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ABSTRACT. In this paper, we introduce the concepts of r-fuzzy regular
closure (interior) operators and r-generalized regular fuzzy closed sets in a
fuzzy topological spaces in view of the definition of Sostak. We investigate
some properties of them. Moreover, we investigate the relationship between
generalized regular fuzzy continuous maps, generalized regular fuzzy irres-
olute maps and generalized regular fuzzy contra continuous maps. Also,
some separation axioms of r-generalized regular fuzzy closed sets are in-
troduced and studied.
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1. INTRODUCTION

Kubiax [14] and Sostak [19] introduced the fundamental concept of a fuzzy
topological structure, as an extension of both crisp topology and fuzzy topology [4],
in the sense that not only the objects are fuzzified, but also the axiomatics. In
[20, 21], Sostak gave some rules and showed how such an extension can be realized.
Chattopadhyay et al., [6] have redefined the same concept under the name gradation
of openness. A general approach to the study of topological type structures on fuzzy
power sets was developed in [7, 8, 9, 14, 15]. Balasubramanian and Sundaram [2]
gave the concept of generalized fuzzy closed sets in Chang’s fuzzy topology as an
extension of generalized closed sets of Levine [16] in topological spaces.

Jin Han Park and Jin Keun Park [17] introduced weaker form of generalized fuzzy
closed set and generalized fuzzy continuous mappings i.e, regular generalized fuzzy
closed set and generalizations of fuzzy continuous functions. Baby Bhattacharya
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and Jayasree Chakraborty [3] introduced another generalizatioin of fuzzy closed set
i.e, generalized regular fuzzy closed set which is the stronger form of the previous
two generalizations.

In this paper, we define r-fuzzy regular closure (interior) operators and r-generalized
regular fuzzy closed sets in fuzzy topological spaces (fts’s) of Sostak [19]. In section
2 r-fuzzy regular closure and r-fuzzy regular interior operators are introduced in
Sostak’s fts. Section 3 is devoted to r-generalized regular fuzzy closed (open) sets
and their properties. In section 4, we introduce generalized regular fuzzy continuous
functions and generalized regular fuzzy irresolute functions and investigate inter-
relation between them. In section 5 we introduce generalized regular fuzzy contra
continuity in Sostak’s fts’s. Lastly, some separation axioms of r-generalized regular
fuzzy closed sets are introduced and studied in section 6.

2. PRELIMINARIES

Throughout this paper, let X be a nonempty set, I = [0, 1] and Iy = (0, 1]. For
a€el, a(x)=aforall z € X. For x € X and t € Iy, a fuzzy point z; is defined by
t ify==
0 ify#uz.

Let Pt(X) be the family of all fuzzy points in X. A fuzzy point z; € «iff t < a(z).
A fuzzy set « is quasi-coincident with 8 denoted by agf3, if there exists x € X such
that a(x) + B(x) > 1. If « is not quasi-coincident with 8, we denote ag8. If A C X,
we define the characteristic function x4 on X by
1 ifzeA
0 ifxé¢ A
All other notations and definitions are standard, for all in the fuzzy set theory.

r4(y) =

xa(z) =

Lemma 2.1 ([10]). Let X be a nonempty set and o, B € IX. Then

(1) agpB iff there exists xy € o such that x+qp3,

(2) If aqB, then a A3 #0,

(3) agf iff a <1 - B,

(4) a < B iff z; € «a implies x; € B iff xrqa implies xrqf implies xqa,
(5) @\ cp Bi iff there exists ig € T' such that x.qp;,.

Definition 2.2 ([19]). A function 7 : IX — I is called a fuzzy topology on X if it
satisfies the following conditions:

(01) 7(0) =7(1) =1,
(02) T(\/ier Bi) > /\ieF 7(Bi), for any {B;}ier C Ix,
(03) 7(B1 A Ba) > 7(B1) AT(B2), for any By, f € IX.

The pair (X, 7) is called a fuzzy topological space (for short, fts).
A fuzzy set « is called an r-fuzzy open (r-fo, for short) set, if 7(«) > r. A fuzzy
set « is called an r-fuzzy closed (r-fc, for short) set, if 7(1 — a) > 7.

Theorem 2.3 ([5]). Let (X,7) be a fts. Then for each o € I andr € Iy, we define

an operator C : IX x Iy — IX as follows: Cr(a, v) = N{BeIX :a<p, 7(1-5) >

r}. For a, B € IX andr,s € Iy, the operator C, satisfies the following statements:
720
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(C1) C-(0,7) =0,

(C2) a < Crla, 1),

(C3) Cr(a, 1)V C(B, 1) =Cr(aV B, 1),
(C4) Cr(a, ) < Cr(a, 8) if r <s,

(C5) C-(Cr(a, 1), 7) = Cr(a, 7).

Theorem 2.4 ([5]). Let (X,7) be a fts. Then for each o € IX and r € Iy, we define

an operator I : IX x Iy — IX as follows: I (o, 1) =

VBeI*:p<a, 7(8) =7}

For o, B €IX andr,s € Iy, the operator I, satisfies the following statements:

(I1) I(L,r) =1,

(12) IT(a’ T) <aq,

(I3) I (o, P)NIL(B, ) =L (NS,
(I4) I (a, ) < I (a, 8), if s<r,
(15) I-(I+(a, 1), 7) = I+ (v, 1),
16) I,(1—a,r)=1—-Cy(c,

T)’

r) and Cr(1—a,r)=1—I(a, 7).

Definition 2.5 ([15]). Let (X, 7) be a fts, « € IX and r € .

(i) A fuzzy set « is called r-fuzzy regular open (for short, r-fro), if « = I.(C, («

,T),T)-

(ii) A fuzzy set « is called r-fuzzy regular closed (for short, r-frc), if @ =

Cr(I-(a,r),7).

Definition 2.6. Let (X, 7) be a fts, a, 3 € IX and r € I,.

(i) A fuzzy set « is called r-generalized fuzzy closed |
Cr(a,r) < B, whenever a < 8 and 7(8) > r.
(i) A fuzzy set « is called r-generalized fuzzy open [

is r-gfc.

] (for short, r-gfc), if

| (for short, r-gfo), if 1 —

(iii) A fuzzy set « is called r-regular generalized fuzzy closed (for short, r-rgfc),

if Cr(a, ) < B, whenever a < 8 and 3 is r-fro.

(iv) A fuzzy set « is called r-regular generalized fuzzy open (for short, r-rgfo), if

1— ais r-rgfe.

Definition 2.7 (]
be a function.

D). Let (X, 7) and (Y, n) be a fts’s. Let f: (X, 7) —

(Y, n)

(i) f is called fuzzy continuous (F-continuous), if n(8) < 7(f~1(B)), for each

BelI.

(ii) f is called fuzzy open (F-open), if 7(a) <
(iii) f is called fuzzy closed (F-closed), if 7(1

Definition 2.8 (]
be a function.

D). Let (X, 7) and (Y, n) be a fts’s. Let f: (X, 7) —

n(f(a)), for each a € I*X.
—a) < n(1- f(a)), for each a € IX.

(Y, n)

(i) f is called generalized fuzzy continuous (for short, gf-continuous), if f=1(3) is

r-gfc, for each B € IV, r € Iy with n(1T — B8) > r.

(ii) f is called generalized fuzzy open (for short, gf-open), if f(«) is r-gfo, for each

a€IX, re I with 7(a) > r.

(iii) f is called generalized fuzzy closed (for short, gf-closed), if f(«) is r-gfc for

each a € I*, r € Iy with 7(T — ) > r.

(iv) f is called generalized fuzzy irresolute (for short, gf-irresolute), if f=1(8) is

r-gfc for each r-gfc set 3 € IY.
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Definition 2.9 ([1]). Let (X, 7) and (Y, n) be a fts’s. Let f: (X, 7) = (Y, n) be
a function.

(i) f is called fuzzy contra continuous (FC-continuous), if for each 8 € IV, we
have (1 £~1(8)) > n(B).

(i) f is called fuzzy contra open (FC-open), if for each o € IX, we have n(T —
f(@) = 7(a).

iii is called fuzzy contra closed (FC-closed), if for each o € IX, we have
(iii) f y

n(f(a) > (1 - ).

Definition 2.10 ([1]). Let f: (X, 7) — (Y, n) be a function and r € Iy. Then f
is called:

(i) generalized fuzzy contra continuous(GFC-continuous)(resp. generalized fuzzy
contra irresolute (GFC-irresolute)), if f~1(8) is r-gfc, for each 3 € IV, n(B) > r
(resp. B € IV is r-gfo),

(ii) generalized fuzzy contra open (GFC-open) (resp. generalized fuzzy contra
irresolute open (GFC-irresolute open)), if f(a) is r-gfc, for each a € IX, 7(a) > r
(resp. o € I is r-gfo),

(iii) generalized fuzzy contra closed (GFC-closed) (resp. generalized fuzzy contra
irresolute closed (GFC-irresolute closed)), if f(a) is r-gfo, for each o € IX, 7(1 —
a) > 7 (resp. a € I is r-gfc).

Definition 2.11 ([11]). A fts (X, 7) is said to be:

(i) r-F Ry, if 2,gC; (ys, ) implies y,gC; (x4, 7), for any distinct fuzzy points x;, ys €
Pt(X),

(ii) r-FRy, if ,gC,(ys,r) implies that there exist §; € IX with 7(3;) > r, for
i € {1,2} such that z; € B, ys € B2 and B1GP9, for any distinct fuzzy points
Tt,Ys € Pt(X),

(iii) 7-F Ry, if (or r-fuzzy regular) x,ga with 7(1 — «) > r implies that there exist
B; € I* with 7(B;) >, for i € {1,2} such that x; € 81, a < B2 and 3152,

(iv) r-F R3, iff(or r-fuzzy normal) a;qas with 7(1 — ;) > r, for i € {1,2} implies
that there exist 8; € IX with 7(8;) > r, for i € {1,2} such that o; € 3; and B1Gf%s.

Definition 2.12 ([11]). A fts (X, 7) is said to be:

(i) r-FTy, if 7(1 — z;) > r, for each z; € Pt(X),

(ii) r-F Ty, if x,qys implies that there exist 3; € IX with 7(8;) > r, for i € {1,2}
such that z¢ € 51, ys € 2 and S1gP2,

(ili) r-F'Ty1 if z¢qys implies that there exist ; € IX with 7(8;) > r, fori € {1,2}
such that x; € B1, ys € B2 and Cr(B1,7)qCr(B2,7),

(iv) r-FTs, if it is 7-F Rg and r-FT4,

(v) r-FTy, if it is r-F R3 and r-FT}.

Definition 2.13 ([13]). A fts (X, 7) is said to be:
(i) -GF Ry, if x;ga for each r-gfc o € IX implies that there exist 8; € IX with
7(B;) > r for i € {1,2} such that z; € 81, a < B2 and B1Gfs,
(ii) -G FRs, if ayqas for each r-gfc sets a; € I and i € {1, 2} implies that there
exist 3; € I’* with 7(3;) > r such that a; < 3; and 31g532-
722
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3. FuZzY REGULAR CLOSURE OPERATORS

Definition 3.1. Let (X, 7) be a fts. Let a, 3 € IX and r € .
(i) The r-fuzzy regular closure of «, denoted by RC;(«,r), and is defined by
RC,(a,r) = N{B € I*|B > o, B is r-frc }.
(ii) The r-fuzzy regular interiror of «, denoted by RI,(«,r), and is defined by
RI (a,r) =\/{B € I*|B < a,f is r-fro }.

Proposition 3.2. A function RC : IX x Iy — IX is called a fuzzy reqular closure
operator if it satisfies the following conditions: for o, 8 € IX and r,s € I,

(C1) RC(0,r) =0,

(C2) a < RC(a, 1),

(C3) RC(a, r)V RC(B, r)=RC(aV B, 1),

(C4) RC(a, r) < RC(a, s) ifr <s,

(C5) RC(RC(«, 1), r) = RC(«a, ).
The fuzzy regular closure operator RC generates a fuzzy topology Treo(a) : IX — T
given by

(C6) Tre(a) =\{relIl RCA—-a,r)=1-a}.

Proof. The proof of (C1)-(Cb) is straightforward and the proof of (C6) follows from
the Proposition 1.3 in [5]. O

In a similar pattern, a fuzzy regular interior operator was defined.

Proposition 3.3. A mapping RI : I*X x Iy — IX is called a fuzzy reqular interior
operator if, for oo, B € IX and r,s € Iy, it satisfies the following conditions:
(1) RI(1,r) =1,
(12) o= RI(a, 1),
(I3) RI(a, ") ANRI(B, r) = RI(a A, T),
(I4) RI(«a, r) > RI(«, s) if r <,
(I5) RI(RI(c, 1), ) = RI(a, 1),
(I6) RI(1 —«, r)=1— RC(«, ) and RC(1 — a,r) =1 — RI(a, 7).
The fuzzy regular interior operator RI generates a fuzzy topology Trr(a) : IX — I
given by
(I7) Tri(a) = \/{r € I| RI(a,r) = a}.

Proof. Follows from the Proposition 3.2. O

Definition 3.4. Let f : (X, 7) — (Y, o) be a function and r € Iy. Then f is called
fuzzy regular continuous (for short, FR-continuous) if f~*(a) is r-frc set in X for
each a € IV with o(T — a) > 7.

4. R-GENERALIZED REGULAR FUZZY CLOSED SETS

Definition 4.1. Let (X, 7) be a fts. Let a, 3 € IX and r € I,.
(i) A fuzzy set « is called r-generalized regular fuzzy closed (for short, r-grfc) set,
it RC;(a,r) < 8, whenever a < 8 and 7(5) > r.
(ii) A fuzzy set a is called r-generalized regular fuzzy open (for short, r-grfo) set,
if 1 — o is r-grfc.
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Theorem 4.2. Let (X, 7) be a fts.
(1) If a1 and ag are r-grfe sets, then a1 V agy is a r-grfc set.
(2) If « is r-grfc set and a < 8 < RC(a, 1), then B is a r-grfc set.
(3) If a is r-frc set, then « is a r-grfe set.

Proof. (1) Let a; and as be r-gric sets, and a; V as < 8 such that 7(8) > r.
For i € {1,2}, a; < (8 such that 7(8) > r, we have RC (o, r) < . It implies
RC (a1 V ag,r) = RC;(a1,7) V RC- (e, r) < 8. Hence ay V as is a r-grfc.

(2) For 8 <« such that 7() > r, since a is r-grfc set and o < 8, a < v implies
RC (a,r) < v. Also, § < RC.(a,r) implies RC-(8,r) < RC.(RC;(a,r),r) =
RC;(a,r) < ~. Hence g is r-gric.

(3) It is easily proved from RC,(a,7) = . O

(0%
(&%

Remark 4.3. The intersection of any two r-grfc set need not be r-grfc from the
following example.

Example 4.4. Let X = {a, b, ¢} be a set and o, B, v € IX are defined as
follows: a(a) = 0.8, a(b) = 0.4, a(c) = 0.7; B(a) = 0.6, B(b) = 0.5, B(c) = 0.8;
y(a) = 0.6, v(b) = 0.4, y(c) = 0.7. We define a fuzzy topology 7 : IX — I as
follows.

1 ifa=0orl,
() =<1 fa=7,
0 otherwise.

For r = 1/3, a and B are r-grfc set. But a A § = « is not r-grfc because v < =,
7(y) > r, RC;(y,7)(= 1) £ ~. Clearly 8 is r-grfc set but not r-frc set, so the
converse of Theorem 4.2(3) is not true.

Remark 4.5. Every r-grfc set is r-gfc (resp.r-rgfc) set. But not conversely.

Example 4.6. Let X = {a, b, c} be a set and v € IX be defined as y(a) =
0.5, v(b) = 0.7, v(c) = 0.9. We define a fuzzy topology 7 : IX — I as follows.

1 ifa=0orl,
(@) =1q3 ifa=7,
0 otherwise.

For r =1/3, 11— is r-gfc set, where 1 —vy <, 7(y) > r, C;(1—v,7)(=1—7) <.
But 1 — v is not r-grfc because 1 — v <=, 7(y) > r, RC-(1 —~,r)(=1) £ 7.

Example 4.7. In Example 4.4, ~ is r-rgfc set but not r-grfc set.
The following theorem is easily proved from Theorems 2.4 and 4.2.

Theorem 4.8. Let (X, 7) be a fts. Let o, B € IX and r € L.

(1) a is r-grfo iff 8 < RI (a,r), whenever 8 < « and 7(1— B) > r.

(2) The intersection of any two r-grfo sets is a r-grfo set.

(3) If RI;(a,r) < B8 < « and « is r-grfo, then B is r-grfo.

(4) If « is r-fro set and r € Iy, then « is a r-grfo set.
Theorem 4.9. Let (X, 7) be a fts. For eachr € Iy, a € I, we define an operator
GRC, : IX x Iy — IX as follows:
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GRC-(a,r) = NM{B € I a < B, Bisr-grfe }.
For o, B €IX and r € Iy, it holds the following properties.

(1) GRC-(0,7) =0.

(2) a < GRC(a,r).

(3) GRC;(a, )V GRC,(B,r) = GRC(a V B,T).

(4) GRC:(GRC;(a,1),7) = GRC;(ar, ).

(5) If a is r-grfc, then GRC(a, 1) = .

(6) GRC;(a,r) < RC:(a,7).

(7) RC.(GRC;(a,r),r) = GRC-(RC;(a,7),7) = RC;(c, 7).

Proof. (1), (2) and (5) are easily proved from the definition of GRC.
(3) Since «, 5 < aV 3, we have

GRC,(a,7)V GRC,(8,7) = GRC,(a V B,71).

Suppose GRC(a,7) V GRC(B,7) # GRC,(a V 3,7). There exists z € X and
t € (0,1) such that

(4.1) GRC (a,7)(z) VGRC-(B,r)(z) <t < GRC-(aV p,7)(z).

Since GRC, (o, ) () < t and GRC(8,r)(x) < t, there exist r-grfc sets a1, f1 with
a < ap and 8 < 3y such that ay(z) < ¢, B1(x) <t. Since VB < a1V p; and a1 V
is r-grfe, from Theorem 4.2(1), we have GRC(aV B,r)(x) < (a1 V f1)(z) < t. Tt is
a contrdiction for (4.1).

(4) From (2), we only show GRC.(a,7) > GRC.(GRC;(a,r),r). Suppose
GRC.(a,7) # GRC-(GRC.(a,7), 7). There exists x € X and t € (0,1) such that

(4.2) GRC (a,7)(z) <t < GRC,.(GRC (a,7),7)().
Since GRC;(a,r)(x) < t, there exist r-grfc set a; with a < oy such that
GRC:(a,r)(z) < aq(z) < t.

Since a < a1, we have GRC; (o, r) < ;. Again GRC.(GRC;(a,r),r) < ay.
Then GRC,(GRC(a,1),7)(z) < a1(x) < t. Tt is contradiction for (4.2).
Thus GRC-(a, 1) > GRC(GRC(at, 1), 7).

(6) Since RC.(a, 1) is r-grfc, it is easily proved.

(7) Trivially, GRC-(RC;(a,r),r) = RC-(a, 7). We only show that

RC.(GRC:(a,r),r) = RC-(a,T).
Since o < GRC; (e, 1), RC-(GRC,(a,7),7) > RC: (e, 7). Suppose
RC-(GRC:(a,7),7) £ RCH(ar,7).
Then there exists x € X and ¢ € (0,1) such that
RC,(GRC(a,7),7r)(z) >t > RC-(a,7) ().

Since RC,(a,7)(z) < t, by the definition of RC,, there exists v € IX with a <
and 7(1 —v) > r such that

RC(GRC(a,r),r)(z) >t >~(x) > RC(a,7) ().
725
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On the other hand, since v = RC, (7, ) is r-grfc, a < implies
GRC.(a,7) < GRC;(v,7) = GRC(RC,(v,1),7) = RCF(7,7) = 7.
Thus RC.(GRC;(a,r),r) <~. It is a contradiction.
So RC-(GRC-(a,r),r) < RC-(a, 7). O
Theorem 4.10. Let (X, 7) be a fts. For eachr € Iy, a € I, we define an operator
GRI, : IX x Iy — I* as follows:
GRI (a,r) =\{B € I*| B< o, B isr-grfo}.
Then GRI; (1 —a,r) =1— GRC,(a,r).

Proof. For each o € IX and r € Iy, we have
GRI,(1—a,r)=\{B€IX| <1-a, Bisrgrfo }.
=1-AN1-BelX|1-8>a, 1-3isrgrfc }.
=1- GRC;(a,7). O

Example 4.11. In Example 4.4, For »r = 1/3, « and § are r-grfc sets, that is
GRC.(v,r) = =, but v is not r-grfc set. Then, the converse of Theorem 4.9(5) is
not true.

From the discussion, we get the following relations.

r-frc —p» r-fc

r-gifc  —p  r-gfc  —p rorgfc
Diagram - I

5. GENERALIZED REGULAR FUZZY CONTINUOUS MAPPINGS

Definition 5.1. Let (X, 7) and (Y, 7n) be a fts’s. Let f : (X, 7) — (Y, 1) be a
function.

(i) f is called generalized regular fuzzy continuous (for short, grf-continuous), if
f~Y(B) is r-grfc, for each B € IV, r € Iy with n(1 — B) > r.

(ii) f is called generalized regular fuzzy open (for short, grf-open), if f(«) is r-grfo,
for each a € I*, r € Iy with 7(a) > r.

(iii) f is called generalized regular fuzzy closed (for short, gri-closed), if f(«) is
r-grfe, for each a € I, r € Iy with 7(1T — ) > r.
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Definition 5.2. Let (X, 7) and (Y, n) be a fts’s. A function f: (X, 7) = (Y, n)
is called generalized regular fuzzy irresolute (for short, grf-irresolute), if f=*(3) is
r-grfc for each r-grfc set 3 € IY.

Remark 5.3. (1) Every grf-continuous function is gf-continuous (resp. rgf-continuous).
(2) A function f: (X, 7) — (Y, 1) is grf-continuous iff f=1(3) is r-grfo, for each
BelI¥, relywithn(B) >r
(3) A function f : (X, 7) — (Y, n) is grf-irresolute iff f=1(3) is r-grfo for each
r-grfo set B € IY.

Example 5.4. Let X = Y = {a, b, c} be a sets and v € IX be defined as
y(a) = 0.5, v(b) = 0.7, y(c) = 0.9. We define a fuzzy topology 7 : IX — I as
follows:

1 ifa=0orl,
(@) =q3 ifa=7,
0 otherwise.

Forr =1/3, 71— (1 —7)) > r, 1 — v is r-gfc set, where 1 —~v < ~, 7(y) >
Cr(T—7,r)(=1—7) <. But 1 - is not r-grfc because 1 — v < ~, 7(y) > r
RC;(1 —v,7)(= 1) £ 4. Thus an identity function f : (X,7) — (Y,7) is gf-
continuous but not grf-continuous.

Example 5.5. Let X = {a, b, ¢} and Y = {p,q,7} be a sets and o € [X, B € IY
be defined as a(a) = 0.6, a(b) = 0.4, a(c) =0.7; B(p) = 0.4, B(q) = 0.6, 5(r) = 0.3.
We define a fuzzy topology 7,7 : IX — I as follows.

1 ifa=0orl, 1 ifa=0orl,
() =43 ifa=a, n(e) =<1 ifa=4,
0 otherwise, 0 otherwise.

For n(1 — a) > r with » = 1/3, a is r-rgfc set on (X, 7), because a < 1 and 1
is r-fro, Cr(a,r)(= 1) < 1. But « is not r-grfc set because a < «, 7(a) > 7,
RC:(a,7)(=1) £ . Thus an identity function f : (X, 7) — (Y,n) is rgf-continuous
but not grf-continuous.

Theorem 5.6. Let f : (X, 7) — (Y, n) be grf-continuous. Then following state-
ments hold.
(1) f(GRC:(a,r)
(2) GRC, ( ()
(3) [HRI,(B,7)) <
Proof. (1) Since RC,(R

2.3 and 2.4, we have 7(
continuous, f_l(RCn(

RC( (a),7), for each o € IX and r € I.

< f7Y(RC,(B,7)), for each B € IY and r € I.
GRI

n(f (e

IN

~(f~XB),r), for each B € IV and r € I,.

);7),7) = RC,(f(a),r) and Trc, = 1 from Theorems

RC,(f(a),r)) > n(1 = C-(f(a),r)) > r. Since f is grf-
)) is r-grfc. Since
“f

(@),1) < fTHRCy(f(a), ),

we have

GRCT(OZ, T) < f_l(RCn(f(a)a ’I“))
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Hence f(GRC:(a,1)) < f(fH(RCy(f(a ) r))) < RCy(f (), 7).
(2) For all B € IV, r € Iy, let a = f~1(B). Then by (1

F(GRC(f71(B),7)) < RCy(f(f71(B)),

Thus GRC,(f~4(B),r) < f~Y(RC,(B,7)).
(3) Tt is easily proved from (2), and Proposition 3.3 and Theorem 4.10. O

Theorem 5.7. Let f : (X, 7) = (Y, 1) be grf-closed. Then we have GRC,,(f(a),r) <
f(RC.(a,7)), for each a € IX and r € Iy.

Proof. For all a € IX, r € Iy, since 7(1 — RC,(a,7)) > 1, f(RC,(a,7)) is r-grfc.
Then GRC,(f(a),r) < f(RC-(a,T)). O

(1),
r) < RCy(B, 7).

The following Theorem is similarly proved as Theorems 5.6 and 5.7

Theorem 5.8. Let f: (X, 7) — (Y, n) be grf-open. Then the following statements
hold.

(1) f(RI;(a,7)) < GRI,(f(),7), for each o € I*X and r € Iy.

(2) RI(f~Y(B),r) < f~YGRIL,(B,7)), for each B € I and r € I.
Theorem 5.9. Let (X, 7) and (Y, n) be fts’s. Let f : (X, 7) — (Y, n) be grf-
irresolute. Then the following statements hold.

(1) f: (X, 1) = (Y, n) is grf-continuous.

(2) f(GRC:(a,r)) < GRC,(f(a),r), for each o € IX.

(3) GRC-(f~1(B),r) < f~HGRC,(B,7)), for each B € IV .
Proof. (1) Let 3 be r-frc set. Since every r-fre set is r-fc, n(1 — ) > r. By Theorem
4.2(3), B is r-grfc. Since f is grf-irresolute, f=1(3) is r-grfc.

(2) Suppose there exist a € IX and r € I such that

J(GRC-(a,1) £ GRC,(f(a). 7).
Then there exist y € Y and t € I such that
F(GRC:(a,7))(y) >t > GRCy(f(a),7)(y).

If f~1({y}) =0, it is a contradiction since f(GRC.(a,r)) = 0. If f~*({y}) #0
there exists z € f~({y}) such that

f(GRC:(a,7))(y) =2 GRC(a,7) () >t > GRC,(f(), r)(f ().
Since GRCy,(f(a),7)(f(x)) < t, by the Definition of GRC),, there exists r-grfc g
IV and f(a) < B such that
GRCy(f(a),r)(f(x)) < B(f(x)) <
Since f is grf-irresolute, for r-grfc 3 € IV, f~1(B) is r-grfc and a < f~1(3). Thus

GRC:(a,r)(x) < f~ 1(ﬂ)(ﬂ«“) pf(x)) <t.
) <

It is a contradiction. Hence f(GRC:(a,r) GRC,(f(a),r), for all a € I* and
r e ly.
(3) It is similarly proved as Theorem 5.6(2). O
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Example 5.10. (1) The converse of Theorem 5.6(1) is not true. In Example 5.5,
The identity function f : (X,7) — (Y, n) is not grf-continuous. By a similar method
as in Example 4.11, we can obtain GRC,(a,r) = a, for each o € IX and r € I,.
Furthermore, RC,, : IX x Iy — IX as follows.

0 ifa=0,
RCy(a,r) = 3 ifa=4,
1 otherwise.

Hence f(GRC.(a,7)) < RC,(f(a),r), for each o € IX and r € I.

(2) The converse of Theorem 5.9(2) is not true. Since « is a r-grfc in (Y, 7n) but
not r-grfc set on (X, 7). Thus an identity function f : (X,7) — (Y,n) is not a grf-
irresolute map. By a similar method as in Example 4.11, GRC; (o, ) = GRC, (e, 1),
for each o € IX and r € I.

Definition 5.11. A fts (X, 7) is called F'RT} /s, if for each r-grfc 8 € IX andr € I
is r-frc.

Theorem 5.12. A fts (X, 7) is called FRT /5 iff GRC: (o, 1) = RC-(cv,7) for each
acIX andr € I.

Proof. Let (X, 7) be FRT,/5. Then by definition of GRC; and RC;, we have
GRC,(a,7) = RC,(a,r) for each a € I and r € I.

Conversely, suppose (X, 7) is not F'RTj/,. Then there exist r-grfc 8 € I X and
r € Iy such that 7(1 — 8) < r. Thus GRC-(8,r) = § but RC.(8,7) # 5. So
GRC-(8,r) # RC4(8,7). O

The following Theorems are easily proved.

Theorem 5.13. Let (X, 7) and (Y, n) be fts’s. Let f : (X, 7) = (Y, n) be a
function.

(1) If (X, 7) is FRTy 9, then f is grf-continuous iff f is FR-continuous.

(2) If (Y, n) is FRT s, then f is grf-continuous iff f is grf-irresolute.

(3) If (X, 1) and (Y, ) is FRT /5, then f is FR-continuous iff f is grf-continuous
iff fis grf-irresolute.

Theorem 5.14. Let f: (X, 7) = (Y, n) and g : (Y, n) = (Z, o) be grf-continuous
and (Y, n) is FRTy 5. Then go f: (X, 7) = (Z, o) is grf-continuous.

Theorem 5.15. Let f: (X, 7) — (Y, n) be grf-irresolute and g : (Y, n) — (Z, o)
be grf-continuous. Then go f: (X, 7) = (Z, o) is grf-continuous.

Remark 5.16. The composition map of grf-continuous maps need not be gri-
continuous.

Example 5.17. Let X = {a, b, ¢}, Y = {p,q,7}, and Z = {z,y,2} be a sets

and a € IX,8 € IY,y € I? be defined as a(a) = 0.5, a(b) = 0.7, alc) = 0.4;

B(p) =0.5, B(g) = 0.5, B(r) =0.5; v(x) = 0.5, v(y) = 0.3, v(z) = 0.6. We define a
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fuzzy topology 7,7n,0 : I — I as follows.

1 ifa=0orl 1 ifa=0orl 1 fa=0orl
(@) =¢3 ifa=a ne) =<3 ifa=4 ola)=493% ifa=y
0 otherwise.

0 otherwise, otherwise,

0
Then the identity function f : (X,7) — (Y,n) and g : (Y,n) — (Z,0) is grf-
continuous. But go f: (X,7) = (Z,0) is not gri-continuous.

Example 5.18. The converse of Theorem 5.9(1) is not true. Let X = {a, b, c},
Y = {p,q,7} be a sets and o € IX, B,y € IV be defined as a(a) = 0.4, a(b) =
0.5, a(c) =0.7; B(p) = 0.4, B(q) = 0.5, B(r) = 0.6; v(p) = 0.4, v(q) = 0.5, v(r) =
0.7. We define a fuzzy topology 7,1 : IX — I as follows.

1 ifa=0orl 1 ifa=0orl
) =43 fa=a na)=494% ifa=4
0 otherwise, 0 otherwise

Forr=1/3,n(1—(1—p3)) > r, 1— B is grfc set in (X, 7). Then the identity function
f:(X,7) = (Y,n) is grf-continuous but not gri-irresolute, since the fuzzy set -y is
r-grfc set in (Y, n) but not r-grfc set in (X, 7).

From the discussion we get the following relations:

fuzzy continuity

generalized regular generalized fuzzy regular generalized
fuzzy continuity continuity fuzzy continuity
Diagram - II

6. GENERALIZED REGULAR FUZZY CONTRA CONTINUOUS FUNCTIONS

Definition 6.1. Let f : (X, 7) — (Y, o) be a function and r € Iy. Then f is called
fuzzy regular contra continuous (for short, FRC-continuous), if f~!(«) is r-frc set
in X, for each a € IV with o(a) > 7.

Definition 6.2. Let f : (X, 7) = (Y, o) be a function and r € Iy. Then f is called:
(i) generalized regular fuzzy contra continuous (resp. generalized regular fuzzy
contra irresolute), if f~1(3) is r-grfc, for each 3 € IV, o(B) > r (resp. B € IV is
r-grfo),
(ii) generalized regular fuzzy contra open (resp. generalized regular fuzzy contra
irresolute open), if f(«) is r-grfc, for each a € I, 7(a) > r (vesp. a € IX is r-grfo),
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(iii) generalized regular fuzzy contra closed (resp. generalized regular fuzzy contra
irresolute closed), if f(«) is r-grfo, for each a € I*, 7(1 — ) > r (resp. a € IX is
r-grfc).

G RFC-continuous, GRF C-irresolute, G RF C-open, GRF C-irresolute open, GRFC-
closed, GRF C-irresolute closed are abbreviated to generalized regular fuzzy contra
continuous, generalized regular fuzzy contra irresolute, generalized regular fuzzy con-
tra open, generalized regular fuzzy contra irresolute open, generalized regular fuzzy
contra closed, generalized regular fuzzy contra irresolute closed.

From the above definition and Example 2.10 in [1] it is clear that the following
implication is true but the reverse implication is not true.

FC-continuity =~ — GFC -continuity =~ <&— GRFC -continuity

GFC -irresolute

Diagram -1II

Example 6.3. Let X = {a, b, ¢}, Y = {p,q,7} be a sets and o € IX,3 € IY be
defined as a(a) = 0.6, a(b) = 0.7, a(c) = 0.5; B(p) = 0.4, B(q) = 0.3, B(r) = 0.5.
We define a fuzzy topology 7,0 : IX — I as follows.

1 ifa=0o0rl 1 ifa=0o0rl
(@) =43 ifa=a ola)=44% ifa=8
0 otherwise, 0 otherwise.

Then the identity function f : (X,7) — (Y, 0) is GFC-continuous but not GRF'C-
continuous.

Example 6.4. Let X = {a, b, ¢}, Y = {p,q,r} be asets and o € IX,3 € IY be
defined as a(a) = 0.5, a(b) = 0.7, a(c) = 0.9; B(p) = 0.5, B(q) = 0.3, B(r) = 0.1.
We define a fuzzy topology 7,0 : IX — I as follows.

1 ifa=0o0r1 1 ifa=0o0r1
@) =43 ifa=a ola)=41% ifa=p
0 otherwise, 0 otherwise.

Then the identity function f : (X,7) — (Y,0) is GFC-irresolute but not GRFC-
continuous.

Theorem 6.5. A mapping f : (X, 7) = (Y, o) is GRFC-continuous (resp. GRFC-
irresolute) iff f~1(B) is r-grfo for each 3 € IY, o(1—B) > r (resp. B € IV isr-grfc)
and r € Iy.
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Theorem 6.6. Let [ : (X, 7) — (Y, o) be bijective GRFC-continuous mapping and
r € Iy. Then following statements hold.

(1) f(GRC;(a, 1)) >RI (f( ) r), for each o € I*X.

(2) GRC-(f~'(B).7) = f~H(RI,(B,7)), for each B € I" .

(3) fTH(RC,(B,7)) >GRI (f~1(8),7), for cach B € IV
Proof. (1) For each a € I*, o(RI,(f(a),r)) >
FYRI(f(a),r)) is r-grfc bet of X.
fHRI(f(a),7)). Since a = f~1(f(a)),

Y

GRC(a,r) > f~Y(RI,(f(a),r)) (by f is injective).
Since f is surjective, f(GRC;(a, 1)) > ( (a),r)
(2) For all B € IV and r € Iy, put a = f~1(3). From (1), we have
F(GRC(f~1(B), 7)) >RI( (f7HB)), 7).
?ince [ is surjective, 8 = f(f~1(B)). Thus f(GRC,(f~(B),r)) > RI,(3,r). Since
is injective,
GRC-(f~1(B),r) = fH(f(GRC(f71(B), 1)) = f~H(RI(B,7)).

(3) It is easily proved from RC;(1 — a,7) =1— Rl (a,7) and GRC.(1 — a,r) =
1—GRI (a,7). 0
Theorem 6.7. Let f: (X, 7) = (Y, o) be GRFC-open mapping and r € Iy. Then
following statements hold.

(1) f(RI(a,7)) < GRC,(f(),r), for each o € T¥.
(2) RI.(f~Y(B),r) < fTY(GRC,(B,7)), for each B € IV .
(3) GRC,(f(a),r) < fF(GRC,(a,7)), for each o € IX, T(a)

>
Proof. (1) For each a € I and r € Iy, since R (a,7) < o, f(RI
<

r. Since f is GRFC-continuous,
Since f(a) > RI,(f(a),r), f~H(f(@)) =

Q

(e, >> < f(a).
Since f is GRFC-open, f(RI («a,r)) is r-grfc. Then f(RI (o, 1)) < GRC,(f(a),r).
(2) For each B € IY and r € Iy, put a = f~(3). From (1),
FRI(f71(8),m) < GRC,(f(f71(B)).7) < GRC, (B, ).
Then RL (f~X(B),7) < f~YGRC,(B,1)).
(3) Since f is GRFC-open,
GRCo(f(a),r)) = f(e) < F(GRC (e, 7))
for each a € IX, 7(a) > 7 and r € I,. O

Theorem 6.8. Let f : (X, 7) — (Y, o) be GRFC-closed mapping, o € IX and
r € Iy. Then following statements hold.

(1) f(RCr(a, 1)) = GRIG(f (), 7).
(2) GRI,(f(a),r) > f(GRIL (a,7)), for each a € IX, 7(1 — «)

>r.
Proof. (1) For each a € IX and r € Iy, since a < RC,(a,7), f(a) < f(RC(a,T)).
Since 7(1 — RC-(a, 7)) > 7, f(RC(at,7)) is r-grfo set of Y. Then f(RC(«, ))
GRI;(f(),7).
(2) Since f is GRFC-closed,
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GRI;(f(),r) = fla) = f(GRI-(a,r))
for each o € I*, 7(1 — a) > 7 and r € I,. O

Theorem 6.9. Let f: (X, 7) = (Y, o) be a bijective mapping. f is GRFC-closed
(resp. GRFC-irresolute closed) iff f is is GRFC-open (resp. GRFC-irresolute open).

Remark 6.10. The composition of two GRFC-continuous (resp. GRFC-open and
GRFC-closed) mappings need not be GRFC-continuous (resp. GRFC-open and
GRFC-closed) as shown by the following example.

Example 6.11. Let X = {a, b, ¢}, Y = {p,q,7}, and Z = {x,y,2} be a sets
and o € IX,3 € IY,y € IZ be defined as a(a) = 0.5, a(b) = 0.7, a(c) = 0.4;
B(p) = 0.5, B(q) = 0.5, B(r) =0.5; y(z) = 0.5, v(y) = 0.7, v(2) = 0.4. We define a
fuzzy topology 7,0,n : I*X — I as follows:

1 ifa=0o0rl 1 ifa=0orl 1 ifa=0orl
T(a)=¢3 fa=a ola)=<¢3 ifa=p na) =41 fa=y
0 otherwise, 0 otherwise, 0 otherwise.

Then the identity function f : (X,7) — (Y,0) and g : (Y,0) — (Z,n) is GRFC-
continuous. But go f : (X,7) = (Z,n) is not GRFC-continuous.

Theorem 6.12. Let f : (X, 7) = (Y, o) and g : (Y, o) = (Z, 1) be mappings.
Then go f is:

(1) GRFC-continuous, if g is F-continuous (resp. GRFC-continuous) and f is
GRFC-continuous (resp. grf-irresolute),

(2) GRFC-open, if [ is F-open (resp. GRFC-open) and g is GRFC-open (resp.
grf-irresolute closed),

(3) GRFC-closed, if f is F-closed (resp. GRFC-closed) and g is GRFC-closed
(resp. grf-irresolute open),

(4) GRFC-irresolute, if g is grf-irresolute (resp. GRFC-irresolute) and f is
GRFC-irresolute (resp. grf-irresolute),

(5) GRFC-irresolute open, if f is grf-irresolute open (resp. GRFC-irresolute
open) and g is GRFC-irresolute open (resp. grf-irresolute closed),

(6) GRFC-irresolute closed, if f is grf-irresolute closed (resp. GRFC-irresolute
closed) and g is GRFC-irresolute closed (resp. grf-irresolute open,).

Theorem 6.13. Let f: (X, 7) — (Y, o) be a mapping and r € Iy. The following
statements hold.

(1) If (X, 7) is FRTy/5, then the concepts of F'RC-continuity and GRFC-
continuity are equivalent.

(2) If (Y, o) is FRT /5, then the concepts of GRFC-continuity and GRFC-
irresolute are equivalent.

(3) If (X, 7) and (Y, o) is FRT /2, then the concepts of F RC-continuity, GRFC-
continuity and GRFC-irresolute are equivalent.

Theorem 6.14. Let f : (X, 7) = (Y, o) and g : (Y, o) = (Z, n) be GRFC-

continuous and (Y, o) is FRTy ;5. Then gof: (X, 1) — (Z, n) is GRF-continuous.
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7. APPLICATIONS OF 7-GENERALIZED REGULAR FUZZY CLOSED SETS

Definition 7.1. A fts (X, 7) is said to be:

(i) -GRF-regular, if for each r-grfc o € IX, ;Ga implies that there exist 8; € IX
with 7(8;) > r, for i € {1,2} such that z; € 81, a < B2 and 51g52,

(ii) r~-GRF-normal, if for each r-grfc sets a; € IX, for i € {1,2}, a;Gas implies
that there exist 3; € I’X with 7(8;) > r such that o; < B; and B1qB.

Theorem 7.2. Let (X,7) be a fts and r € Iy. Then the following statements are
equivalent:

(1) (X, 1) is r-GRF-regular,

(2) if z¢ € a, for each r-grfo a € IX, there exists B € I with 7(3) > r such that
xy € 8 < RC-(B,r1) < a.

(3) if z¢qa, for each r-grfc a € IX, there ewists B; € IX with 7(3;) > r, for
i € {1,2} such that x; € B1, a < Po and RC, (51, r)gRC (B2, 7).

Proof. (1)=(2) Let z; € « for each r-grfo . Then x,g(1 — ) for r-grfc (1 — ).
Since (X, 7) is r-GRF-regular, there exist 8,7 € IX with 7(8) > r, 7(y) > r such
that z; € 8, T — a <~ and Bgy. It implies z; € 8 <1 —v < . Since 7(y) > 7,
x € B < RC(B,7) < a

(2)=(3) Let z;ga for each r-grfc. Then z; € 1 — « for r-grfo 1 — a. By (2),
there exists f € IX with 7(8) > r such that z; € 8 < RC.(B,7) <1 — a. Since
7(B8) >, B is r-grfo and x; € 3. Again, by (2), there exists 5, € IX with 7(8;) > r
such that z; € 81 < RC-(B1,7) < 8 < RC.(8,r) <1 — . It implies a < (1 —
RC.(B,7) = RI.(1—-3,r)) <1— . Put B2 = RI.(1— B3,7). Then 7(82) > r. So,
RC.(B2,7) <1—<1— RC,(p1,r), that is, RC,(S1,7)gRC(B2,T).

(3)=(1) It is trivial. O

Theorem 7.3. Let (X, 7) be fts and r € Iy. Then the following statements are
equivalent:

(1) (X, 7) is r-GRF-normal,

(2) if v < «, for each r-grfc set vy € I and r-grfo set a € IX, there exists B € IX
with 7(8) > r such that v < 8 < RC,(8,7) < a,

(3) If a1qas, for each r-grfc sets a; € IX, for i € {1,2}, there ewists 3; € I*X
with 7(8;) > r such that a; < B; and RC,(5y,r)qRC-(B2,1).

Proof. 1t is similarly proved as in Theorem 7.2. O

Theorem 7.4. Let (X,7) be a fts. Then the following statements hold.

(1) Every r-GRF-regular (r-GRF-normal) space is -GF Ry (r-GFR3).

(2) Every r-GRF-regular (r-GRF-normal) space is r-F Ry (r-FR3).

(3) A fts (X, 1) is r-GRF-regular (r-GRF-normal) space iff it is r-GF Ry (r-
GFRd) and FRTl/Q

(4) A fts (X, 1) is r-GRF-regular (r-GRF-normal) space iff it is r-FRy (r-FR3)
and FRT 3.

Proof. (1) For 2;ga with r-grfc set o € IX, avis r-gfc. Since (X, 7) is -G RF-regular,
there exist 3; € I with 7(8;) > r, for i € {1,2} such that z; € 81, a < 2 and
B1GB2. Then (X, 7) is r-GF Ra.
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(2) For z,ga with r-frc set o € IX, «a is r-grfc. Since (X, 7) is r-GRF-regular,
there exist 3; € I with 7(8;) > r, for i € {1,2} such that z; € 81, a < 32 and
B1GP2. Then (X, 7) is r-F Rs.

(3) (=) Let (X,7) be r-GRF-regular. By (1). We only show that (X,7) is
FRTy 5. If o € {0,1}, then « is r-grfc and 7(o) = 1. Let o ¢ {0,1} be r-grfe.
Then for z; € T — a with r-grfc a, by Theorem 7.2(2), there exists 8,, € I with
7(Bz,) > r such that x; € B, < RC-(By,,r) <1— . Thus

T —a= VzteT—a{/Bwt| RC—,—(ﬁwt,’P) S T -, T(/Bfft) Z T}'

So 7(I — a) > 7. Hence (X,7) is FRT} 5.
(<) It is easily proved.
(4) (=) It is easily proved from (2) and (3).
(<) It is easily proved. O

Theorem 7.5. Let (X, 1) be a fts. Then following statements hold.
(X,7) is r-GRF-regular, then it is r-FRy.

(X, 7) is r-GRF-regular, then it is r-FT,y.

(X,7) is r-GRF-regular, then it is r-FTs.

(X, 7) is r-GRF-normal and r-F Ry, then it is r-GRF-reqular.
(X,7) is r-GRF-normal and r-F Ry, then it is r-FTy.

Proof. (1) Let x;GRC;(ys,r), for any distinct fuzzy points z;,ys € Pt(X). Since
RC, (ys,7) is r-grfc and (X, 7) is -GRF-regular, there exist 3; € IX with 7(3;) > 7,
for i € {1,2} such that =y € f1, ys € RC(ys,7) < P2 and (1GS2. It implies
2 € f1 <1— 02 <1— RC-(ys,7) <1 —ys. Then, RC,(z;,7) < 1 — ys, that is,
ysqRC;(xt, 7). Thus (X, 1) is r-FRy.

(2) Let x4qys, for any distinct fuzzy points x4, ys € Pt(X). Since (X, 7) is r-GRF-
regular, by (1) and since every r-frc set is r-grfc set, ys is r-grfc. Then by Theorem
7.2(3), there exist 5; € I with 7(8;) > r, for i € {1,2} such that z; € 81, ys € B2
and RC7 (81, r)qRC- (B2, 7). Thus (X, 7) is r-FTy;.

(3) Let (X,7) is r-GRF-regular. By (2) and Theorem 7.4(2), (X,7) is r-FT;;
and F'Ry. Since r-FT,y implies r-FTy, (X, 7) is r-FT5.

(4) Let x:ga for each r-grfc a.. Since (X, 7) is r-F Ro, x4 is r-grfc. Since (X, 7) is
r-GRF-normal, there exist 8; € I with 7(3;) > r, for i € {1,2} such that z; € f,
«a € By and B1GP2. Then (X, 7) is r-GRF-regular.

(5) Let (X, 7) be r-GRF-normal and 7-F Ry. Since r-GRF-regular implies r-FT;1
implies r-FTy, by (4), (X, 7) is r-FTy. Then by Theorem 7.4(2), (X, 7) is r-FT,. O

Theorem 7.6. If f: (X, 71) = (Y, 72) be F-continuous, GRF-irresolute closed and
injective map and (Y, 72) is r-GRF-regqular (resp. r-GRF-normal), then (X, 1) is
r-GRF-regular (resp. r-GRF-normal).

Proof. Let z4ga for each r-grfc set a € IX. Since f is GRF-irresolute closed, f(a) is

r-grfc. Since f is injective, x;go implies f(x;)gf(«). Since (Y, 2) is r-GRF-regular,

there exists 8; € I with 75(8;) > r and i € {1,2} such that f(z;) € B1, f(a) < B2

and 31gfs. Since f is F-continuous, z; € f~1(B1), a < f~1(B2) with m2(f~1(8;)) >
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rand i € {1,2} and f~(B1)gf ' (B2). Then (X, 7) is r-GRF-regular. Other case
is similarly proved. O

Theorem 7.7. If f : (X,71) — (Y, 72) be GRF-irresolute, F'-open, F-closed and
surjective map and (X, 1) is r-GRF-regular (resp. r-GRF-normal), then (Y, 73) is
r-GRF-regular (resp. r-GRF-normal).

Proof. Let ys € 3 for each r-grfo 8 € IY. Since f is GRF-irresolute and surjective,
then there exists x € f~!({y}) such that =, € f~1(B) with r-grfo set f~1(3). Since
(X,71) is -GRF-regular, by Theorem 7.2(2), there exists v € IX with 7 (y) > r
such that 5 € v < RCy, (v,7) < f~1(B). Tt implies ys € f(v) < f(RC., (v,7)) < B.
Since f is F-open and F-closed, 72(f(7)) > r and 72(1 — f(RC, (7,7))) > 7. Then
ys € f(v) < RC(f(y),r) < RCr,(f(RC+ (7v,7)),7) < B. Thus (Y, 72) is -GRF-
regular. Other case is similarly proved. 0

Example 7.8. Let X = {a,b,c} be a set. We define a fuzzy topology 7 : IX — T
as follows:

1 ifa€{0,1},
( _ % ifa:X{a,b}a
(o) = L ifa=c
2 — C1,

0 otherwise.

We can obtain a fuzzy closure operator C, : IX x Iy — IX as follows:

6 if a = 6, re Io,
if 0 < <1/2
CT(OZ,T'): X{a,b} 1 9#a7X{a,b};0<7ﬂ7 / )
c1 if0#a<c,0<r<1/3,
1 otherwise.
(1) For 0 < r < 1/3, Since x{q,p}qc1 With T7(x{a,p}) > 7 and 7(c1) > r, (X, 7)
is r-FR3. Also, for 0 < r < 1/3, Since z:G(Cr(cs,7) = ¢1), for z € {a,b} iff

csq(Cr(ze,7) = X{apy)s (X,7) is r-FRy.
(2) For 0 < r <1/3, since (X, 7) is r-FR3 and r-F Ry from (1), (X, 7) is r-FRa.
(3) For 0 <7 <1/3, X{ap}y and bo.5 V c1 are r-grfc sets. Let x(q,51Gbo.5 V c1. For
each a, 8 € {X{a,b}vT} with X{e51 € @ and bos V c1 € B, we give agf. Then (X, )
is neither r-GRF-normal nor 7-GRF-regular. Thus by (1), (2) and (3), the converse
of Theorem 7.4(2) is not true. Also, by (1), (2) and (3), the converse of Theorem
7.5(1) is not true.

Example 7.9. Let X = {a,b,c} and 3, € I’X defined as follows: B(a) = 0.5, 3(b) =
0.5, 8(c) = 0.5;y(a) = 0.5,v(b) = 0.6,7(c) = 0.6. Define fuzzy topology 7 = IX — I

1 ifae{0,1},
1l ifa=
as follows: 7(a) = ¢ % nae=n
5 ifa=4,
0 otherwise.

For 0 <r <1/3, (X,7)is GFR3. Also, for 0 < r <1/3, 3 and 1 — 3 are r-grfc sets.
Let 8g(1 — 3). Since 8 < S and 1 — 3 < 4 with 7(8) > r and 7(vy) > r, we give
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Bq7y. Hence (X, 7) is not m-GRF-normal. Then, the converse of Theorem 7.4(1) is
not true.

8. CONCLUSIONS

Sostak’s fuzzy topology has been recently of major interest among fuzzy topolo-
gies. In section 2, we have introduced r-generalized regular fuzzy closed (open) sets
in fuzzy topological spaces of Sostak’s and studied some of its fuzzy set theoritic
properties. In sections 3 and 4, we have also introduced generalized regular fuzzy
continuous (irresolute) functions and generalized regular fuzzy contra continuity in
Sostak’s fuzzy topological spaces. Further, we have examined interrelationship of
r-generalized regular fuzzy closed sets and other r-generalizations of closed sets in
Sostak’s topological spaces.
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