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1. INTRODUCTION

A system of the form (¢;o0;\) where ¢ is a set of functions closed under the
composition ‘o’of function (hence (¢;0) is a function semigroup) and \ is the set
theoretic subtraction is called a subtraction algebra in the sence of [1]. Scheine [9]
showed that every subtraction semigroup is isomorphic to a difference semigroup
of invertible functions. Zelinka[ll] studied a special type of subtraction algebra
called atomic subtraction algebra. The study of ideals in subtraction algebra was
initiated by Jun et al.[1], who also established some basic properties. Dheena et
al.[2, 3] discussed and derived some properties of near-subtraction semigroups, a
generalization of subtraction semigroup. The concept of fuzzy set was first initiated
by Zadeh[10]. Narayanan et al.[7] defined the concept of generalized fuzzy ideals of
near-rings. Mahalakshmi et al.[5] studied the notion of bi-ideals of near-subtraction
semigroups. Manikandan[6] studied fuzzy fuzzy bi-ideals of near-ring and established
some of their properties.

In this paper we introduce the notion of fuzzy bi-ideals of near-subtraction semi-
groups and prove some characterizations with examples.



V. Chinnadurai et al. /Ann. Fuzzy Math. Inform. 12 (2016), No. 6, 781-790

2. PRELIMINARIES

In this section, we reproduce some basic definitions which are essential for the
development of the paper.

Definition 2.1 ([4]). A nonempty set X together with a binary operation “—” is

said to be a subtraction algebra if it satisfies the following conditions:
(i) z—(z—y)=y—(y—2),
(i) (z—y)—2z=(x—2)—y forevery z,y,z € X.
The last identity permits us to omit parenthesis in expressions of the form (z—y)—z.

Definition 2.2 ([2]). A non-empty set X together with the binary operations “—"
and “-” is said to be a right near-subtraction semigroup if it satisfies the following;:
(i) (X, —) is a subtraction algebra,
(i) (X,-) is a semigroup,
(ii) (x —y)z = zz —yz for all z,y,z € X.

It is clear that Oz = 0, for all z € X. Similarly we can define a left near-
subtraction semigroup. Here after a near-subtraction semigroup means only a right
near-subtraction semigroup, unless mentioned otherwise.

Definition 2.3 ([2]). A near-subtraction semigroup X is said to be zero-symmetric
if z0 = 0 for every z € X.

Definition 2.4 ([2]). A non-empty subset S of a subtraction algebra X is said to
be a subalgebra of X, if xt —y € S, for all z,y € S.

Definition 2.5 ([2]). A non-empty subset S of a near-subtraction semigroup X is
said to be a near-subtraction subsemigroup of X, if x —y,zy € S, for all z,y € S.

Definition 2.6 ([2]). Let (X, —,-) be a near-subtraction semigroup. A non-empty
subset I of X is called:

(I1) a left ideal if I is a subalgebra of (X, —) and i —x(y—i) € I for all x,y € X
and i € I.

(I2) a right ideal if I is a subalgebra of (X, —) and IX C I.

(I3) an ideal if I is both a left and right ideal.

Definition 2.7 ([5]). Let A and B be two subsets of X. Then the product and
product defined by AB = {abla € A and b € B} and Ax B = {ab—a(a’ —b)|a,da’ €
A and b € B}.

Definition 2.8 ([5]). An subalgebra B of X is said to be bi-ideal if BXBNBXxB C
B.

Definition 2.9 ([8]). A fuzzy subset y is called a fuzzy ideal of X if it satisfies the
following conditions:
(i) p(x —y) = min{pu(z), u(y)},
(i) (i — (y — ) > (i),
(iil) p(zy) > p(z), for all z,y,i € X.
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3. Fuzzy BI-IDEALS OF NEAR-SUBTRACTION SEMIGROUP

In this section, we introduc the new concept of fuzzy bi-ideals of near-subtraction
semigroup. Throughout this paper, f; is the characteristic function of the subset I of
X and the characteristic function of X is denoted by X, that means, X : X — [0, 1]
mapping every element of X to 1.

Definition 3.1. Let u and A be any two fuzzy subsets of X. Then uNA, pUA\, pu—
A, pA and p* A are fuzzy subsets of X defined by:

(O A)(x) =
(U A)(x) =

min{p(x), A(z)}.

max{pu(z), A(z)}.

sup min{u(y), AM(2)} if x can be expressed as x =y — z
{ 8—9_2 otherwise.

sup min{u(y), A(z)} if z can be expressed as = yz

{0 otherwise.

sup  min{u(a), A(c)} if z can be expressed as
(x A) () = { e=aemalb=c) x=ac—a(b—c)
0 otherwise.

Definition 3.2. A fuzzy subset p of X is said to be a fuzzy subalgebra of X, if
z, y € X implies p(z —y) > min{u(z), u(y)}-

Definition 3.3. A fuzzy subalgebra p of X is called a fuzzy bi-ideal of X, if (uXu)N
(X xp) € p.

Example 3.4. Let X = {0,a,b,c} in which “—" and “.” are defined by:
—|0la|b]|c Olal|b]|ec
0j0[0|0]|O 0/0|0]|0]O
alal|0|la|a ala|lalala
blb|bl0O]Db b|0|0O[O0|b
clclc|lcl|O c|0]0]0]|c

Then (X, —,-) is a near-subtraction semigroup. Let p: X — [0, 1] be a fuzzy subset

of X defined as u(0) = 0.9, u(a) = 0.7, u(b) = 0.6 and u(c) = 0.4. Then p is a fuzzy
bi-ideal of X.

Lemma 3.5. Let u be a fuzzy subset of X. If u is a fuzzy left ideal of X then u is
a fuzzy bi-ideal of X .
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Proof. Let 2’ € X be such that 2’ = abc = xz — z(y — z), where a,b,c,z,y and z
are in X. Then

(XN (pX * p)) (2"
= min{(uXp) (@), (X * p)(2')}
=min{ sup min{u(a),X(b),pu(c)},  sup  min{(uX)(z), u(2)}}

z'=abc ' =vz—x(y—=2)
— min {sup min{p(a), u(c)}, sup min{ (1X)(2), u(2)}}
[since uX C X and p is a fuzzy left ideal, then
plrz —a(y — 2)) = p(2) ]

< min {X(a), X(¢), X(x), u(zz — z(y — 2))}

=min{l, 1,1, u(zz — 2(y — 2))} = p(rz — 2(y — 2)) = p(z’).
If 2’ is not expressible as ¢’ = abc = zz—x(y—=z) then (pXpuNpXx*p)(z') =0 < ().
Thus puXp N puX * pu C p. Hence p is a fuzzy bi-ideal of X. O

Lemma 3.6. Let u be a fuzzy subset of X. If u is a fuzzy right ideal of X then p
is a fuzzy bi-ideal of X .
Proof. Let &’ € X be such that 2’ = ab = zz — z(y — 2),a = ajaz, where
a,ay,az,b,x,y and z are in X. Consider,
(XN (X x p))(z")

— min{ (uXp2) (&), (12X % ()}

= min{ sup. min{(uX)(a), u(b)}, (WX * p)(zz — 2(y — 2)}

z’'=a

= min{ sup. min{ sup min{su(a1),X(az)}, p(b)}, (WX * p)(zz — x(y — 2)}

z’'=a a=ajasz

= min{ sup. min{ sup {u(a1)}, u(b)}, (uX*p)(zz — 2(y — 2)}

r’'=a a=ajasz
= min{p(ar), u(b), (WX * p)(zz — z(y — 2)},
[since p is a fuzzy right ideal, we have
p(ab) = plarazb) = p(ai(azb)) > p(a1).]

< min {pu(ab), 1,1} = (ab) = ().
If 2’ is not expressible as ¢’ = ab = xz—x(y—z) then (uXpNpXx*p)(a') =0 < p(z’).
Thus uXpu N puX * 4 C p. Hence p is a fuzzy bi-ideal of X. g
Theorem 3.7. Let p be a fuzzy subset of X. If u is a fuzzy ideal of X then u is a
fuzzy bi-ideal of X.
Proof. Straightforward from Lemma 3.5 and Lemma 3.6. g
Remark 3.8. The converse of the Theorem 3.7 is not true in general which is
demonstrated by the following Example.

Example 3.9. Let X = {0, a,b, c} in which “—” and “-” are defined as in Example
3.4. Let p: X — [0,1] be a fuzzy subset of X defined by p(0) = 0.9, u(a) = 0.6 =
p(c) and p(b) = 0.3. Then p is a fuzzy bi-ideal of X but u is not a fuzzy ideal of X,
since p(be — b(0 — ¢)) = p(b) = 0.3 # 0.6 = u(c)}.
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Theorem 3.10. Let pu be a fuzzy subset of X. Then p is a fuzzy bi-ideal of X if
and only if the level subset p; is a bi-ideal of X, for all t € [0,1].

Proof. Assume that p is a fuzzy bi-ideal of X. Let ¢t € [0,1]. Let z,y € ps. Then
w(x) >t and p(y) > t. Since p is a fuzzy bi-ideal of X, we have

p(z —y) = min{p(z), p(y)} = t.

It follows that x —y € p;. Let 2’ € X and o’ € pp Xy N e X * py. If there exist
ay,b,x1,z € py and ag, a,x, s,y € X such that

' =ab=1xz—2(y — 2),a = a1ag and x = xqx2.
Then p(ar) > t, u(d) > t,u(z) >t and p(x1) > t. Thus
(") > (pXp 0 pXox p)(z')
= min{ (uXp) (@), (nX * p) (')}
= min{ sup min{(uX) (@), w0}, swp  min{ (uX) (@), ()}

z'=a r'=zz—x(y—=z)

= min{ sup min{ sup min{u(a;),X(az2)}, u(b)},

z’'=ab a=aiaz

sup  min{ sup min{u(z), X(z2)}, p(2)}}

o' =zz—z(y—=z) T=x1T2
= min{p(ar), p(b), p(z1), p(z)} = t.
This implies that p(z’) > t. So o’ € py, that is, X N e X * gy C pg. Hence py is
a bi-ideal of X.

Conversely, assume that y; is a bi-ideal of X for ¢ € [0,1]. Let 2’ € X. Suppose
that (uXp N pX * p)(x’) > p(z"). Choose 0 < ¢t < 1 such that

(X p N pX* p) (') >t > p(a).
This implies that (uXp)(z') >t and (uX * p)(2’) > t. Then
(1Xp)(z') = sup min{ sup min{p(ar), X(az)}, u(b)}

— min{p(ar), u(b)} > ¢
and
WXx)@)=  sup min{(uX) (@), u(2)}

v'=zz—z(y—=2)

— s min{ sup min{pu(e1), X(@2)}, u()}

v'=zz—z(y—=2) T=x1T2
= wminp(e1), p(2)} > .

Thus aq,b,z1,2z € pus. Since p; is a bi-ideal of X, we have
' = arasb € p Xy and o' = 21292 — T2 (y — 2) € e X * pus.

So ' € uXpy N X * pg, implying, =’ € g, since py is a bi-ideal of X. Hence

pu(x’) > ¢ which is a contradiction. Therefore pXp N puX * p C 1 and hence p is a

fuzzy bi-ideal of X. O
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Lemma 3.11. Let A and B be two nonempty subsets of X. Then the following are
true:

(1) fanfB = fanB-

(2) faU fB = faus-

(3) fafB = faB.
(4) fa* fB = fasB-

Proof. Straightforward. O

Lemma 3.12. A nonempty subset B of X is a bi-ideal of X if and only if fg is a
fuzzy bi-ideal of X.

Proof. Assume that B is a bi-ideal of X. Let fp be a fuzzy subset of X defined by
1 ifzeB
fB(z) = {

0 otherwise.

Let z,y € X. Suppose that fg(z —y) < min{fp(z), fe(y)}. Then

fe(e —y) = 0 and min{fp(z), fp(y)} = 1.

This point out that z,y € B and = —y ¢ B, which is a contradiction to our
conjecture. Thus, fp is a fuzzy subalgebra of X. For some x € X, take fp(z) <
min{(fpXf5)(z), (feX * f5)(x)}. Then

fB(z) =0 and min{(fpX[p)(2), (f5X* fp)(z)} =1,

that is,

(fBXfB)(.’E) =1 and (fBX*fB)(.’IJ) =1.
This means that fgxp(z) =1 and fpx«p(z) = 1. Thus by Lemma 3.11,

(fexB N [Bx+B)(2) = fBXBABXAB(T) = 1.

So x € BXB N BX x B. This implies that x € B, which is a contradiction. Hence,

fe(z) > min{(fpXfp)(), (feX* fp)(z)}.

Therefore, fp is a fuzzy bi-ideal of X.

Conversely, assume that fp is a fuzzy bi-ideal of X. Let ' € BXB N BX % B.
Then 2’ € BXB and 2/ € BX x B. Let a1,b,z,z1 € B and as,z,y,x2,2 € X be
such that 2’ = a1a2b = xz — z(y — 2),x = x122. Now,

fe(@') > (feXfp N fX* fp)(z)
= min{(fpX[p)(2), (fpX* fp)(z")}
= min{ supbmin{(fBX)(a), fe(b)}, sup min{(fpX)(x), f(2)}}

z'=a o'=zz—x(y—=z)

= min{j‘ilib min{ailpa min{fg(a1), X(a2)}, f5(b)},
sup  min{ sup min{fp(z1), X(z2)}, fB(2)}}

o' =rz—x(y—=z) T=T1T2

=min{fg(a1), fB(b), fB(®1), fB(2)} = 1.
786



V. Chinnadurai et al. /Ann. Fuzzy Math. Inform. 12 (2016), No. 6, 781-790

This implies that fg(z') = 1. Thus 2’ € B, that is, BXBNBX «B C B. So Bis a
bi-ideal of X. O

Theorem 3.13. Let u be a fuzzy subalgebra of X. If uXu C p then p is a fuzzy
bi-ideal of X.

Proof. Assume that p is a fuzzy subalgebra of X and uXpu C p. Let € X. Then

(pXp O pX o ) (2) = min{ (pXp) (@), (pX* p)(x)} < (pXp)(z) < p@).
Thus uXpu N puX *pu C pand p is a fuzzy bi-ideal of X. O

Theorem 3.14. If X is a zero-symmetric near-subtraction semigroup and i be a
fuzzy bi-ideal of X then pXu C u.

Proof. Let p be a fuzzy bi-ideal of X. Then uXpuNpuXxpu C p. Clearly p(0) > p(x).
Thus (#X)(0) > (uX)(x) for all z € X. Since X is a zero-symmetric near-subtraction
semigroup, puXp C puX * p. So pXp N pX * pu = pXp C p, which is the required
result. O

Theorem 3.15. Let X be a zero-symmetric near-subtraction semigroup and p be a
fuzzy subalgebra of X. Then the following conditions are equivalent:

(1) p is a fuzzy bi-ideal of X.

(2) pXp C p.

Proof. The proof is straightward from Theorem 3.13 and Theorem 3.14. O

Theorem 3.16. Let i be a fuzzy bi-ideal of a zero-symmetric near-subtraction semi-
group X. Then p(ryz) > min{pu(x), u(z)}.

Proof. Assume that p is a fuzzy bi-ideal of zero-symmetric near-subtraction semi-
group X. By Theorem 3.13, uXpu C u. Let x,y,2z € X. Then

w(xyz) = (pXp)(zyz)
— sup min{(uX)(a), u(b)}

zryz=ab

min{ (1uX)(zy), 1(2)}
min{pu(z), X(y), u(2)}
min{p(z), 1, u(2)}
= min{u(z), u(2)}
Thus p(xyz) > min{p(z), u(z)}. O

IV v

Theorem 3.17. Let i be a fuzzy bi-ideal of a zero-symmetric near-subtraction semi-
group X. Then the following are equivalent:

(1) plzyz) = min{p(z), u(z)}.

(2) pXp C p

Proof. Let p be a fuzzy bi-ideal of zero-symmetric near-subtraction semigroup X.
Let 2’ € X.
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(1)=(2): If there exist x,y, 1,22 € X such that 2/ = zy and = z22. Then
by hypothesis, pu(z172y) > min{u(z1), u(y)}. We have

(pXp)(z") = sup min{(pX)(z), u(y)}

T/ =xy

= sup min{ sup min{u($1)7x($2)}7ﬂ(y)}

z'=xy T=T1T2
= sup min{ sup min{u(z1),1}, u(y)}
' =xy T=T1T2

= sup min{u(z1), u(y)}

T/=z1T2Y

< sup p(ziaay) = p().

T'=x1T2Y

Thus, uXp C p. So (2) holds.
2)=-(1): Assume that uXu C u. Let z,y,2,2" € X be such that z/ = zyz.
(2)=(1) pXp C p N y
Then
w(ryz) = p(a’) > (pXp)(@')
— sup min{(4X)(a), 1(b)}

z’'=ab

= sup min{ sup min{u(a1),X(az)}, u(b)}

x’=ab a=ajas

min{yu(z), X(y), u(z)}
min{p(e), 1, 4(2)} = min{u(z), 4(2)}.
Thus (1) holds. O

v

Theorem 3.18. Let u be a fuzzy subalgebra of a zero-symmetric near-subtraction
semigroup X. Then the following conditions are equivalent:

(1) p is a fuzzy bi-ideal of X.

(2) p(zyz) = min{pu(z), u(y)}-

(3) pXp C p.

Proof. Straightforward. g

Theorem 3.19. Let A and p be any two fuzzy bi-ideals of X. Then uN X is also a
fuzzy bi-ideal of X.

Proof. Let A and i be any two fuzzy bi-ideals of X. Let z,y € X. Then
(LN A)(z —y) = min{u(z —y), Az —y)}
> min{min{x(z), u(y)}, min{A(z), A(y) }}
= min{min{pu(x), M)}, min{u(y), A(y) }}
= min{(x N A) (@), (kN A)(Y)}-

Let 2’ € X. Choose a,b,x,y,z € X such that ' = abc = 2z — 2(y — z). Since A and
u are fuzzy bi-ideals of X, we have

(3.1) min{ sup min{u(a),p(c)}, ~ sup u(Z)} < p(z)

z’'=abc o/ =zz—x(y—=z)
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and
(3.2) min m’Sbec min{A(a), A(c)}, _ Silp( B ))\(z) < Ax).
Now
min{ (1 (V)X (s 1 ) (&), (10 A X % (10 0) (o)}
= min{r,sggm min{ (1N A)(a), (LN A)(c)}, I )(u NA)(z)}
— min sup minmin{ua), \a)}, min{(c) A(©)} .
S )min{u(Z)J\(Z)}}
= min{min{ sup win{p(e), 4O}, s )
min{ sup win(A@AO) s A)
< min{pu(z), \(x)}, [from (3.1) and (3.2)]
= (LN A)(z).
Thus N A is a fuzzy bi-ideal of X. g
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