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ABSTRACT. In this paper, we introduce the notion of soft G-Cauchy
sequences and soft-G-complete spaces. Also we investigate some properties
of such spaces. Then, we obtain three fixed point theorems for mappings
satisfying sufficient conditions on such spaces. Moreover, we prove fixed
point results of mappings defined on soft G-metric spaces.
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1. INTRODUCTION

The concept of soft set was introduced by Molodtsov [3] as a new mathematical
tool for dealing with uncertainties. Then, soft set theory was studied in detail by
Maji et al.[7]. Also, some algebraic operations on soft sets were obtained by Ali et.
al.[1]. Shabir and Naz [13] introduced the soft topological spaces and investigated
their fundamental properties. Zorlutuna et. al. [15] also studied on soft topological
spaces. In addition, the notions of soft real set and soft real number were defined
and their properties were given in [2].

Fixed point theory plays an important role and has many applications in math-
ematics. Many researchers obtained fixed point theorems for various mappings in
different metric spaces. G-metric spaces [10] which are a generalization of metric
spaces is one such space. Also, a lot of fixed point theorems were obtained in this
structure [6, 9, 11, 12]. In addition, the concept of soft mapping and its fixed points
were introduced by Wardowski [14]. Besides, the notion of soft metric spaces and
Banach fixed point theorem were given in these spaces [3].

Guler et. al. [5] introduced the concept of soft G-metric space according to a soft
element and obtained some of its properties. Then, they defined soft G-convergence
and soft G-continuity. Moreover, they proved existence and uniqueness of fixed
points in soft G-metric spaces.
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In this paper, the notion of soft G-complete space is introduced and some prop-
erties of such spaces are investigated. Then, three general fixed point theorems for
mappings satisfying sufficient conditions are proved on soft G-metric spaces.

2. PRELIMINARIES

Throughout this paper, X will be a nonempty initial universal set and E will be
a nonempty parameter set. Let P(X) denote the power set of X.

Definition 2.1 ([8]). A pair (F, E), where F'is a mapping from F to P(X), is called
a soft set over X.

Definition 2.2 ([7]). Let (Fi,E) and (Fs, E) be two soft sets over a common
universe X. Then, (F1, F) is said to be a soft subset of (Fy, E), if F1(\) C Fy(\), for
all A\ € E. This is denoted by (Fy, E)C(Fy, E).

(Fy, E) is said to be soft equal to (Fy, E), if F1(\) = Fa()\), for all A € E.
This is denoted by (Fy, FE) = (Fy, E).

Definition 2.3 ([1]). The complement of a soft set (F, F) is defined as (F, E)¢ =
(F°,E), where F° : E — P(X) is a mapping given by F¢(A\) = X\F(X), for all
AeE.

Definition 2.4 ([7]). Let (F, E) be a soft set over X.

(i) (F, E) is said to be a null soft set, if F(\) = @, for all A € E.
This is denoted by .

(ii) (F, E) is said to be an absolute soft set, if F'(A\) = X, for all A € E.
This is denoted by X.

Clearly, we have (X)¢ =& and (2)° = X.

Definition 2.5 ([13]). The difference (H, E) of two soft sets (Fy, E) and (Fy, E)
over X, denoted by (Fy, E)\(Fy, E), is defined as H(\) = F; (A)\Fa(\), forall A € E.

Definition 2.6 ([7]). The union (H, E) of two soft sets (F, F) and (G, E) over a
common universe X, denoted by (F, E)U(G, E) is defined as H(\) = F(\) U G()\),
for all A € E.

The following definition of intersection of two soft sets is given as that of the
bi-intersection in [4].

Definition 2.7 ([4]). The intersection (H, E) of two soft sets (F, E) and (G, E) over
a common universe X, denoted by (F, E)N(G, E), is defined as H()\) = F(A\)NG()),
for all A € E.

Definition 2.8 ([2]). A function € : F — X is said to be a soft element of X. A
soft element ¢ of X is said to belong to a soft set (F, E) of X, denoted by ¢€(F, E),
if e(e) € F(e) for each e € E.

In that case, € is also said to be a soft element of the soft set (F, E'). Thus, every
singleton soft set (a soft set (F, E) for which F'(e) is a singleton set for each e € E)
can be identified with a soft element by simply identifying the singleton set with the
element that contains each e € E.
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Definition 2.9 ([2]). Let R be the set of real numbers, B(R) be the collection of
all nonempty bounded subsets of R and F be a set of parameters. Then a mapping
F: E — B(R) is called a soft real set.

It is denoted by (F, E) and R(E) denotes the set of all soft real sets.

Also, R(E)* denotes the set of all non-negative soft real sets ((F, E) is said to
be a non-negative soft real set, if F'(\) is a subset of the set of non-negative real
numbers for each A € E).

In particular, if (F, E) is a singleton soft set, then it is called a soft real number,
by identifying (F, E') with the corresponding soft element.

R(E) denotes the set of all soft real numbers. Also, R(E)* denotes the set of all
non-negative soft real numbers.

Definition 2.10 ([2]). Let (F, E), (G, E) € R(E).

(i) (F,E)=(G,E),if F(\) = ()\),for each A € E.
()(F—I-G)()\)—{a-l-b a € F(\),be G(\)}, for each A € E.
(ii)(F—G)(A) ={a—b:ac F(A),be G(\)}, for each X € E.
(iv) (F.G)(\) ={ab:a € F(\),be ( )}, for each \ € E.
R (ng(F/G)(A) {a/b : a € F(A\),b € G(A\)\{0}}, provided 0 ¢ G(X), for each
c L.

In this paper, as demonstrated in [3], S(f() denotes the set of soft sets (F, E)
over X for which F(\) # @ for all A € F and SE((F, E)) denotes the collection of
all soft elements of (F, E) for any soft set (F, E) € S(X).

Also, &, 7, Z denote soft elements of a soft set and 7, 3, ¢ denote soft real numbers,

whereas T,3,t denote a particular type of soft real numbers such that 7(\) = r, for
all A € E.

Definition 2.11 ([3]). For two soft real numbers 7, 5,

(i) 7<53, if 7(\) < 3(\), for all X € E,

(i) 7>5, if 7(\) > 3(\), for all A € E,

(iii) 7<3, if 7(\) < 3(\), for all A € E,

(iv) 7>3, if 7(A) > 5()), for all A € E.
Definition 2.12 ([3]). A mapping d : SE(X) x SE(X) — R(E)* is said to be a
soft metric on X if d satisfies the following conditions:

(M1) d(%,5)>0, for all Z,JEX,

(M2) d(Z,y) = 0 if and only if 7 = 7,
(M3) d(%,5) = d(7,%), for all 7, jEX,
(M4) d(z,2)<d(Z,7) + d(7, 2), for all F,7,7€X.

The soft set X with a soft metric d on X is said to be a soft metric space and is
denoted by (X, d).

Definition 2.13 ([3]). Let (z,,) be a sequence of soft elements in (X, d).

The sequences (Z,,) is said to be convergent in ()N( ,d), if there is a soft element
Z€X such that d(z,,T) — 0 as n— .

A sequence (Z;,) of soft elements in ()? ,d) is said to be Cauchy sequences in X,
if for every ¢>0, there is a natural number m such that d(z;, x;) <¢, whenever i, j>
m.
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Definition 2.14 ([3]). A soft metric space (X,d) is said to be complete if every
Cauchy sequence in X converges to some soft element of X.

Definition 2.15 ([5]). Let X be a nonempty set and E be the nonempty set of
parameters. A mapping G : SE(X) x SE(X) x SE(X) — R(E)* is said to be a soft
generalized metric or soft G-metric on X , if G satisfies the following conditions:
(1) G(7,5.%) =0, it T == %,
(G2) O<G(m L, y), for all 7,y € SE(X) with & # 7,
(G,j) G,z @<G($ 7,%), for all Z,7,% € SE(X) with § # Z,
(Ga) G(3,5.2) = G(3.%,5) = G %,7) =
(Gs) G(Z,7,% “)<G(:1c a,a)+G(@,7,2 z), forallx ,7,%,a € SE(X).
The soft set X with a soft G-metric G on X is said to be a soft G-metric space
and is denoted by (X, G, E).

Proposition 2.16 ([5]). For any _soft metric d on X, we can construct a soft G-
metric by the following 1 mappmgs G, and G,
(1) G4(d)(3,5,%) = (($§)+d('7+d@3®%
@)Gm()@i@N)—HwX&ﬂaﬂ%d@f%d(77}

Proposition 2.17 ([5]). For any soft G-metric G on X, we can construct a soft
metric dz on X defined by

de(,y) = G(Z,y,9) + G(Z,7,Y).
Definition 2.18 ([5]). Let (X, G, E) be a soft G-metric space and (Z,) be a sequence
of soft elements in X. The sequence (z,) is said to be soft G-convergent at z in X,
if for r every €>0, chosen arbitrarily, there exists a natural number N=N(¢) such that

0< G(2n, Tn, &) <¢, whenever n> N, i.e., n> N = (z,) € B &, 6.
We denote this by z,, — T as n— oo or by lim, o0 (z7,) = T.

Proposition 2.19 ([3]). Let (X, G, E) be a soft G-metric space, for a sequence (Z, )
in X and soft element T, then the followings are equivalent:

(1) (zn) is soft G-convergent to Z,

(2) dg(7p,2) — 0 as n— oo,

(3) (mn,xn,i) — 0 as n— oo,

(4) G(Zn,%,7) — 0 as n— oo,
(5) G(Zn, T, &) — 0 as n, m— oo.

Definition 2.20 (] ]) Let (X, G, E), (X’ G, E’) be two soft G-metric spaces. Then
a function f: X — X’ defined by f (@) =f (a) is soft G-continuous at a soft element
a e SE(X ) if and only if for every e €S0, there exists 0>0 such that Z,7€X and

G(a,7,7)<0 implies that G’(f( ), f(x) f(y))<e
A function f is soft G-continuous if and only if it is soft G-continuous at all

i€ SE(X).

Proposition 2.21 ([5]). Let (X,G,E), (X',G',E') be two soft G-metric spaces.

Then a function f: X o X' is soft G-continuous at a soft element a € SE(X ) if
694
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and only if it is soft G-sequentially continuous at a soft element a € SE()Z'), i.€e.,

whenever (x,,) is soft G-convergent to a, (f(x,)) is soft G'-convergent to f(a).

Definition 2.22 ([5]). Let (X, G, E) be a soft G-metric space. Let T': (X,G,E) —
(X G, E) be a mapping. If there exists a soft element Zg € SE(X) such that T(Zg
= g, then zg is called a fixed point of T.

Definition 2.23 ([7]). Let (X, G, E) be a soft G-metric space. Let T : (X, G, E) —
(X,G, E) be a mapping. For every xo € SE(X), we can write the sequence of soft

elements by applying T on Zo; #1=T(%s) , T3=T(77) = T*(@),rsn=T (Fn 1) =
T™(zg). We say that the sequence has been constructed by iteration method.

Theorem 2.24 ([3]). Let (X, G, E) be a soft G-metric space. Let T : (X,G, E) —
(X G E) be a mappmg such that T satzsﬁes the followings:

(i) G(Tx Ty, T?) < aG(z,T%,T%) + bG(y, Ty, TY) + ¢G(%,TZ,T7) for all T, 7,
Z €SE(X) where0 <a +b+¢<1,

(i) T is soft G-continuous at a soft element u € SE(X X),

(iii) There is @ € SE(X); T™(Z) has a subsequence T™(Z) soft G-converges to .
Then U is a unique fized point. (i.e Tu =u).

3. SOFT G-COMPLETENESS

Definition 3.1. Let (X, G, E) be a soft G-metric space and (Z,) be a sequence of
soft elements in X.
The sequence (z,) is said to be soft G-Cauchy, if for every €0, chosen arbitrarily,
there exists a natural number k such that C:'(f;, Ty, ;) <€, whenever n, m, 1 > k.
A soft G-metric space ()? , C:‘, E) is said to be soft G-complete, if every soft G-
Cauchy sequence in ()?, C:‘, E) is soft G-convergent in ()N(, é, E).

Proposition 3.2. Let ()?, G, E) be a soft G-metric space and (Z,,) be a sequence of
soft elements in X. Then the followings are equivalent:

(1) the sequence () is soft G-Cauchy,

(2) for every €0, there exists a natural number k such that G(Zy,, T, T) <€ for
any n,m > k,

(3) (zn) is a Cauchy sequence in the soft metric space ()Z',dé,E).

Proof. (1) = (2): It is obvious by axiom (GS).
(2) < (3): It is clear by the definition of dg.
=

(2)

Corollary 3.3. Every soft G-convergent sequence in any soft G-metric space ()N(, é, E)
is soft G-Cauchy.

(1): If we set @ = &y, then it is obvious by axiom (Gs). O

Proposition 3.4. A soft G-metric space ()N(,CN?,E) is soft G-complete if and only
if (X,dg, E) is complete soft metric space.

Proof. 1t follows from Propositions 3.2 and 2.17. O
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Theorem 3.5. Let (X,G, E) be a soft G-complete space and T : (X,G,E) —
(X,G, E) be a mapping that satisfies the following condition for all T, y, zZ eSE(X),

G(T%,Ty,T%) < aG(F,T%,T%) + bG(§, Ty, Ty) + ¢G(Z, Tz, T?) + dG(%,7,%) (3.1)

where 6%6 +b+c+d<I.
Then T has a unique fixed point, say u, and T is soft G-continuous at u.

Proof. Let g € SE()N( ) be an arbitrary soft element and define the sequence
(Zn)nen by Z, = T"(xg). From (3.1), we get

G(@n, Tty Tn1) SGG(Tn 1, Ty, Ty) -+ DG(Ts Tr1s Tni1) + CG (T, Tty Tt

+dG(Tp 71, T, Tn). (32)
Then
G (@, Tni1: Tni1) @ + DG (T 1, 50 Tn) + (0 + OG(@n, Tyt Tg1).  (3.3)
Thus we have
-~ ~ (@+d) 5 _
G(@nyTni1,Tpni1)<———=—G(Tp_1,Tn,Tn). 3.4
( 1, Tni1) T G+0 (Tn1 ) (3-4)

Let k = T(_E(%?a . Since 0<@+ b+ ¢+ d<1, 0<k<I. So we get

G (s Tt i1 ) Sk G(Tp 1, T ). (3.5)

Hence we have the following inequalities :
G(Tn=1,%n, T0) SkG(Tn2, Tn—1, Tn1),

=~ —

G(Tn =2, %p 1,0 1) SKG(Tn 3, Tn 2,7 2), (3.6)

Combining (3.5) and (3.6), we obtain

G (T, Zni1, Tni1) < (k)" G(T0, 71, 71). (3.7)

For all m,n € N such that n < m, we have

~ o~ —~ —~— —~— ——

G(In7 T, xm)gé(i‘\;a x/’;l\-_ﬁ-/la E;L\-_‘,-/l) + é(£n+17 xn-{-lv xn+2) + + é(ma -i;/nv Jfl";’/n)
<((B)" + ()™ 4 oo+ ()™ )G, 71, 770) (3-8)
2O G, 71, m),

by (G5) and (3.7).
Thus G (T, T, Tm) — 0 as m,n — co. So (%) is a soft G-Cauchy sequence. Since
(X, G, E) is soft G-complete, there exists & € SE(X) such that (Z,,) soft G-converges
to .
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Assume that T'(u) # u, i.e., T(u(Ao)) # ©u(Ao) for some A\g € E. Then by (3.1),

we have
G(Tn, T, T0) <0G (Tp—1, Tn, @) + bG (@, T, TW) + G(U, T, T)
+dG(Tn 1,1, 10). (3.9)
Thus
G(Zn, T, T0) <aG(Tn =1, T, Tn) + (b +0)G(W, TU, TG) + dG(Zn=1, 0, 0).  (3.10)
By taking the limit as n — oo, we get
G, Tw, Tu)< (b +0)G(u, Tu, Tw), (3.11)

since (Z,,) — . This is a contradiction. Hence Tu = w.
Let us prove uniqueness. Suppose there exists a soft element v such that u # v
and Tv = v. Then by (3.1), we get
G(u,v,?) = G(Tw, Tv, T?)<aG(u, Tu, T')
+ (b+0)G@, T3, T%) + dG(u,v,7)
= dG(u,v,7). (3.12)
Thus we find that u = v.
Let us prove that T is soft G-continuous at u. Let (y,) be a sequence of soft
elements in X such that (y,) — u. Then by (3.1), we have

G (@, Ty, Tyy) <aG (@, T%, T) + (b + )G (Y, TYn. Tn) + dG (T, Y, Y

= (b+)GWn, Thn, Tyn) + dG(@, Yru, Y- (3.13)
Also, by (G5), we have
GG, T, T5) <G (G, 0, 0) + G(@, TG, TGr)- (3.14)

Then, we combine (3.13) and (3.14), to get
G (@, TYn, Tn) <0+ G (Y, 4, 0) + (b + )G (W, TG, Tyr) + dG(T, Y, Yrn)-
Thus
b+0) ~,  _ d ~
———GWn,U,0) + =—————G (U, Y, Yn)- 3.15
-G+ (Yn, w, ) 1o (W Y, Yn) (3.15)

By taking the limit as n — 0o, we obtain é(ﬂ, TYn, Tyn) — 0, since (y,) — @. So
T(yn) — @ = Tau, from Proposition 2.19. Hence T is soft G-continuous at u, by
Proposition 2.21. O

G(@, Tgy, Tyn)<

Corollary 3.6. Let (X,G, E) be a soft G-complete space and let T : (X, G, E) —

(X G, E)bea mappmg that satisfies the following condition for allz, y, z e SE(X )
G(Ta: T7,T%) < aG(F,T%, TT)+bG (7, Ty, T9)+cG(Z, TZ, T?) (5.16)

where 0<a + b+ ¢<1. Then T has a unique fized point, say U, and T is soft G-

continuous at u.

Proof. If we take d = 0 in Theorem 3.5, it is obvious. O
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The following example shows that (ii) and (iii) in Theorem 2.24 do not guarantee
the soft G-completeness of soft G-metric space.

Example 3.7. Consider the soft G-metric space (X, G (d), E) where X (X) = (0, 1]
in the real line and d(Z,7)(\) = |Z(A) — §()\)] for each A € E and %, € SE(X). Let
T(%) = /4. Although the sequence (Z,) of soft elements in X where Z,(\) = 1/n
for each n € N and for each A € F is a soft G- Cauchy, it is not soft G-convergent.
Then (X, G (d), E) is not soft G-complete space. But the conditions (i) and (iii)
in Theorem 2.24 are satisfied.

Theorem 3.8. Let ()A(:, é,E) be a soft G-metric space and let MC X which meets
the condition ” there exists a sequence () in M such that (xn) — T for every T
eSE(X ~) Let T : ()N( G, E) — (X,G, E) be a mapping that satisfies the following:

(i) G(T:z: Ty, TZ) < a( (,T%,T%) + G, Ty, TY) + G(Z,TZ,TZ)) for all T, 7,
7 €SE(M) and0 < a < %

(ii) T is a soft G—continuous mapping,

(iii) There is & € SE(X) such that T™(Z) soft G-converges to 1, for each n € N.
Then @ is a unique fized point. (i.e Tu =u).

Proof. Tt is enough to show that condition (i) in Theorem 2.24 holds for any Z, g, 2
€SE(X).

Case 1: For 7, 3y, z € SE()/(—\\}\/J) let (Z7,), (yn) and (z5,) be sequences in M such
that (2,,) = @, (yn) = ¥ and (z,) — z. Then by axiom (G's), we have

G(Tz, Ty, TZ)<G(T%, Ty, T)) + G(Ty, Ty, TZ)
and

G(TZ, Ty, T§)<G(TZ,Tzn, T7n) + G(Tzn, Tyn, Tyn) + G(Ty, T5,TY).  (3.17)
By (i), we obtain

G(T%, T, T)<a{ Gz, T2, T%0) + 26, T, T)}- (3.18)
Again by axiom (Gu—,) we have

G(Zn, T2, T7)<G(Z, %, %) + G(Z,TZ,TZ) + G(T%,T7,, T7,) (3.19)
and

G(Yn, TYn> Tyn) <G (Yn, 4,9) + G4, Ty, TY) + G(TY, Tyn, Tyn)- (3.20)

Thus, from (3.18), (3.19) and (3.20), we get

G(TZ, Ty, T§)<G(T%, Tz, T%n) + G(Tyn, T, T7)
+aG(2,,%,%) +aG(Tz, Tz, T7n) + 2aG (Y, 1, 7)
+2aG(Ty, Tyn, Tyn) + aG(Z,TZ,TZ) + 2aG(, T, TY)
<(1+a)G(Tz,Tz,,Tz,) + G(Ty, T, T7)
+aG(zn, %,%) + 2aG(yn, §,9) + 2aG(TY, Ty, Tyn)
+aG(3,TZ,T?) + 2aG (3, Ty, TY).
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So
G(TZ, Ty, Ty <+ a)G(TZ, Tz, Tz, + G(Tyn, T, T
+aG(Zn, %, 2) + 2aG(Yn, 5,7) + 2aG (T, Tn, )
+aG(3,TZ,T?) + 2aG (3, T, T). (3.21)
Similarly, we obtain
G(T%, Ty, T) <1 +a)G(TZ, T%,, T%y) + Gyn, T7, TY)
+aG (T, T, %) + 2aG (gn, U, 9) + 2aG(TY, Ty, THn)
+aG(Z,T%,T7) + 2aG(y, Ty, T7). (3.22)
Hence, from (3.21) and (3.22), we get
G(T%, Ty, T?)<G(T%, Ty, Ty) + G(TZ, T3, Ty)
LT +a)G(Tz, TZ,, TTy) + G, T, TT)
+aG (T, %, ) + 20G (Y, §,7) + 2aG (TG, T9n, TYn)
+aG(%,T%, TT) + 2aG (3, T3, TH)}
+ {1 +a)G(T%, Tz, Tz,) + G(Ty, T5,T7)
+aG(Zn, 2, 2) + 2aG(yn, U, ) + 2aG(TY, Ty, T9y)
+aG(Z,T%,T?) + 2aG(§,T7,Ty)}.
Taking the limit as n — 00, we obtain B B
G(T%, Ty, T?)<a{G(Z,T%,T%) + 4Gy, Ty, Ty) + G(z,TZ,T?)},
since T is soft G—continuous.ﬁ/ o -
Case 2: For 2, y € SE(M), z € SE(X\M), let (z,) be a sequence in M such
that (2,) — Z. Then by axiom (Gs), we have

G(I'%,T§,T%)<G(T7, Ty, T5) + G(TZ,TF,T7).
By (i), we obtain

G(Tz, Ty, T))<a{G(z, T% T%)+2G (7, Ty, T7)}. (3.23)
Again by axiom (Gs), we have
G(TZ, Ty, Ty)<G(TZ, Tz, T7n)+G(TZ,, T, T). (3.24)
By (i) and (G5), we get
G(T%,, T3, T9) <a{G (Zn, T2, T70) +2G(5, 75, T9)} (3.25)
and
G(Zn, T2n, T70)<G(Zn, %, 2)+G(Z, T, T2)+G(TZ, T2, T7). (3.26)

By inequalities (3.23), (3.24), (3.25) and (3.26), we obtain
G(T%, Ty, T%)<aG (¥, T%, T%) + 2aG(y, Ty, TY) + aG (2., %, 2) + aG(Z, TZ, T7?)
+aG(TZ, Tz, Tz + G(TZ, Tz, T7n) + 2aG(, T, T).

Now letting n — oo in the previous inequality, we get
G(Tz, Ty, Tz)<a{G(z,T7,T7) + 4G(y, Ty, Ty) + G(z,Tz,TZ)}.
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Case 3: For j € SE(M), &, 7 € SE(X\M), let (Z,) and (Z,) be sequences in M

such that (x,) — Z and (z,,) — Z. Then by axiom (

), we have
G(T%,Ty,TZ)<G(T%, Ty, Ty)+G(Tz, Ty, TY)

w G(T%, Ty, T))<G(T%, Tz, TTn)+G(TTn, T, TY).
e G(T %y, T3, TY)<a{ G (@, Ty, TT,)+2G (7, T, TH) }
e G(Zy, TTy, TTy) <G (T, T, %) +G(Z, TT, TZ)+G(TZ, TT,, TT,).
Thus by (3.29) and (3.30), we obtain
G(TZ,, Ty, Ty)<aG(z,, %, &) + aG(%, T%, TT)
+aG(T%, %, TZ,) + 2aG(§, T, T5).
So from (3.27) and (3.31), we have
G(T%, Ty, Ty)<aG(z,, %, %) + aG (%, T%, T%)
+ (14 a)G(T%, T%,, TZ,) + 2aG(7, T, T).
Similarly, we obtain
G(TZ, Ty, Ty)<aG(zn, %, %) + aG(Z,TZ,T7)
+ (1 +a)G(T?,Tz,,Tz,) + 2aG(7, T, T).
Hence from (3.32) and (3.33), we have
G(T%, Ty, TZ)<G(T%, T, T)) + G(TZ, Ty, T)
<aG(z,,7, %) + aG(F, T, TT)
+ (T +a)G(T%, Tz, Tz, + 2aG(§, TG, TY)
+aG(zn,%,2) +aG(z,T%,T7)
+(A+a)G(TZ, Tz, T7,) + 2aG(y, Ty, T5).
Now letting n — ooNin the previous inequality, we get
G(T%, Ty, T%)<a{G(Z,T%,T%) + 4G(7y, T5,Ty) + G(Z,T%,T?)},

since T is soft G-continuous. Then, in all case, we have for any Z, 7, z € SE(

G(T%,Ty,T%)<aG(%, T%, T%) + bG(y, T§, TY) + ¢G(Z, TZ,T7),

(3.27)
(3.28)
(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

X)’

where ¢= @, b=4a, and 0<a + b + ¢ <1, since 0<a@ <g. Thus, T has a unique fixed

point by Theorem 2.24.
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