ oi+m;+0+ ... +0)
= up, (0)Apup,(0) A ...... Apg,(mi) A ... A g, (0)
= pp,(mi)[. ps,(0) > pup, (m;), Vi
and

vp(m;) = vp(0+0+.... +m; +0+ ... +0)
= vp,(0) Vg, (0)V.... Vg, (m;) V... Vg, (0)
= g, (m)[ vp,(0) < vp,(mi),Vi].

Since M is M-injective, 3 an extension ¢ : M — M of . So, for each m; € M;,

pB;(mi) = pp(m;) < pale(mi)) < pa(b(m;))

and
vp,(m;) = vp(m;) > va(p(m;)) > va(y(m;))[by (ii)].

Hence pp, (mi) < pa(yp(mi)) and vp,(mi) 2 va((mi)) Vv ¢ € Hom(M;, M).
Therefore, A is B;-injective for all i(1 < i < n).

(«<): Assume that A is Bj-injective for all i(1 < ¢ < n). To prove that A is
B-injective, i.e., to prove

(¢) M is M-injective and

(d) pp(m) < pa(p(m)) and vg(m) > va(yp(m)) ¥V ¢ € Hom (M, M) and m € M.

Proof of (¢): Let N be a be a G-submodule of M and ¢ : N - M = @I, M; be
a homomorphism. Then we have three cases:

(i) N is a G-submodule of M; for some 1.

(ii) N = M, , for some i.

(iii) N = @®!_, M; , where ¢t < n.

Case (i): Suppose N is a G-submodule of M;, for some 7. Since M is M;-injective,
3 an extension ¢ : M; — M of ¢. Then n: M — M defined n(m) = (m;), where
m =y " ,m; € M is a homomorphism and 7|y, = ¢. Then n|y = |nv = ¢. Thus
n extends .

Case (ii): Suppose N = M;, for some i. The function 7 obtained as in Case (i)
with ¥ = ¢ is an extension of ¢.

Case (iii): Suppose N = @&!_; M, , where t < n. Then the mapping n: M — M
defined by n(m) = ¢(>_t_ym;), where m = > " ;m; € M is a homomorphism and
n extends .

So, in all the cases, n: M — M extends ¢. Hence M is M-injective.

Proof of (d): Let ¢ € Hom (M, M) and m € M. Then m = Y % ;m; , where
m; € M;, for each 7. Now,

pp(m) = pp(3iymi) = AMup,(mi) i =1,2,...,n} < pp,(m;)

and
818
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vg(m)=ve(> "~ ,m;) =V{ve,(m;) :i=1,2,....,n} > vpg,(m;), for all 7.

Thus

(.

3.1) up(m) < up,(m;) and vg(m) > vp,(m;), for all 4.

Since A is B;- injective, for every i, we have

(43.2)  pp,(mi) < pp(¥i(m;)) and vp,(mi) > vp(1hi(m;)), where ¢; = ¥[n,.
Thus
(4.3.3) wp, (mi) < pup(¥(m;)) and vp,(m;) > vp((m;)), for all 4.

From (4.3.1) and (4.3.3), we have

pp(m) < pp,(m;) < pp(im;)) and pp(m) > ve,(m;) > ve((m;)). for all i.

So
pp(m) < AMpa(p(my)):i=1,2,..,n}
< pap(my) +p(ma) + ...... + ¢ (my,))[Since A is an IFGM]
< pa((my +mg + ....... +my))
< pa(y(m)), since m = Z?:lml
Similarly,
vg(m) > V{va((m;)):i=1,2,...,n}
> va((my)+P(ma) +...... + ¢(my,))[Since A is an IFGM]
> va((myg +mo+ ... +my))
> va(yp(m)), since m = Z?:lmi.

Hence pup(m) < pa(yp(m)) and vg(m) > va(p(m)), for all v € Hom(M, M).
Therefore A is B-injective. g

Theorem 4.4. Let M, and My be two G-submodules of a G-module M such that

M

= My & Ms. If M is a quasi-injective, then M; is Mj-injective for i,j € {1,2}.

Further if B; s are intuitionistic fuzzy G-modules on M;(i =1,2) such that

B

= By @ By and if B is quasi-injective, then B; is Bj-injective for i,j € {1,2}.

Proof. Assume that M = M; & Ms is quasi-injective. Then by Proposition 2.11,

M

is Mj-injective for j = {1,2}. Also it follows from Proposition 2.9 that M; is

Mj-injective for ¢,j € 1,2. This proves the first part of the theorem.

Now assume that B is quasi-injective. Then

(i) M is M-injective and

(i) up(m) < pp((m)) and vp(m) > ve(Y(m)), V¢ € Hom(M, M) andm € M.
First to prove B; is Bs-injective, i.e., to prove

(a) My is Ms-injective and

(b) pp,(ms) < pp,(ms) and vp,(ms) > vp,(m2) V ¥ € Hom(Ms, M;) and

mo € M.

Proof of (a): From (i), M is M-injective. Then it follows from the first part of

the theorem that M; is Ma-injective.
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Proof of (b): Let ¢ € Hom (Ms, M;). Consider the inclusion homomorphism
@ : M, — My @®M, = M. Then ¢ = o) : My — My & My = M is a
homomorphism. Since M is M- injective, 3 an extension cp/ =potp: M - M of
¢, Thus
(4.4.1) ¢, =
Since ¢ € Hom(M, M), from (ii),
(4.4.2) pp(m) < pp(e (m)) and vg(m) > vg(p (m)), for all m € M.

Since M = My @& My, if mo € My, then mo =0+ mg € My ® My = M.
From (4.4.2), we get

’

(4.4.3) p(ma) < (e (ms)) and v (ma) > (' (ma).
Also,

pi(m2) = pp(0+msa) = pup, (0) A pp,(m2) = g, (Mms)

and
vp(mz2) = vp(0 +ma) =vp, (0) V vp,(m2) = vp, (m2).
Then,
(4.4.4) up(ma) = up,(ms) and vg(mse) = vp,(ma).
From (4.4.1), ¢'(ma) = ¢'(ma) = @(1h(m2)) = ¢(my). Thus,
pp(e (m2)) = pp(¥(ms)) = pp(b(ma) +0)
= up,(Y(m2)) A g, (0)
= up, (¥Y(m2))
ve(¢ (m2)) = vp((ms)) =vp(¥(ms) +0)
= vp, (Y(m2)) Vvp,(0)
= vp, (¥(m2))
So,
(4.4.5) 1a (e (m2)) = ip, (¥(ms)) and va(p (m2)) = va, (1(ms)).

From (4.4.3),(4.4.4)and (4.4.5), we get

1B, (m2) < pp, (YP(m2)) and vp,(ma) > vp, (¥(me)) V ¢ € Hom (Mz, M;) and
me € Mo.

Hence B; is Bs-injective.

Similarly, we can show that By is Bj-injective.

Now to prove Bj is Bi-injective.

From (4.4.1), M is M-injective. Then, from the first part of this theorem, we
get M is Mi-injective. Now, let ¢» € Hom (My, M;) and let ¢ : My — M be the
inclusion homomorphism. Then ¢ o1 : M7 — M is a homomorphism. Since M is
M -injective, 3 an extension gp// : M — M of pot). Thus 4,0” |ar, = pot. Since cp// €
Hom (M, M), from (ii), we get
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1" "

np(m) < ps(@” () and vp(m) = va(e” (m)), ¥ m € M.
That is,

(4.4.6) pp(mi) < uB(cpN(ml)) and vg(mi) > vp(e (m1)), for all m; € M.

If my € M;, then we have

pp(mi1) = pp(mi +0) = pp, (m1) A pp,(0) = pp, (M)

and

vp(mi) = vp(mi +0) = v, (m1) V vp,(0) = vp, (m1).
That is,
(4.4.7) up(my) = pp, (m1) and vp(my) = vp, (Mm1).

Also, w//(ffgl) = (po)(m1) = p(p(m)) = ¢(m1) € My. So
up(e (m1)) = pp(¥(m1)) = pp((mi) +0)
| = 13, (Y(ma)) A g, (0) = i, (¥ (ma))

va(e' (m1)) = ve(¥(m1)) = vp(y(m1) +0)
. = vp, (Y(m1)) Ve, (0) = vp, ((m1)).
at is,

" 1"

(4.4.8) ps(e (m1)) = pp, (P(m1)) and ve(e (m1)) = ve, (Y(m1)).

From (4.4.6),(4.4.7) and (4.4.8), we get
pp(my) < pp,(¥Y(mq)) and vg(my) > vp, (¥(my)) ¥V ¢ € Hom (M, M;) and my €
M;.
Hence B; is Bi-injective.
Similarly, we can show that By is Bs-injective. This completes the proof. O

Corollary 4.5. Let M = &7 M; be a G-module, where M; s are G-submodules of
M. If M is quasi-injective, then M, is M;-injective for i,j € {1,2,.....,n}. Also if
B; s are intuitionistic fuzzy G-modules on M; 's such that B = » 1B and if B is
quasi-injective, then B; is Bj-injective for every i and j.

5. CONCLUSIONS

In this paper, we have introduced the notion of injectivity and quasi injectivity
of an intuitionistic fuzzy G-modules and have constructed some structure revealing
examples. We have also analyzed the relative injectivity (quasi-injectivity) of an
intuitionistic fuzzy G-module with regards to another intuitionistic fuzzy G-module.

Acknowledgements. Authors are very thankful to the university grant com-
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