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1. INTRODUCTION

There are many theories like theory of probability, theory of fuzzy sets, theory
of intuitionistic fuzzy sets, theory of rough sets etc. which can be considered as
mathematical tools for dealing with uncertain data, obtained in various fields of
engineering, physics, computer science, economics, social science, medical science,
and of many other diverse fields. But all these theories have their own difficulties.
The most appropriate theory for dealing with uncertainties is the theory of fuzzy sets,
introduced by L.A. Zadeh [24] in 1965. This theory brought a paradigmatic change in
mathematics. But there exists difficulty, how to set the membership function in each
particular case. The theory of intuitionistic fuzzy sets is a more generalized concept
than the theory of fuzzy sets, but this theory has the same difficulties. All the above
mentioned theories are successful to some extent in dealing with problems arising due
to vagueness present in the real world. But there are also cases where these theories
failed to give satisfactory results, possibly due to inadequacy of the parameterization
tool in them. As a necessary supplement to the existing mathematical tools for
handling uncertainty, in 1999, Molodtsov [11] initiated the theory of soft sets as
a new mathematical tool to deal with uncertainties while modelling the problems
in engineering, physics, computer science, economics, social sciences, and medical
sciences. In [12], Molodtsov et al. successfully applied soft sets in directions such
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as smoothness of functions, game theory, operations research, Riemann integration,
Perron integration, probability, and theory of measurement. Maji et al. [7] gave the
first practical application of soft sets in decision-making problems. In 2003, Maji et
al. [8] defined and studied several basic notions of the soft set theory. Also Cagman
et al. [1] studied several basic notions of the soft set theory. In 2005, Pei and Miao
[18] and Chen [1] improved the work of Maji et al. [7, 8]. Some properties of soft
topology studied by Hussai and Ahmed [5] and Tanay et al. [22]. In 1968, C. L.
Chang [3] introduced fuzzy topological space and in 2011, subsequently Cagman
et al. [2] and Shabir et al. [20] introduced fuzzy soft topological spaces and they
defined basic notions of soft topological spaces such as soft open and closed sets, soft
subspace, soft closure, soft nbd of a point, soft T; spaces, i = 1,2, 3,4, soft regular
spaces, and soft normal spaces and established their several properties. More details
on soft topological spaces we refer to [10, 16, 23]. In 2012, Mahanta et al. [(], Neog
et al. [14] and Ray et al. [19] introduced fuzzy soft topological spaces in different
direction.

The nearly C-compact spaces introduced by Sharma et al. [21]. In [17] Palanichetty
and Balasubramanian introduced fuzzy nearly C-compactness in fuzzy topological
spaces. In this paper, we define and study soft nearly C-compactness in fuzzy soft
topological spaces. We establish some interesting properties of this notion.

2. PRELIMINARY RESULTS

In this section we recall some basic concepts and definitions regarding fuzzy soft
sets and fuzzy soft topological space.

Definition 2.1 ([9]). Let U be an initial universe and F' be a set of parameters. Let
P(U) denote the power set of U and A be a non-empty subset of F. A pair (F, A) is
called a fuzzy soft set over U where F' : A — P(U) is a mapping from A into P(U).

Definition 2.2 ([11]). Fg is called a soft set over U if and only if F' is a mapping
of E into the set of all subsets of the set U.

In other words, the soft set is a parameterized family of subsets of the set U.
Every set F(¢), éEFE, from this family may be considered as the set of e-elements of
the soft set F'g, or as the set of e-approximate elements of the soft set.

Definition 2.3 ([19]). A fuzzy soft topology 7 on (U, E) is a family of fuzzy soft
sets over (U, E) satisfying the following properties:

(i) ¢, E€r,

(ii) if Fa, GBéT, then FAﬁGBéT,

(ili) if Fa_€r, for all €A an index set, then |J, . Fa, ET.

acA

Definition 2.4 ([22]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is a neighborhood of a fuzzy soft set Gp if and only if there exists an open fuzzy
soft set Hc i.e. HoET such that GgCH-CFy4.

Definition 2.5 ([22]). Let (U, E, 1) and (U, E,T2) be two fuzzy soft topological
spaces. If each F 4 €7y is in 7o, then 7y is called fuzzy soft finer than 71, or 7y is fuzzy
soft coarser than 7.
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Definition 2.6 ([11]). The fuzzy soft set F4 over (U, E) is called a fuzzy soft point
in (U, E) denoted by e(F,), if for the element e€A, F(e) # 0 and F(e') = 0 for all
¢ EA—{e}.

Definition 2.7 ([14]). Let (U, E, ) be a fuzzy soft topological space. Let F4 be a
fuzzy soft set over (U, E). The fuzzy soft closure of F4 is defined as the intersection
of all fuzzy soft closed sets which contained F4 and is denoted by cl(F4) or F4. We
write

cl(Fa) = ﬂ{GB : G is fuzzy soft closed and FAQGB}.

Definition 2.8 ([14]). Let (U, E, ) be a fuzzy soft topological space. Let F4 be a
fuzzy soft set over (U, E). The fuzzy soft interior of F4 is defined as the union of all
fuzzy soft open sets which contained F4 and is denoted by int(F4) or F'3. We write

int(Fa) = U{Gp : Gp is fuzzy soft closed and GBéFA}.

Definition 2.9 ([14]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is a fuzzy soft neighborhood of the fuzzy soft point e(Gp)E(U, E) if there is an open
fuzzy soft set Ho such that e(Gp)EHcCFa.

Definition 2.10 ([13]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is called a fuzzy soft regularly open set if and only if int(cl(Fa4)) = Fa.

Definition 2.11 ([13]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is called a fuzzy soft regularly closed set if and only if cl(int(Fa)) = Fa.

Definition 2.12 ([15]). A family v of fuzzy soft sets is a cover of a fuzzy soft set
Faif FACU;_ {Fa,; Fa,€}. It is a fuzzy soft open cover if each member of 1 is a
fuzzy soft open set. A subcover of ¢ is a subfamily of v which is also a cover.

Definition 2.13 ([15]). A fuzzy soft set F4 in a fuzzy soft topological space (U, E, T)
is called a fuzzy soft compact if each fuzzy soft open cover of F'4 has a finite subcover.
Also fuzzy soft topological space (U, E, 1) is called soft compact if each fuzzy soft
open cover of E has a finite subcover.

3. Fuzzy SOFT NEARLY C-COMPACTNESS IN FUZZY SOFT TOPOLOGICAL SPACES

Definition 3.1. Let (U, E,7) be fuzzy soft topological space. Then (U, E,T) is
said to be fuzzy soft nearly C-compact if given a fuzzy soft regular closed set F4
on (U,E) and an fuzzy soft open cover 1 of F, there exists a finite subfamily
{Fa,;i=1,2,3,...,n} of ¢ such that F4oCJ;_, cl(Fa,).

Proposition 3.2. In a fuzzy soft topological space (U, E,T) the following are equiv-
alent:

(1) U is fuzzy soft nearly C-compact,

(2) For each fuzzy soft reqularly closed set Fa of (U, E) and each fuzzy soft reqular
open cover ¥ of Fa, there exists a finite subfamily {Fa,;i =1,2,3,...,n} of ¢ such
that FACJ}_, cl(Fa,).

(3) For each fuzzy soft reqularly closed set Fa of (U, E) and for each family & =
{G A, }acna of non empty fuzzy soft regularly closed sets such that (V& Fa = ¢, there
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ezists a finite subfamily {G a,;1=1,2,3,....,n} of & such that (;—_, int(Ga,)(Fa =
o.

(4) For each fuzzy soft regularly closed set Fy of (U, E) and for each family
€ ={Ga_}aca of fuzzy soft regularly closed sets, if each finite subfamily {Ga,;i
1,2,3,...,n} of & we have (- 1znt(GA)ﬂFA7é¢thenﬂ§ﬂFA7é¢
Proof. (1)=(2): Obvious.

(2)=(1): Suppose (2) holds. Let 1 = {Fa,;i = 1,2,3,...,n} be fuzzy soft open
cover of Fy. Then cl(int(Fy,)) is a fuzzy soft regular open cover of F4 and there
exists a finite subfamily {cl(int(F4,));i =1,2,3,...,n} such that

FaCUi, cl(cl(int(Fa,))).

Thus for each i, cl(cl(int(Fa;))) = cl(Fa,). So FaCcl(Fa,). Hence U is nearly soft
C-compact.

(2)=(3): Let & = {Ga, }aea be a family of fuzzy soft regularly closed sets of
the soft topological space (U, E,7) such that ([ Fa = ¢ for each soft regularly
closed set Fy of (U, E). Then ¢ = {G4_},ea is a family of soft closed sets of
(U, E) covering the regularly soft closed set F4. Thus there exists a finite subfamily
{Fa, = G4,;i=1,2..n} of £ such that

FAQ U:'L=1 Cl(FAi,)'
Now for each i, we have
int(Ga,) = int(F§ ) = int(E — Fa,) = E — cl(E — (E — Fa,)) = E — cl(Fa,).

So N, int(Ga,) = E —JclF4,CE — Fa, ic., Ni, int(Ga,) N Fa = ¢

(3)=(2): Let p = {Fa,;i = 1,2,3,...,n} be a fuzzy soft regular open cover
of the soft regularly closed set F4 of the soft topologlcal space (U, E,T). Since
FaCU;_, Fa,, we will shows that (), Fi NFa=
Since Fj, is a family of soft regularly closed sets satlesfymg (3), there exists a finite
subfamlly Fj. such that

ﬂ?:l int(fo,;) = ¢~’
Thus FaCJ! {E — int(E — Fa,)}. Now for each i,
int(E—Fy,)=E—cl(E—(E—Fy,))=E—cl(Fa,).

So FaC i, cl(Fa,).
(3)<(4): It is Obvious. O

Proposition 3.3. Every soft reqularly closed subset of a nearly C-compact soft space
(U,E, 1) is nearly C-compact.

Proof. Obvious U
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Proposition 3.4. For any fuzzy soft topological space (U, E,T) the following are
equivalent:

(1) U is fuzzy soft nearly C-compact,

(2) if Fa is a proper fuzzy soft reqular closed set and ¢ is a family of fuzzy soft
reqular closed sets of (U, E) such that FAC(E — (i, Fa,) then there exists a finite
number of elements ¢ say Fa,, Fa,,...., Fa, such that FAC(E — N\, int(Fa,)).

Proof. (1)=(2): Let U be fuzzy soft nearly C-compact and let F4 be a proper
fuzzy soft regular closed set. Let ¢ be a family of fuzzy soft regular closed sets of
(U,E) such that FAC(E — (-, Fa,) = U, F§,. Then clearly ¢ = {F§_},ena is a
fuzzy soft regular open cover of F4. Thus from (1), there exists a finite number of
elements (say) Fa,, Fa,,...., Fa, such that F4CJ;_; cl(Fa,)). So i, int(Fa,)) =
(E — U, cl(Fa,))S(E — Fa). Hence FAC(E — (), int(Fa,)).

(2)=(1) Let ¢ be a family of fuzzy soft regular open sets of (U, E) such that
FACN,(Fa,). Then ¢ = {ng;i = 1,2,3,...,n} is a family of fuzzy soft regular
closed sets of (U, E) such that

FACUiL (Fa,) = UL (B~ F§ 1= E— N, F5,.

Thus by (2), there exists a finite number of elements, say F§ ,Fj,,....,F){ such
that

FAC(E — iz, int(Fg,)) = Uis, [E — nt(F5,))] = Uiz cl(Fa,))-
This completes the proof of the result. O

Definition 3.5. Let (U, E, 1) be a fuzzy soft topological space. This soft space is
said to be a soft almost regular if for every soft regularly closed set Fl4 and a soft
point e(X) ¢ F, there exist soft open sets L4 and M, such that FACL 4, e(X)EM4
and LyNM 4 = ¢. or equivalently, for every soft regularly closed set F4 and each soft
point e(X)éFA, there exist soft open sets L4 and M, such that FACM, e(X)EL4
and cl(LA)Ncl(My) = ¢.

Definition 3.6. Let (U, E, ) be a fuzzy soft topological space. This soft space is
said to be a soft mildly normal if for every pair oif disjoint soft regularly closed sets
Py and Q4 of (U, E, ) there exist disjoint soft open sets L4 and My such that
PsCLA,QaACMjy.

Proposition 3.7. In a fuzzy soft topological (U, E, T), every soft almost reqular, soft
nearly C-copmpact space is mildly normal.

Proof. Let (U, E, T) be a fuzzy soft topological space. Let Fq and G 4 be disjoint soft
regularly closed subsets of a soft almost regular and soft nearly C-compact space of
(U, E, 7). Since (U, E, T) is soft almost regular therefore for each e(X)€EF4 there exist
soft open sets L4 and M4 such that e(X)EL*, GACM?% and cl(L*)Acl(M?) = 6.
Thus the family {L* : e(X)EF4} is an open covering of the soft regularly closed set
F4. Since (U, E, 1) is soft nearly C-compact then there exists a finite soft subfamily
{La,;i=1,2,3,...,n} such that F,C Ui, cl(La,))-
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Suppose M = (\/_, M4, and N = (E—(_, cl(Ma,)). Then F4oC ", cl(La,))C(E—
Ni_,cl(My,)) = N. Thus GACM and MAN = ¢. So (U, E,7) is soft mildly nor-
mal. 0

Proposition 3.8. Let (U, E, T) be fuzzy soft topological space. If Fa is a soft regu-
larly closed subset of a soft almost regular, soft nearly C-compact spaces of (U, E, T)
and G 4 is a soft reqularly open set containing Fa. Then there exists a soft reqular
open set L such that FACLACcl(LA)CGa.

Proof. Since G4 is a soft regularly open set, G4 is soft regularly closed set and
FaANG¢ = ¢. Then by Proposition 3.7, there exist soft open sets P4 and Q 4 such that
FACP4,G4CQa and PsNQ 4 = ¢. Also cl(Pa)NQa = ¢. Thus cl(P4)CQ4CG A.
So FACPACcl(P4)CG 4. Hence FACPACcl(int(Pa))Cel(Pa)CG 4.

Suppose cl(int(P4)) = La. Then L, is soft regularly open and cl(cl(int(Pa))) =
CZ(PA) = Cl(LA). Thus FAQLAQCZ(LA)éGA. O

Proposition 3.9. Let (U, E,7) be fuzzy soft topological space. Let Fa and G4
be two disjoint soft regularly closed subsets of a soft almost regular, soft nearly
C-compact space (U, E, 7). Then there exist soft open sets La and My such that
FACLA,GACM 4 and cl(Lo)Ncl(My) = .

Proof. Here G is a soft regularly open set containing the soft regularly closed
set F4. Then by proposition 3.8, there exists a soft regularly open set P4 such
that FAQPAQCI(PA)QGQ. Since P4 is a soft regularly open set containing the soft
regularly closed set F4, there exists a soft regularly open set @ 4 such that

FaCQaCcl(Qa)CPa.

IfQa =Ly and (Cl Pé))c = My, then clearly FAQLA,GAQMA
and cl(La)Ncl(Ma) = ¢. O
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