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ABSTRACT. The aims of this paper first, is to define and study soft
double sets and some of its basic properties. Second, is to define and study
soft double topological space and some properties related to it. Third, is to
define and study the mappings on soft double topological spaces and some
properties. Finally, is to define and study soft double continuity between
soft double topological spaces.
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1. INTRODUCTION

Atanassov [3, 4, 5, 6] introduced the concept of intuitionistic fuzzy sets as a gen-
eralization of fuzzy sets. Coker [3] generalized topological structures in intuitionistic
fuzzy case. The concept of intuitionistic fuzzy topological spaces and the topology
on intuitionistic sets was first given by Coker [7, 9].

Flou set stems from linguistic considerations of Yves Gentilhomme [12] about the
vocabulary of a natural language. The mathematical definition of flou sets and bi-
nary operations on it are introduced by E. E. Kerre [21].

In 2005, the suggestion of J. G. Garcia et al. [10] that double set is a more appro-
priate name than flou set, and double topology for the flou topology.

In 2007, Kandil et al. [20] proved the 1 — 1 correspondence mapping f between
the set of all flou (double) sets and the set of all intuitionistic sets defined as:
f(A1, A2) = (A1, AS), AS is the complement of A, . Kandil et al. [19, 20] introduced
the concept of double sets, double topological spaces and continuous functions be-
tween these spaces. They also introduced separation axioms in double topological
spaces. In 2009, Kandil et al. [19] introduced the notion of double-compact topolog-
ical space and studied some fundamental properties of this notion. In 2014, Kandil
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et al. [18] introduced some types of compactness in double topological spaces.
There are some theories: the theory of rough sets [27], the theory of vague sets [11],
and the theory of fuzzy sets [31], which can be regarded as mathematical tools for
dealing with uncertainties. However, all these theories have their own difficulties.
The main reason for these difficulties is, possible, the inadequacy of the parametriza-
tion tool of the theory as it was mentioned by Molodtsov [26]. In [26, 25] Molodtsov
successfully applied the soft theory in several directions, such as smoothness of func-
tions, operations research, probability, theory of measurement etc. After presenta-
tion of the operations of soft sets [24], the properties and applications of soft set
theory have been studied increasingly [3, 23, 24,

Recently, in 2011, Shabir and Naz [29] initiated the study of soft topological spaces.
They defined soft topology on the collection of soft sets over X. Consequently, they
defined basic notions of soft topological spaces. Hussain and Ahmad [13] investi-
gated the properties of soft nbds and soft closure operator. Some soft topological
properties were introduced in [1, 2, 14, 15, 16, 17].

In this paper we give an overview of double (soft) sets and some of related topics,
we introduce the notions of soft double sets, soft double points, quasi-coincident
relation on soft double sets, soft double topological spaces and we investigate the
fundamental properties of these notions. Also we define a soft double closure(resp.
interior) operator, soft double neighborhoods and soft double continuous mappings.
Moreover, some basic properties of these notions have obtained.

2. PRELIMINARIES

In this section, we collect some definitions and theorems which will be needed in
the sequel. For more details see [13, 19, 20, 22, 24, 26, 29, 30, 32].

Definition 2.1 ([20]). Let X be a nonempty set.

(i) A double set A is an ordered pair (A1, A3) € P(X) x P(X) such that A; C A,.

(ii) D(X) = {(41,43) € P(X) x P(X), A} C Ay} is the family of all double sets
on X.

(iii) Let n1,m2 € P(X). The product of 1y and 72, denoted by 11 x 12, defined
by:

m Xy ={(A1,A2) € ;1 xn2: A1 C Az},

(iv) The double set X = (X, X) is called the universal double set.

(v) The double set & = (&, @) is called the empty double set.

Definition 2.2 ([20]). Let A = (A1, A2), B = (B1,B2) € D(X).

B = (AluBhAQUBQ)
E (AlﬁBl,AgﬂBg).
= (4%, A7), where A° is the complement of A.
V)A\B (Al\BQ,AQ\Bl)
(vii) Let « € X. Then, the double sets z; = ({z},{z}) and z, 5 = (&, {z}) are
said to be double points in X.
The family of all double points we denoted by DP(X), i.e., DP(X) ={z; : x €
X,t€{1,0.5}}. (vili) ;ye A x € Ay and ;€ A= x € As.
642
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Definition 2.3 ([19]). Two double sets A and B are said to be a quasi-coincident,
denoted by AgB, if AyN By # & or Ao N By # . A is called a not quasi-coincident
with B, denoted by A ¢B, if Ay N By =& and A; N B = 2.

Definition 2.4 ([20]). Consider two ordinary sets X and Y. Let f be a mapping
from X into Y. Then, the image of a double set A in D(X) defined by:

f(4) = (f(Ar), f(A2))-
Also the inverse image of a double set B € D(Y') defined by:

F7HB) = (f71(By), f71(B2)).

Definition 2.5 ([20]). Let X be a non-empty set. The family n of double sets in X
is called a double topology on X if it satisfies the following axioms:
(i) @, X €,
(ii) if A, B € n, then AN B €7,
(iii) If {A, : s € S} C 7, then uses
The pair (X, 7) is called a double topological space.

A, en.

Definition 2.6 ([20]). Let (X,n) be a double topological space. A double set O,
is called an open neighborhood of the double point z,(¢ € {1,0.5}) if O, € n and
T, Qit. The family of all double neighborhoods of the point z, will be denoted by
N(z,).

Definition 2.7 ([20]). Let (X,n) be a double topological space and A € D(X).
The double closure of A, denoted by cl,,(A) or A, defined by:

A=n{B:Beyand A C B}.

Definition 2.8 ([20]). Let (X,n) be a double topological space and A € D(X).
The double interior of A, denoted by int,(A) or A°, defined by:

A°=U{B:Benand B C A}.

Definition 2.9 ([20]). Let f : X — Y be a mapping and let (X, 7n) and (Y,n*) be
double topological spaces. Then, f is called a D-continuous if f~1(B) € 1, whenever
Ben”.

Secondly, basic concepts about soft sets will be given:

Definition 2.10 ([26]). Let X be an initial universe and F be a set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E. A soft
set F4 over the universal X is a mapping from the parameter set E to P(X) with
support A i.e., Fy : E — P(X). In other words a soft set over X is a parametrized
family of subsets of X, where F(e) # @ ife € AC E and Fy(e) =0 ife ¢ A.
Note that a soft set can be written in the following form, F4 = {(e, Fa(e)) : e €
ACE,Fy: E — P(X)}.

In this paper we use the notation Fg for any soft subset, where Fg(e) # & Ve €
Aand Fg(e) =@, Ve & A.
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Definition 2.11 ([24]). Let Fg,Gg € S(X, E).
(i) Fg is said to be a null soft set, denoted by @, if Fg(e) = &, Ve € E.
(ii) Fg is called absolute soft set, denoted by Xp, if Fg(e) = X, Ve € E.
(iii) Fg is called a soft subset of Gg, denoted by Fr C Gg, if
FE(e) - GE(B), Ve € E.
(iv) Fg and Gg are called equal, denoted by Fgr = Gg, if Fg C Gg and Gg C Fg.
(v) The union of Fg and G is a soft set Hg defined by
Hg(e) = Fr(e) UGEg(e), Ve € E.
(vi) The intersection of Fg and Gg is a soft set Hg defined by
Hg(e) = Fg(e)NGEg(e), Ye € E.
(vii) The difference of Fr and G is a soft set Hg defined by
Hg(e) = Fg(e) — Gg(e), Ve € E.
We write Hg = Fg — GEg.
(viil) The complement of Fg, denoted by Ff, defined by
Fg(e)=X — Fg(e), Ve € E.

Definition 2.12 ([32]). Let Fg € S(X, E). Then, Ff is called a soft point over X,
if there exist e € F and « € X such that
] A{=}, ife=e;
Fle) = { @, ifeeE—{e}.
and Fg denoted by x..

Definition 2.13 ([32]). The soft point z. is said to be belonging to the soft set G,
denoted by z.€GE, if for the element e € E, Fg(e) C Gg(e).

Proposition 2.14 ([30]). The union of any collection of soft points can be considered
as a soft set and every soft set can be expressed as union of all soft points belonging
to it.

Definition 2.15 ([22]). Let S(X, E) and S(Y, K) be the families of all soft sets over
X and Y, respectively.

(1) The mapping fgy @ S(X, E) — S(Y, K) is called a soft mapping from, where
B:X —Y and ¢ : E — K are two mappings.

(ii) Let Fg € S(X, E). Then, the image of Fr under the soft mapping fg, is a
soft set over Y, denoted by fgy(FEg), and defined by:

Fou(Fg)(k) = { BUecy-1mne Fele), =1 (k)NE # 2;

a, otherwise.
(iii) Let Gk € S(Y, K). Then, the pre-image of Gk under the soft mapping fzy
is a soft set over X, denoted by fﬁ_l;(GK), and defined by:
_ -G e))), ify(e) € K;
i@ - { 5 (GO, e

o otherwise.

3

Definition 2.16 ([29]). Let 7 be a collection of soft sets over a universal X with a
fixed set of parameters E. Then, 7 is called a soft topology on X if it satisfies the
following conditions:
(1) d XgerT,
(ii) The union of any number of soft sets in 7 belongs to 7,
(iii) The intersection of any two soft sets in 7 belongs to .
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The triple (X, 7, E) is called a soft topological space overX. Every element of 7
is called an open soft set in X and its complement is called a closed soft set in X.

Definition 2.17 ([32]). Let (X, 7, E) be a soft topological space and let Fg €
S(X, E). Then, Fg is called a soft neighborhood of the soft point x., if there exists
Gg € 7 such that ©.€GE C Fg. The family of all neighborhoods of z., denoted by
N,..

Definition 2.18 ([29]). Let (X, 7, E) be a soft topological space and Fr € S(X, E).
Then, the soft closure of Fg, denoted by scl(Fg), defined by:

scl(Fg) =T{GEg : Fg C Gg and Gg is a closed soft set in X }.

Definition 2.19 ([13]). Let (X, 7, E) be a soft topological space and Fg € S(X, E).
Then, the soft interior of Fg, denoted by sint(Fg), defined by:

sint(Fg) =U{Gg : Gg C Fg and Gg € 7}.

Definition 2.20 ([32]). Let fgy : S(X,E) — S(Y,K), where  : X — Y and
¥ :E— K. Let (X, 7, E) and (Y, 0, K) be two soft topological spaces. Then, fg, is
called a soft continuous if fﬁ_wl (Hgk) € 7 whenever Hg € 0.

3. SOFT DOUBLE SETS

Definition 3.1. Let X be an initial universe and E be a set of parameters. Let
D(X) denote the family of all double sets over the universal X.A soft double set Fyu
over the universal X is a mapping from the parameter set £ to D(X) with support
Ale., Fy:E — D(X). In other words a soft double set over the universal X is
a parametrized family of double subsets of X, where F a(e) #@ifee ACE and
Fule)=gifed A

Note that a soft double set can be written in the following form, Fa = {(e, Fa(e)) :
ec ACE,Fy: E— D(X)}.

The family of all soft double sets over X denoted by SD(X)g.

In this paper, we use the notation Fp, for any soft double subset where, F r(e) #
@, Ve € Aand Fg(e) = @, Ve & A.

Definition 3.2. The soft double set Fig € SD(X)g is called a null soft double set,
denoted by ®, where Fg(e) =@, Ve € E.

Definition 3.3. The soft double set Fiz € SD(X)p is called an absolute soft double
set, denoted by X, where Fg(e) = X, Ve € E.

Definition 3.4. Let ﬁE, éE € SD(X)g. Then, ﬁE is a soft double subset of C:'E,
denoted by FprCGg, if Fp(e) C Gg(e), Ve € E.

Definition 3.5. Let fE,éE € SD(X)g. Then, Fp is equal to C~}’E, denoted by
Fg =Gg, if FE(G) = GE(B) Ve e E.

Definition 3.6. Let ﬁE,éE € SD(X)g. Then, the union of Fp and Gg is a soft
double set Hg defined by
645
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Hp(e) = (FpUGE)(e) = Fr(e)UGx(e), Ye € E.
We write ﬁEOéE = fNIE
Definition 3.7.~Let ﬁE, CNT'E € SD(X)g. Then, the intersection of ﬁE and éE is a
soft double set Hg defined by:
Hg(e) = (FeNGr)(e) = Fr(e)CGr(e), Ye € E.
We write ﬁEﬁéE = fi:E
Definition 3.8.~ Let ﬁE,éE € SD(X)g. Then, the difference of ﬁE and éE is a
soft double set Hg defined by
Hp(e) = Fg(e) \ Gg(e), Ve € E.
We write Hg = Fg \éE

Definition 3.9. Let Fp € SD(X)g. Then, the complement of FE, denoted by ﬁg,
defined by
Fg(e) = X\ Fg(e), Ve € E.
Example 3.10. Let X = {hl, hg, hg},E = {61, €9, €3, 64} and
Fg = {(61, ({h2}7 {hl, hQ}))a (623 ({h1}7 {hl, hQ}))7 (&)’7@)7 (647@)}' Then

Fii(e1) = (X, X)\ ({ha}, {hn, ha}) = ({hs}, {h1, ha}),
F§(€2) = (X, X)\ ({h1},{h1, ha}) = ({hs}, {ho, h3}),
F(es) = (X, X)\ (2,2) = X,

Fgles) = (X, X)\ (2,2) = X,

Thus, F& = {(e1, {hg}, {h1,h3})), (e2, ({hs}, {ho, hs, (e3, X), (es, X)}))}.

Proposition 3.11. Let Fy,Gp, Hg € SD(X)p. Then, (SD(X)g,U,N,¢) is a Mor-
gan, i.e., it satisﬁes the following axioms:

(
( FEU(GEﬂHE) (FEUGE)ﬂ(FEUHE)
(12 FEﬂ(GEUHE) (FEﬂGE)U(FEﬂHE),
(13 (FEUGE) FEﬂG
(14) (FaNCp)° = FelJas.
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Proof. As a sample, we prove the properties (1),(4) and (11), the proofs of the
remaining cases are similar.
(1) Let e € E. Then

(Fel JGr)(e) = Fu(e) JGE(e) = Gr(e)| JFr(e) = (Gel JFe)(e)
Thus ﬁEO(N?E = éEOﬁE
(4) Let e € E. Then
(FeNGr)NHz)(e) = (FeNGr)(e)NHa(e)
= Fp(e)NGr(e)NHe(e)
:ﬁE(e)ﬂ( E(e )ﬂHE(e))
= ﬁE(S)D(GgﬂHE)( e)
o = [FeN(GeNHE))(e).
Thus (Fe(\Gr)N\He = Fe(\(GeNHz).
(11) Let e € E. Then N
[FeU(GeNHE))(e) = ﬁE(e)Q(GEﬂHE)( )
= ﬁE( )Q(G (e )ﬂHE( )
= (Fp(e )QGE( ))ﬂ(~ E(e )QﬁE(e))
= (FeUGE) ()N(FeUHE)(e)
= lEUGEeNEUHE) ).
tHUS FeU(GeNHze) = (FeUGE)N(FeUHz). O
Proposition 3.12. Let f‘E,éE € SD(X)g. Then,
FpCGp = GS,CFE.
Proof. Straightforward. O
Remark 3.13. If Fy € SD(X)g, then

(1) FEUFE # X, in general,
(2) FEﬂFE # &, in general.

Example 3.14. From Example 3.10, let Ge = {(e1, (@, {hs})), (e, (2, {h2})), (e3, D), (€4, D)}
Then G%‘ = (617 ({hla hQ}’X))v (62’ ({hl’ h3}’7X))’ (6371% (645 X)}
NOW GEUGC = {(617 ({h17 hQ}’X))7 (62’ ({h17h3} X)) (637X) (647 )} 7é X and
GEmGE - {(615 (Q’ {h3}))’ (627 (Qa {hQ})) (637 ) (64’ )} 7é ‘I)
4. SOFT DOUBLE POINTS AND SOFT DOUBLE MAPPINGS

Definition 4.1. Let ﬁE € SD(X)g. Then, ﬁE is called a soft double point over X
if there exist e € E,z € X and t € {0.5,1} such that

~ oz, fa=e¢
FE(Q)_{Q, if o € E—{e}.
and we will denote Fg by z¢. The family of all soft double points over X will be

denoted by SDP(X)g.
647
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Definition 4.2. Let Fig be a soft double set over X. Then, a soft double point xy
belongs to F, denoted by Z€Fg, if z,€Fg/(e).

Theorem 4.3. The soft double set Fy = O{%f L ¢EFg).

Proof. T¢€F < z,€Fg(e).
On one hand, N N N N
ULzt : TieFp}(e) = UlTi(e) s 2 eFp(e)} = Ulz, s 2,€Fp(e)} = Fi(e) [20]-
Thus FE = U{fg : EggFE} O
];)vxample 4.4. Let X = {hy, ho, h;i, ha,hs} and E = {e1, eq, e3~}. We define
Fg(e1) = ({h1,ha}, {h1, ho, hs}), Fplea) = ({hs},{h1,hs}), Frles) = ({hs}, X).
Then, SDP(X)p = {(hi)y :1<i<5,1 <j<3andte{0.51}}.
All points belong to Fg are:
(h1)1's (h1)g'ss (h2)1's (h2)Glss (hs)g'ss
(h3)225 (h3)§:257 (hl)o 59 .. .. ..
_ (h5)1*, (h1)g’s, (h2)0‘5, (h3)gls, (ha)g’s, (hs)gls-
Then, Fg = {(e1, ({h1, ha}, {h1, ha, h3})), (e2, ({h3}, {h1, hs})), (e3, ({hs}, X))}
Theorem 4.5. Let Fiz,Gg € SD(X)g.
) FECGE & (F¢EFp = xteGE)
(FEUG’E) & xtGFE or thGE
(FEﬂGE) <~ xt EFE and T Ty EGE

2) 7
) @
) If{(FE) SGS} C SD(X)g, then
)
i)

1
(
(3
(

W

(i xtEUses(FE) & (3s € 9) (@ E(Fp)s),
(i) #EN es(Fr)s < (Vs € S)(FE(Fr)s).
Proof. As a sample, we prove the (1), (2) and (4(ii)).
(1) Suppose that FpCGp and let Z¢€Fy. Then, z,€Fp(e) implies z,€G g (e).
Thus, :vtEGE
Conversely, suppose Fi(e) ¢ Gg(e) for some e € E. Then 3z, € DP(X) such

that ;tng(e) and gtgéE(e). It follows that :EféﬁE which a contradiction. So the
result holds.

(2) 2,&(FpUGE)(€)  2,&(Fp(e)UGs(e)) [by Definition 3.6]
@xtGFE( ) or :z:tGGE( ).
Then, z7 (FEUGE) & 79€Fp or 1€GE.
(4(0) 2 ,es(Fe)s)(e) © 2,60, (Fr)se) [by Defnition 3.7).
& (Vs € )z, €(Fe).) (o).
Then, xteﬂses( £)s < (Vs € S)(TEE(FR)s). O

Remark 4.6. Here there is a deviation, Z¢ZFp < Eféﬁlg (is not true in general).

Example 4.7. From Example 4.4,
Fi = {(e1r, ({ha; hs}, {h3, ha, hs})), (e2, ({ha, ha, hs}, {h1, ho, ha, hs})),
(63,(@ {h’lah'27h’37h4}))} - _ _
It is clear that (hs){'¢Fp and (h3){*€F%. Also (h3)i€FE and (h3)iE€FE.
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Definition 4.8. Two soft double sets F 'r and G g are said to be quasi- coincident,
denoted by FE q GE if FE( ) q GE( ), for some e € E. If FE is not quasi- coincident
with GE, we write Fg g’GE or FE( ) d Gg(e), Ve € E.

Proposition 4.9. Let Fp,Gp, Hp € SD(X) and z§ € SDP(X)g.
(1) FEqGE:FEﬂGE#q)

2) FEqGE@)xt qGE, for some xtEFE

) Fp g’GE<:>FECGC

) Tf g’FE(:)xtEFC

) FE Q’F

) FECGE & (act qFE = ;vt qGE)

)

) T

)

~N O Ut W

FE Eers HECGE = Fp d Hg.
(FEUGE)<:>15,5 Q/FE cmdxt QIGE
z$ (FEﬂGE)émt g’FE or T g’GE

Proof. (1) Fg q Gg < F~E(e) q gE(e) for some e € E
= Fp(e)NGE(e) # @(e)
. = F\Ge#@[19).
(2) Fr ¢ Gg < Fg(e) ¢ Gg(e) for some e € E
S x,q GE(~) for some :ctEFE( ) [19]
< z§(e) g Gp(e) for some zf(e YEFE(e)
ST q G for some xtEFE
(3) Fp G < Fr(e) { Gple) Ve € E
& Fe(e) C (Gule)’ = Gi(e) [19]
& FECGC (4) zngE < z5(e) f Fp(e)Vee E
& 2,6(F(e))* = F(e) [19]
& 5 (e)eFE (o)
& 2l
(5), (6) and (7) are obvious.
(8) %5 d (FeUGr)  #E(FulUGr)® by (4)
& T8 (F}%ﬂGc ) [by proposition 3.11]
& mtEFE and T§ ECNJ%
& 35 f Fp and 7§ f Gp.
(9) It is similar to (8). O

8

(
(
(
(
(
(
(
9

Definition 4.10. Let SD(X)g and SD(Y)k be the families of all soft double sets
over X and Y, respectively.

(i) The mapping fay : SD(X)g — SD(Y )k is called a soft double mapping,
where f: X — Y and ¢ : E — K are two mappings.

(i) Let Fz€SD(X)p. Then, the image of F under the soft double mapping
fayis the soft double set over Y, denoted by fgy (ﬁE) and defined by

fou(F)(k) = { ﬂ(ueew*(mEﬁE(e))’ iy RN E £ 2,
, otherwise.
649
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(iii) Let Gx € SD(Y)g. Then, the pre-image of G under the soft double
mapping fgy is the soft double set over X, denoted by f[;;(G k) and defined by

Fai (Gr)(e) = B~H(Gr (¥(e))).
Example 4.11. Let X = {z,y},Y = {p,q}, E = {e1,e2,e3}, K = {e],¢e}},
B X =Y p)=pBly) =q
V:E— K :i(er) = v(e2) = e1,1(es) = €.
Let Fg be a soft double set defined by N
Fi(er) = ({2}, {,9}), Fu(es) = ({a}, {x}), Fu(es) = 2.

B

Then _
fau(FE)(€))

Qeewfl (e’l)QEFE(6>)
Ueepereny 200D

Fg(e1)UFe(e2))
({z},{=,y})
({=z}), B({z,y}))
{r},Ap,qa})

6(Ue€¢*1(e’2)ﬂEﬁE(e))
(Uee{e }ﬁE(e))
(FE<€3)) @.
({p} {p.a}), (e, @)}
Gr(eh) = ({a},{q}) and Gk (e3) = ({p}, {p. q}).

—~

EEE

==

and _
fau(FE)(e3)

CD“‘Q Q

Thus, fﬁw(FE) ={(e
To find f,ew (GK)
Then

So, f54 (Gr) = {(er, {y} {y})): (e2, ({y}, {y})), (ea, ({2} {2,y 1))}

Proposition 4.12. Let fgy : SD(X)g — SD(Y)k,Fg,Gr € SD(X)g, (Fg); C
SD(X)g,i € I and Hg,Lx € SD(Y)g,(Hg)i € SD(Y)g,i € I, where I is an
index set.
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IfFECGE then fﬁw(FE)Cwa(GE)
IfHKCLK then fﬁw (HK)Cfﬁzp (LK)

) Uzel(fﬁw(FE) )-
(Fe)) Mg (Fou (Fu)o).
iEI({{.K)i) = UzGI(fﬁq/; (HK)z)
»eI(HK)z’> = mzel(fﬁ1p (HK)z)

Proof. (1) fou(Fe)(K) = B(U, 1 s FE(e)
C AU, ey 1npCE(@): (Fr(e) € Gr(e))
C Jou(Gr)(R).

Then, f@w(FE)Cfﬁw(GE> -
(2) Since HxCLi. Hie(e) € Lie(e) ¥e' € K. Then fx (0(e)) € Lic (),

where P(e) = €. Thus B~ (H(¢(e))) € B~ Lk (¥(e)). So fa,(Hi)(e) <
I35 (Lk)(e), Ve € E. Hence, [ (Hi)Cf5, (Lk)-
(3) f55 (Fou(Fe)(e) = B fou (FR)W(e)]
=B BMU, ey p(ens B @)
=p" 13(Fg(e))
DFE( ).

Then, f5; (fau(Fp))(e)2Fg(e). Thus, f5. (fay(Fp))2Fp.
Suppose fg, is one-to-one. Then [ is one-to-one and v is one-to-one. So,

foy (foy(Fp)) = Fo.
(4) Tt is similar to (3). L
(5) fau(Uier(Fr)i) (k) = AU,y ynpUier (i)
=Uer(B (Ue@ 1(k)mE(ﬁE)i(e))

= Uzel(f6¢(FE) )-

Then, fou(Uie;(Fr)i) = Uses (fou (Fi)i).
(6), (7) and (8) are similar to (5).
(9) Tt is obvious. B
(10)fﬁ¢(HK)( ) BH(HE ((e))

BTHY N Hic(d(e)))
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=X\ B Hk(W(e).
And (f5, (Hk)"(e) = X\fﬂw (HK(G)
=X\ B (Hk (¥(e)).
Then, the result holds.
(11), (12) and (13) are obvious. 0

5. SOFT DOUBLE TOPOLOGY

Definition 5.1. Let 7 be a collection of soft double sets over X, i. e., 7 C SD(X)g.
Then, 7 is said to be a soft double topology over X, if it satisfies the following
conditions:

(i) ®,X €7,

(ii) The union of any number of soft double sets in 7 belongs to 7,

(iii) The intersection of any two soft double sets in 7 belongs to 7.

The triple (X, 7, E) is called a soft double topological space. Every member of 7
is called an open soft double set and its complement is called a closed soft double
set. The family of all closed soft double sets we denoted by 7°.

Example 5.2. Let X = {hy,ho,h3}, E = {e1,ea} and let
F={® X, F} F% F3 Fb F3 FS FL F8Y,

where
Fh(er) = ({h, ha}, X), Fh(e2) = 2,
Fi(e1) = 2, F2(e2) = ({h1, hs}, X),
Fi(er) = ({m}, X), Fi(e2) = 2,
Fl(er) = @, Fji(ea) = ({hs}, X),
Fi(er) = ({}, X), Fj(es) = ({hs}, X),
Fp(er) = ({h, ha}, X) Ff(e2) = ({hs}, X),
Fi(er) = ({m}, X), Fi(e2) = ({h, ha}, X),
FR(er) = ({hn, ha}, X), Fi(e2) = ({h1, hs}, X).

Then, 7 is a soft double topology over X.

Also,
Flc(el) (2, {hs}), Fif(e2) = X,
F(er) = X, F¥(e2) = (@ {hQ})
F3e(er) = (@ {ha, hs}), Fi(es) =
(61) X, Fjf(es) = (@ {hlahz}),
Fie(er) = (@ {ha, h3}), Fpfer) = (@, {h1, ha}),
Fge(er) = (2, {hs}), FGC(~ ) = (@, {h1, ha}),
F7C(€1) (9, {2, h3}), Fif(er) = (2, {ha}),

Fifer) = (@, {ha}), Ff(e1) = (@, {ha}).
Thus, 7° = {&, X, Fie, P2, F3¢, Fie, Fe, F&e, Fie, Fse}.

Proposition 5.3. Let (X,7, E) be a soft double topological space. Then

(1) T = {Al Cc X : HﬁE S 7A:,A2 C X and ﬁE(e) = (A17A2) Ve € E} s an
ordinary topology on X,
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(2) 7o = {Ay € X : 3Fp € 7,4, C X and Fg(e) = (A1, Ay) Ve € E} is an
ordinary topology on X,

(3) 73 = {AC X : IFp € 7 and F(e) = (A, A) Ve € E} is an ordinary topology
on X.

Proof. As a sample, we prove the property (1), the proofs of the remaining cases are
similar. _ _ _ _
(i) Clearly, @, X € 7, since ® € T and ®(e) = (&,9). Also X € 7 and X (e) =
(X, X).
(ii) Let Ay, By € 71. Then, 3Fg, Gg€T and A, Bo C X such that
Fg(e) = (A1,42),GE(e) = (B1, Ba).
Thus
FEﬂGEET
and B B
(FeNGE)(e) = Fr(e)\GE(e) = (A1 N B1, A2 N By).
SO AiNBen. _
(iii) Let (A1)s € 71 Vs € S. Then, 3(A2); € X and (Fg)s € 7 such that
(Fi)s(e) = ((A1)s, (A2)s) Ve € E.
Thus, U__,(F)s(e) = (Uses(Fr)s)(€) = (Uses(A1)s: Uses(42).). So
UseS(FE)SET' Hence, J,cg(A1)s € 71. Therefore, 7 is an ordinary topology on
X O

Pr0p051t10n 5.4. Let (X,7,E) be a soft double topological space. Then, 7, =
{Fg(e) : Fg € 7} is a double topology on X for all e € E.

Proof. Straightforward. O

The following example shows that the converse of proposition 5.4 is not true in
general.

Example 5.5. Let X = {hy, hy, hs}, E = {e1,e5} and let 7 = {®, X, F}, F2, F3 F},

{ha}, {h2}), Fi(e2) = ({h1}, {h1}).

Fh(er) = ( (

E(el) ({h2, h3}, {h2, h3}), %(6) ({h1, ha}, {h1, ha}),
F3(er) = ({h1, ha}, {1, ha}), Fi(ea) = ({hn, ha}, {1, ha}),
Fé(el) ({h2}, {h2}), Fi(e2) = ({h1, hs}, {h1, hs}).

Then Tel - {g X ({hQ} {h2}) ({h17h2}7 {hlth})a ({hQa h3}7 {h27h3})} and
?62 = {g7 Xv ({hl}, {hl})a ({h17 h2}7 {hl, h?}); ({hla h3}7 {hh h’3})} aie (iOEble tOpOlO—
gies on X. However T is not a soft double topology on X, because F2|JFp & 7.

Definition 5.6. Let (X,7,E) be a soft double topological space and let Fg €
SD(X )& Then, Fg is called a a quasi-neighborhood of a soft double point z¢, if there
exists Gg € 7 such that & Ty qG pCFg. The family of all quasi-neighborhoods of z{
denoted by N2 T)e
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Definition 5.7. Let (X,7,F) be a soft double topological space and let ﬁE €
SD(X)g. Then, the soft double closure of F, denoted by clz(Fg) and defined by:

Cl;(ﬁE) = n{éE c7¢: ﬁEQéE}

Proposition 5.8. Let (X, T, E) be a soft double topological space and let Fg, éEéSD(X)E,

(1) s (ﬁE) is the smallest closed soft double set containing Fp.
(2) ¢ ( ) = ® and cl» (X) X.

(3) FECGE = cl= (FE)CCZ (GE)

(4) cl (FEUGE) = cl= (FE)UCZ (GE)

(5) clz (FEOGE)CCZ (FE)QCZ (GE)

(6) Fpe7e @FE = clz (FE)

(7) cle(cl(F)) = elx(Fp).

Proof. (1) and ( ) are obvious.
( ) Since FECcl ( ) GECCZ (GE) and f‘EééE, f‘EiéEicl;(éE) implies
FgCelz (GE) Then clz (Fg)Cel=(Gg), by (1).
(4) Since FECcl ( ) and (NlEﬁcl (éE), ﬁEGéEécl;(ﬁE)Ocl;(éE).
Then cl> (FEUGE)CCZ (FE)Ucl (GE) y (1).
Since FECFEUGE and GECFEUGE,
clz(Fp)Cclz(FpUGE) and clz(Gp)Celz(FpUGR) by (3).
Thus, clz(Fg)Uclz(Gg)Celz(FgUGE). So, clz(FpUGE) = cl=(Fg)Udx(GEg).
(5) it is similar to (4).
(6) and (7) are obvious. O

7

Definition 5.9. Let (X,7,F) be a soft double topological space and let FE €
SD(X)g. Then, the soft double interior of Fig, denoted by intz(Fg) and defined
by:

intz( U{GE GECFE and GEET}

Proposition 5.10. Let (X, 7, E) be a soft double topological space and let Fg, (~¥E§SD(X)E.
(1) in ( is the largest open soft double subset of Fg.

(2) in ( ) ® and int> (X) X.

(3) FECGE = intz (FE)Cmt (GE).

(4) in (FEﬂGE) intz(Fg)Nint=(Gp).

(5) intz(Fi)Uintz(Gg)intz(FgUGx).

(6) FEET & FE = intz(Fg).

(7) intz(intz(Fg)) = intz(Fg).

Proof. (1) and (2) are obvious.
(3) Since int5 (FE)CFE and FECGE, ntx (FE)QGE Then, int;(FE)gint;(GE)

by (1).
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(4) Since int=(Fp)CFp and int=(Gp)CGp, int=(Fg)fint=(Gp)CFeNGp.
Then intz (FE)Omt (GE)Cmt (FEQGE) y (1).
Since FEQGECFE and FEOGECGE,
ints (FEHGE)Cmt (FE) and mt;(ﬁEﬁéE)éint;(éE) by (3)
Thus, intz (FEHGE)Cmt (FE)ﬂmt (GE) So, int;(ﬁEﬁéE) = int;(ﬁE)ﬁint;(éE).
(5) it is similar to (4).
(6) and (7) are obvious. O

Proposition 5.11. Let Fp € SD(X). Then intz(Fg) = [clz(Fg)]°.

Proof. Since F5Celz(Fg), [clz(Fg)]°CFg, by Proposition 3.12.
But, clz(F) is a closed soft double set. Then [clz(Ff)]° is an open soft double set.
Thus [clz(F )]‘Cmt (Fg), by Proposition 5.10.
Also since ints (FE)CFE, FeClintz(Fg)]°, by Proposition 3.12. So, by Proposi-
tion 5.8, clz(Fg)Clintz(Fg)]°. Hence, int;(Fg)Clel=(Fg)]°. Therefore, intz(Fg) =
l=(Fg))° e
Proposition 5.12. Let Fp € SD(X) and ¢ € PSD(X). Then
¢ q clz(Fp) & VGp € 7,i¢€Gp, G q Fp.

P'I“OOf Suppose 77 g clz (FE) and let 3 G € 7 such that & T °€Gp and Gg ¢ Fg. Then
FpCGS,. Thus clz(Fg)CGS,. Since ¢ f G, ¢ f cl=(Fp). This is a contradiction.
Thus the necessary condition holds. B B B

Conversely, let 7¢ ¢ clz(Fg). Then 7¢€(clz(Fg))¢ € T and Fg ¢ (clz(Fg))¢. This
is a contradiction. Hence the sufficient condition holds. 0
Definition 5.13. Let fgy : SD(X)p — SD(Y)k, where §: X - Y and ¢ : E —
K. Let (X,7,E) and (Y, 0, K) be two soft double topological spaces. Then, fg, is
called a soft double continuous mapping denoted by SD continuous if fﬁ_d}(H K)ET,

whenever Hy € 0.

Proposition 5.14. Let (X, 7, E) and (Y,, K) be two soﬁ double topological spaces
and let fzy : SD(X)g — SD(Y)k be a mapping, Fg € SD(X)g and Hy €
D(Y)k. Then, the following conditions are equivalent:

(1) fay is an SD-continuous,
(2) fﬂw(HK) eTe VHK €o°
(3) fou(clz(Fr))Cels (fﬁw(FE))VFE~E SD(X)E,
(4) (fﬁw(HK))Cfﬁw(d (Hx)) VHik € SD(Y)k,
(®)

5 fﬁw (intz(Hg))Cint> (fﬁw (Hg))VHg € SD(Y)g.

Proof. (1)=(2): Let Hx € 5°. Then HS, € . It follows that, faw (HS) = (fﬁw (Hg))e
is 7 open. Thus, fg¢(HK) is T closed. So (2) holds.

(2) = (3): Since cls(fsu(Fr)) € 3° by(2), f3,(cls(fou(Fi))) € 7°.
Now, since FgC f5} (f35(Fr))C f5, (clz(fas(Fp))) [by proposition 4.12],

FpCfgp(cls(f3p(Fr))). Thus clz(Fp)C f3,) (cls(fay(Fg))), by proposition 5.8.
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So fgw(clf(ﬁ;i))éfgw(féj(clg(f5¢(ﬁE))))§clg(fgw(ﬁE)), by proposition 4.12. Hence,
fou(clz(FE)) Sl (fay (FE))-

(3) = (4): Let Hx € SD(Y)k. Then f;)(Hx) € SD(X)p Thus
Fou(clz(f5 (Hr))Cela (50 (f5 (Hr)), by(3). But fay(f5, (Hi)SHx. So
fﬁjj(fgd,(cl;(fﬁfdf(HK))))QJ”/;/}(clg(HK))7 by proposition 5.8.

Hence, cl;(fﬁfw1 (fIK))ifﬁjj(clg(ﬁK)), by proposition 4.12

(4) = (5): Since cl;(f/;j(I?K))ijgj(cla(flz«)), (fEJ(ClaN(fIK))ii(d?(fB_J (fIK)))C-
But, (clz(f5,; (Hk)))® = intz(f5,; (Hx)®). Then (f3, (cls(Hk)))*Sintz=(f3, (Hk)®)-
Thus f;) (intz(Hy)?)Cintz((f5, (Hx)°). Take (Hy)® = Lx € SD(Y)x.

So, fa, (ints (Hy ) Cintz(f5,) (Hx)).

(5) = (1): Let Hx € &. Then Hx = intz(Hg). By (5), we have
fapintz(Hi))Cintz(f5, (H)). It follows that
Fap (H)Cintz(f5,}(Hy)). But, intz(f5} (H))C f; (H)- Then intz(f5} (Hy)) =
f/;wl (I?K) Thus, f/;pl(ﬁ}() € 7. So fpy is an SD-continuous mapping. O
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