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ABSTRACT. In this paper convergences of powers of a transitive intu-
itionistic fuzzy matrix is considered and some conditions for convergence
are explored using the max-min operation on intuitionistic fuzzy matrices.
In addition to that max-max operation on intuitionistic fuzzy matrices will
be introduced to study the conditions for convergence of intuitionistic fuzzy
matrices.
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1. INTRODUCTION

The degree of membership was the only basic component of fuzzy sets intro-
duced by Zadeh [10]. Atanassov [3, 4, 5, 6, 7, 8] generalized the concept of fuzzy
sets into Intuitionistic Fuzzy Sets (IFS) by giving a degree of membership and non-
membership. He showed, the sum of the degree of membership and non-membership
should not exceed one. Duan [13] also showed that the powers of an Intuitionistic
Fuzzy Matrices (IFMs) have a vital role for studying the transitive closure of the
intuitionistic fuzzy relation. Yager [39] defined an Intuitionistic Fuzzy Matrix (IFM)
A, as A = [(aij,,aij,)]. Where (a;;,) and (a;;,) denote the membership and non-
membership value respectively.

In 1977, Thomoson [38] studied the behavior of powers of fuzzy matrices using
max-min operation. Buckley [12], Ran and Liu [34] and Gregory et al. [14] after
applying max-min operation on fuzzy matrix found only two results, either the fuzzy
matrix convergences to idempotent matrices or oscillates to finite period. More over,
Thomoson [38] provided sufficient conditions for convergence of fuzzy matrix. Since
then using this max-min operation many results have been obtained by many re-
searchers in fuzzy matrix. Hashimoto [15] studied the convergence of power of a fuzzy
transitive matrix. Further, the max-min operation has been extended to IFM by Pal
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et al. [19]. Bhowmik and pal [9] studied the convergence of the max-min powers of an
IFM. Pradhan and pal [31] studied mean powers of convergence of IFMs. Lur et al.
[21] studied the powers of convergence of IFMs. Pal [30] studied about intuitionistic
fuzzy determinant. The several author’s [20, 37, 10, 11, 1, 32, 2, 23, 24, 33] worked
on intuitionistic fuzzy matrices and obtained various interesting results. Meenakshi
and Gandhimathi [22] studied the intuitionistic fuzzy linear relation equations, Mu-
rugadas and Lalitha [25] applied Bi-implication operator to obtain the Sub-inverse
and g-inverse of an IFM. Murugadas [26] and Sriram and Murugadas [35] examined
IFM theory for obtaining the g- inverse. Pal et al. [19] studied the intuitionistic
fuzzy linear transformation. Sriram and Murugadas [36] introduced the implication
operator — to IFM and studied several properties like sub-inverse, semi-inverse as
well as necessary and sufficient condition for the existence of g-inverse using the
implication operator. Hashimoto [16, 17, 18] applied implication operators in the
fuzzy matrix and studied some interesting properties like traces of fuzzy relation,
sub-inverse and reduction of retrieval models. Murugadas and Lalitha [27, 28, 29]
used hook implication operator < for IFS as well as IFM.

In this paper we introduce max-max operation directly to IFMs which is more
relevant than max-min operation. For example, consider two IFMs A and B such

that,
~{0.2,0.7) (0.4,0.5) ~ ({0.1,0.8) (0.4,0.5)
A= ((0.4,0.5> (0.1,0. >) and B = <(O.3,0.6> <0.570.4>> '

. ~[{0.3,0.6) (0.4,0.5)
max-min AB = (<0.1,0.8> <0.4,0.5>>

and

max-max AB = (<0'4’0'5> <0'5’0-4>).

(0.4,0.5) (0.5,0.4)

Thus max-max AB > max-min AB. In any retrieval model, if we get maximum
membership values, that gives more accurate result. As max-max operation gives
maximum membership values than max-min operation, the max-max operation is
more relevant than max-min operation.

2. PRELIMINARIES

Atanassov introduced operations
(z,2) V (y,y') = (maz{z,y}, min{z’, y'})
and
(z,2") Ny, o) = (min{z, y}, maz{z’,y'}).
For any two comparable elements (z,z'), (y,y’) € IFS, the operation (z,z’) —
(y,y') is defined as

1)) — no_ <$,JJ’> if (x,x'>>(y,y’),
) ) {<o,1> i {r,%) < {y.1/).

For n x n intuitionistic fuzzy matrices R = [(ri;,7};)] and P = [(pi;, p;;)] with
their elements having values in the unit interval [0, 1], the following notations are
758
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well known:

RAP = ({rij Apij,ri; V Dij))s

RVP= (<’I"ij V pij, ’I“gj /\péj>.

Here RV P, R\ P are equivalent to R+ P, R ® P the component wise addition
and component wise multiplication of R, P respectively.

Rx P =[(ra,riy Ap1j,piy) V (ri2, 7io A paj, ;) Vo ooV (Tins Ty A Prjs Pj)ls

R+ P= [<rij7rgj> - <pijﬂp;'j>]7
here — represents component wise comparison of R, P using «— .

R =1= [51'1'76;]'] (<6ij75£j> where <6ij’51/‘j> = (1,0) if i = j and <5ij75§j> =(0,1)
if i # 4.),

RF'=RF xR k=0,1,2, ...,

R < P (P> R)if and only if (ri;,r};) < (pij, p;;) for all 4, j.

If R > I,,, then R is reflexive IFM where I,, the n xn identity IFM. R = ({r;;,77;))
is weakly reflexive IFM if and only if (r,7};) > (ri;,7i;) for all 4,5 = 1,2,..n.

Throughout we deal with intuitionistic fuzzy matrices. A matrix R is transitive if
R? < R. This matrix represents a intuitionistic fuzzy transitive relation. The above
definition of transitivity is equivalent to what is called max-min transitivity. That is,
matrix R = [(r;;,77;)] is transitive if and only if min({rig, ry.), (ks 73;)) < (rijs 75)s
for all k. This definition is most basic and seems to be convenient when intuitionistic
fuzzy matrices are generalized to certain matrices over other algebras.

Thomoson [38] already considered convergences of powers of a fuzzy matrix.
Hashimoto [15] examined convergence of powers of a transitive matrix i.e, a ma-
trix R, such that R > R?. If R is transitive, then we have R > R> > R®> > .... In
the sequence of powers of a matrix R, if R¥ = RF*1 for some positive integers k,
then we say R is convergent.

3. MAIN RESULTS

Some interesting properties of transitive intuitionistic fuzzy matrices will be shown
and some conditions for convergence under the max-min operation will be given.
These results are useful when we consider various systems with intuitionistic fuzzy
transitivity. Further, we define max-max operation on IFM and exhibit some inter-
esting results. In the following, let R = [(ri;,7};)], P = [(pij, pi;)], be IFM of order
n X n, and the entries in R and P are comparable.

Definition 3.1. For IFMs R and P define, the max-max product of R and P as

RoP=((V (v rig). A iy Aph))

Let R o P denote the max-max product of the IFMs R and P.

Clearly Ro P is also an IFM, o is associative and o is distributive over addition
(4). Also the set of all IFM under + and o form a semi-ring.

Theorem 3.2. If R is an n X n transitive matriz, then
(R< (Rx P)" = (R (R x P)"*! for any n x n IFM P.

Proof. Let S = ({(sij,s};)) = R < (R x P), that is,
759
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n n
(51‘]', 3§j> = <7"z‘j77“§j> - <k\_/1(7“ik /\pkj)> k/_\l(rgk Vpij»-
(1) Assume that there exist indices Iy, 1o, ...,l,—1 such that
<3il175;l1> A <3l1127821l2> TARTRNA <Sln71j’ Sgn_1j> = <g,g’> > <07 1>'
Let lop =i and [,, = j. Then [, = [, for some a and b(a < b). We define (h, h’) by
<h> h/> = <rlm—1lm,7r2m_1lm>
= <Tlala+l7/r;ala+1> /\ <rla+1la+27 rl/a+1la+2> /\ tee /\ <rlb—1lb7 r;b_llb>7

where a < m <b.

Then <h7h/> = <Tlm—llm7/r;m,11m> > < \/
k=

n
I (Tt 7,00 < <k\[1(rlmk A Pkt ké\l(rimk V Pri,.)), then

n
(TLuk A DR ), k/\ (i 5V Prr )
1 =1

(ho b)Y < Tty 11 ) < (TPl A Dlons Tk Y Pty

= <7ﬂlala+1’7"2ala+1> /\ <Tlu,+1la+2’ T‘l/a+1la+2> /\ A /\ <rlb—llb7 rzb_llb>’

4 / _ !/
for some k. Since (r1,, 1,77 ;) = (h,h'), we have

Tloikrs T k) = Tl il T 00 ) ATk 7L ) = (AR,

Thus,

n n
(V Otk APrDs N eV PR)) 2 Pl ks T k) A Phsts Plgi,)

k=1 k=1
> (h, 1),
which is contradiction. So,
n n
Tl TLt) >V (Pl APkt )y N (7L eV P,y )
k=1 k=1

Hence (si,.1,..5) ;) > (h,B) > (g,¢'). Therefore (s\"*" s/"™) > (g, /).

ij g
(2) Assume that there exist indices ly,1s,. .., [, such that

<5il1a3§zl> A <5l112’ 3;112> ARERVA <Slnj’ S;nj> = <gag/> > <0a 1>

Let lo =4 and ln+1 = j
(a) Assume I, = I, = l., where a < b < ¢. Then we have

81, 1. 5 S) >{g,¢"), a < m < b for some Iy,.
mlms St

mbm

m m c—b—c c—b—c b—m b—m n+l—c n+l—c
G sty A (st st ) A st s Y A st )

mlm 0 Sl

(b) Assume [, =1, and . = 4.
(i) if a < b < ¢ < d, then
760
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(Stlns 811,02 (9,9"), a <m < b, for some I,

Thus

)

d—c—1 d—c—1 — — 1—d 1—d
(st s ) A (st D s Ty A s s ) A (s s )

> (9.9") > (9,9).

So (siy, sif) = (9:9")-
(ii) If a < ¢ < b < d, then

' U lm

<slmlm,sgmlm> > (h,h') > {g,9"), a < m < b, for some I,
where
(ho ') = (Tt Tl ) = Tlalasrs Tlatays) N o ATl 1005 Tl ,)-

Since it is clear that (s}, si?) > (g, g’) for m < ¢, suppose that m > c. If

)>’

m m

n n
Plat s T1,1,,) < <kV1(7”la,k /\pklm)>k/\1(rl/ak V P

then
<g’g/> S <h’ h’/> S <Tlalm,’ Tl/alm,> S <rlrzk17rl/nk1> N <pk71l'm7p;€11m>’
for some ki. Thus,

Pl kTl k) 2 Tl s Ty 1,0 AN Tl T 1, ) Tlakr s Tl gy ) = (R RY).

m

We have,

n

n
(V Crike Arz)s N Ok VD)) 2= Pk T k) A Drat s P,
k=1 k=1

> (h, '),
which contradicts the fact that (h,h') = (si,,_,1,,,5] ;) > 0.
S0 (81,105 51,1, ) = (9,9"). Hence

—a—2 —a—2 1— 1—
(550 BN A (1,1, 80,0, ) A (s 07D s OB A (st T )y

> (9.9)-
(ili) If a < ¢ < d < b, then

(Stlns 81,10 = (9,9"), a <m < b, for some I,

It is clear that <8§;L)7 sign)> > (g,g') for m < ¢ or d < m. Suppose that ¢ < m < d.
By the same argument as in (ii), we have (s,i,.,s; ; ) > (g,g’). Then

(515 52 ) A Statns st ) A (b, i, ) A sl s )

> (9,9").

Imlm Pl
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Example 3.3. Let

(0.7,0.2)  (0.4,0.3) (0.5,0.4) (0.4,0.3)  (0.3,0.4) (0.6,0.3)
R=| (0,0.6) (02,05 (0.3,0.2) | and P = | (0.5,0.2) (0.3,0.6) (0,0.6) |,
(0,0.6)  (0,0.5)  (0,0.6) (0,0.3)  (0.2,0.5) (0.2,0.7)

(0.4,0.3) (0.3,0.4) (0.6,0.3)
RxP=|(0205) (0205 (0207 ],
(0,0.5) (0,05  (0,0.6)
(0.7,0.2) (0.4,0.3) (0.5,0.4)
R?= | (0,0.6) (0.2,0.5) (0.2,0.5) | <R (R is transitive),
(0,0.6)  (0,0.5)  (0,0.6)
(0.7,0.2)  (0.4,0.3)  (0,1)
S=R<(RxP)=| (0,1) (0,1)  (0.3,0.2) |,
0.1 01 o1

(0.7,0.2) (0.4,0.3) (0.3,0.2)
S2=8x8= (0,1) (0,1) (0,1)
(0,1) (0,1) (0,1)
Then
(0.7,0.2) (0.4,0.3) (0.3,0.2)
S3=52x8= (0,1) (0,1) (0,1) =52
0,1 (0,1) (0,1)

Thus we have S3 = 2.
From Theorem 3.2, we get the following two results.

Corollary 3.4. If R is an n X n transitive matriz, then
(R (PxR)" = (RS (P x R)"!,
for any n x n matriz P.

Corollary 3.5. If R is an n X n transitive matriz, then R® = R*+1.

‘We now consider conditions under which an n x n transitive matrix R fulfills the
relationship R"~! = R™, where n > 2.

Theorem 3.6. Let R be an n X n transitive matriz. If
RAI < P<R,

and the maz-maz product Ro RT < ((rjj;75;)) for some j,
then P"~1 = pm.

Proof. (1) First we know that P"~! < P™. Suppose that

@5;?*1) DY = (e, ) > (0,1).

bl Z]
Then there exist indices k1, ko, ..., k,_2 such that
(Dikys Pty ) N Phiskios Py ig) N A (Phi 05 P50 = (€5 €7).

Thus

<Tik17r;k1> A <rk1k27r;f1k2> ARRERA <Tk7n72j’ r;cn,gj> > <Cv c/>'
762
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Let kg =4 and k,_1 = j.
(a) If k, = ky, for some a and b(a < b), then <p,(€b ka),p;(f,:aa)> > {(c¢,'). Thus
(b—a) s(b=a)y 5 ’ / > ’ / > /
<Tk ka > Tkaka > = <C,C >’ <Tkaka7rkaka> = <C’C >’ <pkaka’pk)ak‘a> = <C,C >
So
<p7fk17p;k)1> /\ <pk1k27p,lz€1k2> /\ e /\ <pka71ka7p;€a71k)a> /\ <pkaka7p;€ak?a>

A <pkaka+17p;€aka+1> JARERRA <pkn72j?p;{:n,2j>
> (¢, ).

Hence (pgj ),p;g")> > (¢, ).
(b) Suppose that k, # kp for all a # b. By hypothesis,
n n
(V "k, V hyt)s /\ (ﬁkm i) < Thkopns T, 1, ) fOT sSOmME M.
k= k=1
Then

<rk7n km T;cmk:m> Z <C7 cl>7 <pk77n km p;@‘m,km,> Z <c7 C/> °
Thus
(Pt Pik;) N Phias Plyea) N AN APh ks Pl sl ) N Phiknns Dy,

A P15 Pl ki) N A Phoz2gs P, o)
> (c,c).

So (p” ,plgn)> > (e, d).
(2) Next we show that P* < Pn—1,
Let (pi?),plgn)> = {(¢,c') > (0,1). Then there exists indices k1, ko, ..., kn—1 such that
<pik1’p;k1> A <pk1k2>p;clk2> ARRRNA <pkn—1j>p;en,1j> = <C7 C/>'
Let ko =i and k,, = j. Then k, = K}, for some a and b(a < b). Thus

b—a b—a
P D) > (e, ).

So
b b—
(M T D) 2 e, )y Thakas Thora) = (66, Phokar Pho,) = (o).
Hence
b—a—1
<p7ik17p;k1> A <pk1k27p;clk2> ARERNAN <pka,1ka7p;ca_1k > <p§g ka )’p;‘aka>
/\ <pkbkb+1’p;<?bk?b+1> /\ e /\ <pk:,,,,,1j7p;gn71j>
> (e, ).
Therefore <p§;l 1),p;§n_1)) > (e, ). O
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Example 3.7. Let

(0,0.3) (0.6,0.1)  (0.7,0)

R=1(0,05) (0.6,0.1) (0.5,0.2) |,
(0,0.4) (0.3,0.4) (0.5,0.2)

(0,0.3) (0.6,0.1) (0.5,0.2)

R%?=11(0,0.4) (0.6,0.1) (0.5,0.2) | < R( R is transitive),
(0,0.4) (0.4,0.3) (0.5,0.2)

(0,0.3)  (0.6,0.1) (0.5,0.2)
R?*=1(0,04) (0.6,0.1) (0.5,0.2) | = R?,
(0,0.4) (0.4,0.3) (0.5,0.2)
(0,0.4) (0.6,0.1) (0.3,0.3)

P=1(0,05) (0.6,0.1) (0.4,0.2) ],
(0,0.4) (0.2,0.3) (0.4,0.2)

(0,0.4) (0.6,0.1) (0.4,0.2)

P2 =(0,0.4) (0.6,0.1) (0.4,0.2) |,
(0,0.4) (0.2,0.3) (0.4,0.2)
(0,0.4) (0.6,0.1) (0.4,0.2)

P3=1(0,04) (0.6,0.1) (0.4,0.2) | = P2
(0,0.4) (0.2,0.3) (0.4,0.2)

Theorem 3.8. If R is an n X n transitive matriz, RANI < P < R and P o PT <
((pjj,p;j)) for some j, then P"~' = P,

As a special case of theorem 3.6 or theorem 3.8 we obtain the following corollary
when R is a transitive IFM.

Corollary 3.9. If R is an n x n transitive intuitionistic fuzzy matriz and Ro RT <
((rjj,75;)) for some j, then R"~' = R".

4. CONCLUSIONS

In this paper max-max operation on intuitionistic fuzzy matrices has been intro-
duced. The conditions for convergence of intuitionistic fuzzy matrices are examined
under the max-max operation.
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