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ABSTRACT. In the current paper we have given a new definition of
convergence of sequences in an intuitionistic fuzzy n-normed linear space
(IFnNLS) which removes any ambiguity that could arise from the pre-
viously defined notion of the same. Relying on this new definition, in
this paper, we introduce and study a new kind of generalized convergence
called the A-statistical convergence and A-statistically Cauchy sequences in
IFnNLSs. We characterize A-statistically convergent sequences and show
that this convergence is stronger than the usual convergence on intuition-
istic fuzzy n-normed linear spaces.

2010 AMS Classification: 46H25; 46H25; 46A99; 60H10

Keywords: Statistical convergence, A-statistical convergence, A-statistically Cauchy
sequence, Intuitionistic fuzzy n-normed linear space, t-norm; t-conorm.

Corresponding Author: P. Debnath (debnath.pradip@yahoo.com)

1. INTRODUCTION

It has been seen that many problems that we study in analysis are concerned
with large classes of objects and most of such interesting classes turn out to be
vector spaces or linear spaces. Also these classes are generally supplied with metrics
or topologies. By introducing a norm in linear spaces, in many cases, we can get
a structure of the space which is compatible with that metric or topology. The
resulting structure is called a normed linear space.

The theory of 2-norm and n-norm on a linear space was introduced by S. Géhler [12,

], which was developed by S. S. Kim and Y. J. Cho [18], R. Malceski [22], A.
Misiak [23], H. Gunawan and M. Mashadi [14]. Zadeh [44] introduced the fuzzy set
theory in 1965. Later on the fuzzy logic became an important area of research in
various branches of mathematics like metric and topological spaces, theory of func-
tions etc. Situations where crisp norm is unable to measure the length of a vector
accurately, the notion of fuzzy norm happens to be useful. The idea of a fuzzy norm
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on a linear space was initiated by Katsaras [19] in 1984. In 1992, Felbin [11] intro-
duced an alternative idea of a fuzzy norm whose associated metric is of Kaleva and
Seikkala [15] type. Further in 1994, Cheng and Mordeson [4] introduced another
notion of fuzzy norm on a linear space whose associated metric is of Kramosil and
Michalek [20] type. Again in 2003, following Cheng and Mordeson, one more notion
of fuzzy normed linear space was given by Bag and Samanta [2] from a different per-
spective. In 2006, using the ideas of Park [33], Saadati and Park [34, 35] introduced
the concept of intuitionistic fuzzy normed linear spaces.

Vijayabalaji and Narayanan [12] extended n-normed linear space to fuzzy n-
normed linear space. The theory of intuitionistic fuzzy sets occurs in the celebrated
paper of Atanassov [1]. Vijayabalaji et al. [13] introduced the notion of intuitionistic
fuzzy n-normed linear space (IFnNLS). The idea of statistical convergence was first
introduced by Steinhaus [38] and Fast [10]. Karakus [16] studied statistical conver-
gence on probabilistic normed spaces. Then Karakus et al. [17] generalized it on
intuitionistic fuzzy normed spaces.

In this paper we have given a new definition of the notion of convergence of a
sequence in an IFnNLS which is different from the one defined in [43] and other
related works. This definition removes any ambiguity that could arise from previous
definitions. We have developed all our results based on this new definition. Some
recent work in this direction may be found in [6, 7, 8, 9, 25, 27, 37]. Also, some
motivating work in the current context worth mentioning are [3, 5, 21, 24, 26, 36,

, 10, 41]. A few more papers related to the central theme of the paper are [28, 29,

) ) ]'

The aim of the present paper is to introduce and investigate the A-statistical
convergence and A-statistically Cauchy sequences on intuitionistic fuzzy n-normed
linear spaces and obtain some important results on them.

2. PRELIMINARIES

First we recall some notations and basic definitions which will be used in this
paper.

Definition 2.1 ([34]). A binary operation * : [0,1] x [0,1] — [0, 1] is said to be a
continuous ¢t—norm if
(i) * is associative and commutative,
(ii) * is continuous,
(iii) a* 1 =a for all a € [0,1],
(iv) axb < ¢+ d whenever a < ¢ and b < d and a,b,¢,d € [0, 1].

Definition 2.2 ([34]). A binary operation o : [0,1] x [0,1] — [0, 1] is said to be a
continuous t—conorm if

(i) o is associative and commutative,

(ii) o is continuous,

(i) a0 0 = a for all a € [0, 1],

(iv) aob < cod whenever a < c and b < d and a,b, c,d € [0,1].
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Definition 2.3 ([14]). Let n € N and X be a real linear space of dimension d > n
(d may be infinite). A real valued function .|| on X X X x --- x X = X™ is called

an n-norm on X if it satisfies the following properties: "
(i) |lx1,z2, ..., 2, = 0 if and only if x4, zg, ..., x, are linearly dependent,
(ii) ||z1, 2, ..., Ty is invariant under any permutation,
(ili) |z1, z2, ..., 0z, || = |af||z1, 22, . .., 2, for any a € R,
(iv) [|lz1, @2,y ooy Tty + 2] < |21, 225 oo oy 1, Yl + |21, T2y - - 0, 2]

and the pair (X, ||.||) is called an n-normed linear space.

Saadati and Park [34] introduced the concept of intuitionistic fuzzy normed space
while the concept of intuitionistic fuzzy 2-normed space was introduced by Mursaleen
and Lohani [27]. Vijayabalaji et al. [43] introduced the concept of intuitionistic fuzzy
n-normed linear space.

Definition 2.4 ([43]). An intuitionistic fuzzy n-normed linear space or in short
IFnNLS is the five-tuple (X, u, v, %, 0), where X is a linear space over a field F, « is
a continuous ¢-norm, o is a continuous t-conorm, p, v are fuzzy sets on X" x (0, 00),
1 denotes the degree of membership and v denotes the degree of non-membership
of (x1,x9,...,2n,t) € X™ x (0,1) satisfying the following conditions for every
(x1,22,...,2,) € X™ and s,t > 0:

(i) w(zr, 22, ..., Tn, t) + v(x1, 20, ... T, t) < 1,

(ii) p(z1, 22, . . oy Tp, t) > 0, (iii) p(z1, 22, ..., 2n,t) = Lifand only if 21, 9, ..., 2,
are linearly dependent,

(iv) p(x1, g, ..., 2y, t) is invariant under any permutation of x1, 2o, ..., zp,

(v) plz1, 22, ..., cxp, t) = p(xy, T2, . .., Tn, ﬁ) ifc£0,ceF,

(vi) p(x1, @, ... Ty, 8) * p(xy, 22, . .. ,Jcln,t) < (1,22, Ty + x;“ s+t),

(vii) p(x1,z2,. .., 20, t) : (0,00) = [0,1] is continuous in ¢,

(viii) limy—y oo (21, X2y ..oy Ty, t) = 1 and limy o p(x1, 22, ..., 24y, t) = 0,

(ix) v(z1,22,. .., 2y, t) >0,

(x) v(x1,z2,...,2,,t) = 0 if and only if 21, 23, ..., z, are linearly dependent,

(xi) v(z1,22,...,2Tn,t) is invariant under any permutation of x1, xo, ..., Ty,

(xii) v(xy, 22, ..., cxpn,t) = v(XT1,Zo, ..., Tn, %‘) ifc#£0,ceF,

(xiii) v(@1, T2, ... @, 8) o v(T1, Ty ... & t) > V(X1 Ze,. .. Ty + Ty, S+ 1),

(xiv) v(z1, 22, ..., Tn,t) : (0,00) — [0, 1] is continuous in ¢,

(xv) im0 v(21, 22, . .., Tn, t) = 0 and limy_,o v(21, 22, ..., Zn,t) = 1.

Example 2.5 ([43]). Let (X, ||.]|) be an n-normed linear space. Also let a x b = ab
and aob=min{a+b,1} for all a,b € [0,1], pu(x1,22,...,2,,t) = - and

ot
t+||z1,x2,...,

v(T1, T2, ..., Ty, t) = Aziozewnll - ppen (X, p, v, *,0) is an [FnNLS.

t+|z1,z2,. 0l

Definition 2.6 ([38]). If K is a subset of N, the set of natural numbers, then the
natural density of K, denoted by §(K), is given by

o1 _
5(K):nlgngoﬁ|{k§n.k€K}|

whenever the limit exists, where |A| denotes the cardinality of the set A.
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Definition 2.7 ([10]). A sequence x = {z}} of numbers is statistically convergent
to Lif 6({k € N: |z —L| > €}) =0, for every € > 0. We denote it by St—limz = L.

Definition 2.8. [25] Let A = {\,,} be a non-decreasing sequence of positive numbers
tending to oo such that A\,11 < Ay +1, Ay = 1. Let K C N. Then the A-density of
K is given by

5>\(K):lim)\i|{nf)\n+1§k§1:kEK}\.

If A, = n for every n € N, then A-density reduces to natural density.
A sequence © = {z;} of numbers is said to be A-statistically convergent to the
number [ if for every € > 0,

1
lim = [{k € I : [, — 1] > e}| =0,

where I,, = {[n — A\, + 1,n]}. We denote it by St* — limz = I.

Definition 2.9 ([37]). Let (X, u,v,*,0) be an IFnNLS. We say that a sequence
x = {xr} in X is convergent to L € X with respect to the intuitionistic fuzzy n-
norm (u,v)™ if, for every € > 0, t > 0 and y1,¥2,...,Yn—1 € X, there exists kg € N
such that p(y1,y2, ..., Yn—1,2k — L,t) > 1 — € and v(y1, yo, . - s Yn—1, Tk — L,t) < e
for all k > ko. It is denoted by (u, )™ — lima = L or xg W)™ 1 as k= oo.
Definition 2.10 ([37]). Let (X, p,v,*,0) be an IFnNLS. Then the sequence = =
{z}} in X is called a Cauchy sequence with respect to the intuitionistic fuzzy n-norm
(s, v)™ if, for every € > 0, t > 0 and y1,¥a2,...,yn—1 € X, there exists kg € N such
that p(y1,y2, -« s Yn—1, Tk — Tm,t) > 1—e and v(y1, Y2, - - - s Yn—1, Tk — Tm, t) < € for
all k,m > ko.

3. A-STATISTICAL CONVERGENCE IN IFNNLS
‘We now obtain our main results.

Definition 3.1. Let (X, p, v, *,0) be an IFnNLS. A sequence x = {x}} in X is said
to be A- statistically convergent to L € X with respect to the intuitionistic fuzzy
n-norm (u, v)™ if, for every € > 0, ¢t > 0 and y1,¥y2,...,Yn—1 € X,

6/\({k EN: l’[’(ylay27"'ayn—17xk _L7t) S 1—ce¢
or Y(y1,Y2, -, Yn—1, 2k — L, t) > €}) = 0.

It is denoted by St&”’u)n —limx = L.
Using Definition 3.1 and properties of A-density, we obtain the following lemma.

Lemma 3.2. Let (X, p,v,*,0) be an IFnNLS and 6 be a lacunary sequence. Then
for every e >0, t >0 and y1,y2,...,Yn—1 € X, the following statements are equiv-
alent: .
(i) St&“’”) —limz = L.
(ZZ) 6)\({]6 eN: M(yl,y27 ey Yn—1,Tk —L,t) <1 —6}) = (5)\({k eN: V(yl,y27 ey
Yn—1,2 — L,t) > €}) = 0.
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(i) x({k € Nt pu(y1,y2, -+ Yn—1, 26 — Lyt) > 1 —eand v(y1,y2, - - -, Yn—1,
xp—L,t) <e})=1.

() o0x({k € N: u(y1, 92,y Yn—1,2x — L, t) > 1 —€}) = x({k € N: v(y1,y2,

s Un—1,Tk — L, t) < €}) =1.

(v) St* — im p(y1,y2, .., Yn1, 2k — L, t) = 1 and St —limv(yy,yo,. ..,
Yn—1,Tk — L, t) = 0.
Theorem 3.3. Let (X, i, v, x,0) be an IFnNLS. If a sequence x = {x} in X is -
statistically convergent with respect to the intuitionistic fuzzy n-norm (p,v)™, then

St&#’y)n — lim z is unique.

Proof. Let us assume that St&”’u)n —limx = Ly and St&“’y)n —limz = Ly. Given
e > 0, choose r € (0,1) such that (1 —7)* (1 —7) >1—¢€ and ror < e. Then for
any t > 0 and y1,¥2, ..., Yn—1 € X, define the following sets:

K,i(rt)={keN:pu(y,v2,...,Yn-1,2 — L1,t) > 1 —r},
KM,Q(Tvt) = {k eN: M(yl7y2a"'7yn—17xk _LQat) >1 _T}a
Kyi(rt)={keN:v(yi,y2, ..., Yn—1, 2k — L1,t) <7},

K,o(rt) ={keN:v(y,y2,...,Yn—1,%k — La,t) < 71}.
Since St&“’”) — limx = Ly, using Lemma 3.2, we have

NI (1) = 0A(Ky1(r,t)) =1 for all £ > 0.

(k)™
X

Also using S —lima = Ly, we get

(K ,ua(r 1)) = 0x(K,a(r,t)) = 1 for all £ > 0.

Now let K, ,,(r,t) = (K, 1(r, t)NEK, 2(r, £))U(K, 1 (r, t)NK, 2(r, t)). Then §y (K, (. t)) =
1. Now if k € K, ,(r,t), first let us consider the case k € (K, 1(r,t) N K, 2(r,t)).
Then we have

/*L(ylay27 e 7yn71aL1 - LQat)

t t
(3.1) > (Y1, Y2y -5 Yn—1, Tk — Lo, 5) *1(Y1, Y2, Yn—1, T — Lo, 5)
>1—r)x(1—r).

Since (1 —7)* (1 —r) > 1 —¢, we have pu(y1,¥2,---,Yn—1,L1 — La,t) > 1 — € and
since € > 0 was arbitrary, we get by 3.2, u(y1,¥2,.-.,Yn-1,L1 — La,t) = 1 for all
t>0and y1,y2,...,Yn—1 € X, which implies that L; = L.

On the other hand, if k € (K, 1(r,t) N K, 2(r,t)), then using similar technique we
can prove that

V(y17y27"'7yn717L1 - L27t) < €.

Again since € > 0 was arbitrary, we get v(y1,%2,...,Yn—-1,L1 — Lo2,t) = 0 for all
t > 0and y1,¥y2,...,Yn—1 € X, which implies that L1 = Ls. Therefore, we conclude

that Stf\“"/)n — lim x is unique. O
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Theorem 3.4. Let (X, yu, v, x,0) be an IFnNLS. If (u,v)"—limx = L, then St&”’u)n—
limz = L.

Proof. Let (u,v)™ —limx = L. Thus for every r > 0, ¢t > 0 and y1,¥2, - -, Yn—1

€ X, there exists kg € N such that u(y1,y2,...,Yn—1,2x — L,t) > 1 — r and
v(Yy1,Y2y -« Yn—1, Tx—L,t) < rforall k > ko. Sotheset {k € N: u(y1,v2,- ., Yn—1,Tk—
Lit) <1—rorv(y,y2, - Yn—1, Tk — L,t) > r} has at most finitely many terms.
Thus it follows that

0 ({keN:puly1,y2,- s Yn—1,2 — L,t) <1 —7r
or
v(y1,Y2, -« s Yn—1,2k — L,t) > 1}) = 0.
Thus St&“’y)n —limx = L. O

It follows from the following example that the converse of Theorem 3.4 is not true
in general.

Example 3.5. Consider X = R" with

i1 0 Tin
lx1, 2, ..., x,|| = abs : : ,
Tnl Tnn
where x; = (1, Ti2, ..., Tin) € R” for each i = 1,2,...,n and let axb = ab, aob =

min{a + b, 1} for all a,b € [0,1]. Now for all y1,y2,...,Yn—1,2 € R® and t > 0, let
us define p(y1,y2,. . Yn—1,2,t) = e ey Ad YL Y2, Y20 t) =
t-li‘-ﬂij’1lﬁ/’27’y,;;i’1ﬂlcll . Then (R™, u, v, *,0) is an IFnNLS.
Define a sequence 2 = {z;} whose terms are given by
v (k,0,...,0) eR" ifn—[VA]+1<Ek<n
= (0,0,...,0) € R* otherwise.

For every 0 < € < 1 and for any y1,y2,...,yn—1 € X, t > 0, let K, (¢,t) = {k € N:

ﬂ(ylay%' .. ,yn—lyxkat) S l—ecor l/(ylayQa- .. 7yn—1;xkat) 2 €}~
Now

et
Kn(e,t) ={k € N:|lys,y2, ... yn—1, 7| 2 1-¢~ 0}

C{keN:z;=(k,0,...,0) e R"}.

(3.2)

Thus we have 3=|[{k € I,, : k € K,,(¢,t)}| < [A—m — 0 asn — 0.

n

Hence St&” " _limz = 0. However the sequence x = {xy} is not convergent in
(R™, p, v, x,0) with respect to the intuitionistic fuzzy n-norm (u,v)™.

Theorem 3.6. Let (X, p,v,x,0) be an IFnNLS. Then StE\“’”)n —limz = L if and
only if there exists an increasing index sequence K = {kn} of the natural numbers
such that §x(K) =1 and (p,v)™ — lim, zx, = L.
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Proof. Necessity. Let StE\u’V)n —limz = L. Now for any t > 0, 7 € N and
Y1,Y2, -, Yn—1 € X, let

. 1
Ku,v(]at) = {k eN: U(ylay%-'-ayn—laxk - L,t) >1- ;

and v(y1, Y2, -, Yn—1, 2 — L, t) < %}
Then we have, for ¢t > 0 and j € N,
(3:3) Kuw(j+1,t) € Kuw(j,t).
Since St&“ )" _limx = L, obviously,

(3.4) (K (G} = 1.

Let p; be an arbitrary number of K, ,(1,t). Then by equation 3.4, there exists a
number py € K, ,(2,t), (p2 > p1) such that for all r > ps,

1 1
)\7|{k617“::u(yhy%"'ayn—lvxk_L7t) >1_§

1 1
and V(ylay%'-')yn—l;xk _L,t) < §}| > 5

Again by equation 3.4 there is a number p € K, ,(3,t),p3s > ps, such that for all
r> ps3,

1 1
—Nkel :uly,y2, - s Yn—1, 2k — Lyt) >1— =
An 3
1 2

and v(y1,Y2, -+ Yn—1,Tk — L, 1) < §}| > 3
and so on.
Thus by induction, we can construct an increasing index sequence {p;},en of the
natural numbers such that p; € K, ,(j,t) and that the following statement holds
for all ¥ > p;, (j € N):

1 1
(3.5) )\—|{k‘ el :plyi,y2, - Yn-1,2x — L,t) > 1 — ;

1 j—1
and v(y1,Y2, -+ Yn—1, Tk — L,t) < 3}\ > ]—j .
Now we construct an increasing index sequence K as follows:
(36) K= {k? eN:1<k< pl} U [U]EN{]C S KMJ/(-j’ t) :p; < k< pj+1}].
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Now by equations 3.3, 3.5, 3.6 we have, for all r € N, (p; <r < pj;y1), that
1
/\—|{keIr:keK}|
1 1
> )\7|{]C GIT‘::u“(ylay27"'7yn—1;zk7L7t) > 17;

1
and V(yla Y2,y Yn—1,Tk — Lvt) < 3}|
) — 1
S
J
Thus it follows that Jy(K) = 1. Let € > 0 and choose a number j € N such that
% < €. Assume that k > v; and k € K. Then by the definition of K, there exists a
number m > j such that v, <k < v,41 and k € K, ,(j,t). Hence for every € > 0,

1
H(y15y27"'7yn—17xk7L?t) >1- ; >1—c¢

and

vy, Y2, Yn—1, 2k — L, 1) < % <e€
for all k > v; and k € K. Hence (p,v)" — limgex ;= L.

Sufficiency. Now we assume that there is an increasing index sequence K = {k, }
of the natural numbers such that 0,(K) = 1 and (u,v)"™ — limgex x = L. Then,
for every € > 0,t >0, y1,%2,.-.,Yn_1 € X, there is a number ng such that for each
k > ng (where k € K), we have

M(y17y27-~-ayn—17$k_L»t) >1—e€and V(ylayQa"'7yn717xk_L7t> < e

Let Hy, ,(e,t) ={k € N: p(y1,y2,.. ., Yn—1,2x — L,t) > 1 — e and v(y1, ¥y, ...,

Yn—1,%k — L,t) < €}. Then we have H, , (e,t) € N\ {kpny, kng+1, kno+2,.-.}. Since
O0r(K) =1, we get OA(N\{kny, kno+1; kng+2, - - -}) = 0, which gives 65 (H, . (¢, t)) = 0.
Therefore Sg’“’) —limz = L. O

Theorem 3.7. Let (X, p,v,*,0) be an IFnNLS. Then Stg\“"y)n —limz = L if and
only if there exists a sequence y such that (u,v)" —limy = L and 6({n e N: z,, =

yn}) =1

Proof. Let Stg\“ " Nimg = L. By Theorem 3.6, we get an increasing index sequence
K = {k,} of the natural numbers such that 0, (K) = 1 and (u, )" —lim,ex =, = L.
Then clearly the sequence y defined by

. r, ifkeK
~ | L otherwise

serves the purpose.
To prove the converse, suppose  and y be two sequences such that (u,v)" —
limy = L and §x({n € N : z, = y,}) = 1. Then for every ¢t > 0, € € (0,1) and
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Y1, Y2,y s Yn—1 € X, we have
{keN:u(y, 92, yn—1,25 — L,t) <1 —€
or v(Y1,Y2, -y Yn—1, Tk — L, t) > €}
C{keN:u(y1,y2,- s Yn—1,ys — L,t) <1 —¢
or v(y1,Y2, -y Yn—1,Yt — L, t) > e} U{k € N: xp # yi }.
Thus
h({keN:pulyr,y2y- s Yn—1, 2k — L,t) <1 —€
or U(Y1,Y2, -+ Yn—1,Tk — L, t) > €})
<o({keN:uly,y2, - Yn—1,96 — L,t) <1—¢
or v(Y1,Y2, -y Yn—1,Yk — L,t) > €}) + 0x({k € N: zp # yi}).
Since (u,v)™ — limy = L, the set
{keN:uly,y2, s Yn-1,y — L,t) <1 —cor v(yi,ya, -, Yn—-1,Yx — L,t) > €}
contains at most finitely many terms. So
oA({k e N: pu(y1,y2,- -y Yn—1,yx — L, t) <1 —¢
or v(y1,Y2, -y Yn—1,Yx — L,t) > €})
=0.
Also by hypothesis, 0x({k € N: zp # yx}) = 0. Hence
W({keN:u(y,y2, s yn—1,2k — L) <1 —¢

or V(y17y27 ey Yn—1,Tk — L7t) Z 6})
= 0.

and consequently S;”’V)n —limz = L. g

Theorem 3.8. Let (X, u, v, *,0) be an IFnNLS. IfStE\”’V)n —limx = L, then there is
a convergent sequence y and a \-statistically null sequence z such that y is convergent
toL,x=y+zand 0{keN:z,=0})=1

Proof. By Theorem 3.6, we get an increasing index sequence K = {k, } of the natural
numbers such that §y{K} =1 and (i, )" — limpex 2, = L. Then it is easy to see
that the sequences y and z, defined by

- r, ifkeK

"~ | L otherwise

and
L 0 ifke K
" | xp — L otherwise

satisfy the required properties. O

Lemma 3.9. Let (X, p,v,*,0) be an IFnNLS. Then
(1) Ing\“’”)n —limz = £ and Sg“’”)n —limy =7, then Sg”’")n —lim(z+y) = £+,
(ii) If S —lima = ¢ and o« € R, then SY" —lim az = af.
(1ii) IfS/(\“’V)n —limz = ¢ and Sg’“’)n —limy =7, then Sg\“’y)n —lim(z—y) = &—n.
567



P. Debnath/Ann. Fuzzy Math. Inform. 12 (2016), No. 4, 559-572

Proof. (i) For a given € > 0, choose v > 0 such that (1 —7) % (1 —~) > 1 —e. Now
for any t >0, y1,¥2,--.,Yn—1 € X, we define the following sets:

t
K,Uql(,y)t) = {k eN: :u(yhva"wyn—l)xk _575) >1 _’Y}
and

t
K/J«,Q(r%t) = {k € N: /’[’(ylay27"'7yn—17yk _7775) >1 _’Y}

Since Sg”’u)n —limaz = &, clearly d)(K,1(y,t)) = 1. Similarly, 6x(K,2(7,t)) =1
Let K, (v,t) = K, 1(7,t) N K, 2(7,t). Then 65(K,u(v,t)) = 1. Now if k € K, (v,t),
we have
M(ylay27 vy Yn—1,Tk + Yk — (5 + n)vt)
t t
> (Y1, Y255 Yn—1, Tk — &, 5) * (Y1, Y25 - -5 Yn—1, Yk — 1, 5)
>1=7)x(1-7)
>1—e
This shows that 6x({k € I : u(y1, Y2, -, Yn—1, Tk +yx — (E+1),t) <1 —¢€}) =0.
Hence Sf\"’”) —lim(z +y) =& + 7.
(ii) Let @ = 0. Then for every r > 0,¢t > 0, y1,¥2, .-, Yn—1 € X, there exists ng =
1 such that p(y1,y2,. - Yn—1,0z — 0&,¢) =1 > 1 —7r and v(y1,y2, - Yn—1,02K —
0¢,t) =0 < r for all k& > ng. So (p,v)™ — lim 0z = 0£. This implies that Sg\”’y) —
lim Ox = 0€.
Now let a(# 0) € R. Let K,(e,t) = {k € N : pu(y1,92, -, Yn—1,2Tk — §,ki—|) >
1 —€}. Since Sf\“’”)n —limz = &, we have 0)(K,(e,t)) = 1. Now if k € K, (e,1),
then /u‘(ylayQa sy Yn—1, QT — Olgvt) = /u‘(ylayQa sy Yn—1, Tk — fa ﬁ) >1-—e
Thus 6x({k € L, : pu(y1,y2,- - Yn—1,ax — a&,t) <1 —¢€}) = 0. Hence Sg“’y)" —
limazx = af.
(iii) The result follows from (i) and (ii). O

Definition 3.10. Let (X, u, v, *,0) be an IFnNLS. For x € X, t >0and 0 < r < 1,
the ball centered at x with radius 7 is defined by

B(z,r,t) ={y € X : uly1,92, -, Yn—1,2 — y,t) > 1 —r and
v(y1, Y2,y Yn—1, ¢ — Y, t) < r for all y1,92,...,yn—1 € X }.
Definition 3.11. Let (X, u,v,%,0) be an IFunNLS. A subset Y of X is said to be

bounded if for every 0 < r < 1, y1,%2,...,yn—1 € X, there exists ty > 0 such that
Wy, Y2, -y Yn—1,2,t0) <1 —r and v(y1,y2,. .., Yn—1,2,t0) <7 forallz € Y.

From Lemma 3.9 it follows that the set of all bounded A-statistically convergent

sequences on intuitionistic fuzzy n-normed linear spaces is a linear subspace of the
v)"™ . e e e .
space lé’.f )" of all bounded sequences on intuitionistic fuzzy n-normed linear spaces.

Theorem 3.12. Let (X, p, v, *,0) be an IFnNLS and Séf’u)n (X) the space of bounded
A-statistically convergent sequences on IFnNLSs. Then the set SISK’V) (X) s a closed

linear subspace of the space " (X).
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Proof. Tt suffices to show that SIE‘;’”)” (X)C S}Ef\t’y)” (X). Lety € S}Ei\t’y)n (X). Since
B(y,r,t)N S&’”)n (X) # @, there is an = € B(y,r,t) N Sé’;’y)n (X).

Let ¢ > 0 and € € (0,1). We choose 7 € (0,1) such that (1 —r)*(1—7r) >1—¢
and ror < e. Since z € B(y,r,t) N Sl()ﬁf’")n (X), let Stg\”’u)n —limz = L.
Then for every z1,29,...,2,-1 € X, there is a set K C N with (K ) = 1 such that

t t
M(zlaz2a--~7zn717yk —.’Ek7§) >1 —T,V<Zl,22,. ey Bn—1,Yk — Tk, 5) <r
and
t t
(21,29, o0y Zn—1, Tp — L,§) >1—rv(z1,22,. .y Zn—1,Tk — L,§) <r
for all k € K. Thus for any z1,22,...,2,_1 € X, we have
t

u(217227"'7zn—13yk7L7t) ZM(Zl,ZQ,...7Zn_1,yk7.’,5]@75)*’[L(Zl,ZQ,...,Zn_l,.’Ek,

>(1—r)x(1—r)

>1—c¢,
and
V(215227"'7zn—15yk7L7t) SV(Zlsza"'vzn—lvyk*Ikai)OV(217227"'7ZTL—17xka

<ror

<€,
forall k € K.
So

6)\({k € K:/j‘(zlvz%"'aznflvyk _Lat) >1—e€
and v(z1, 22, ..., 2n-1,Yk — L, t) < €})
=1.

HenceyeS&"’) (X). O

4. A\-STATISTICALLY CAUCHY SEQUENCES IN IFNNLS

Here we introduce the notion of A-statistically Cauchy sequences on an IFnNLS
and discuss some properties.

Definition 4.1. Let (X, u, v, *,0) be an IFnNLS. We say that a sequence © = {z}
in X is A-statistically Cauchy with respect to the intuitionistic fuzzy n-norm (u,v)"
if, for every € > 0, ¢ > 0 and y1,¥y2,..-,Yn—1 € X, there exists a number m € N
satisfying

In({k e N: pu(y1,¥2, -y Yn-1,Tk — T, t) <1 —¢

or U(Y1,Y2, -+ s Yn—1, Tk — Ty, t) > €})
=0.

Theorem 4.2. Let (X,p,v,*,0) be an IFnNLS. If a sequence © = {xp} is A-

statistically convergent with respect to the intuitionistic fuzzy n-norm (u,v)™, then

it is A-statistically Cauchy with respect to the intuitionistic fuzzy n-norm (w,v)™.
569

t
3)

t

5)

2



P. Debnath/Ann. Fuzzy Math. Inform. 12 (2016), No. 4, 559-572

Proof. Let x = {x}} be a A-statistically convergent sequence which converges to L.
For a given € > 0, choose r > 0 such that (1 —r)* (1—7r) >1—cand ror < e
Then for any ¢t > 0, y1,¥2,..-,Yn—1 € X, define

t
K/L(T7t) = {k eEN: N(ylvy%'"aynflaxk _L7§ >1 —7‘}
and

t
K, (rt)={keN:v(y1,y2, - Yn—1,%k — L, 3 < r}.
Then 0x(K,(r,t)) = \(K,(r,t)) = 1. Let K(r,t) = K,(r,t) N K,(r,t). Then
Ox(K(r,t)) =1. If k € K(r,t) and we choose a fixed N € K(r,t), then

w(y1,y2, - Yn—1, T — TN, 1)

t t
2 M(y17y27"°7yn717xk _L7 7) *:u(ylvaP"?ynfth - Laf)

2 2
>(1—-r)x(1—r)

>1—c¢
and
V(y15y27"'7yn—17xk_mN’t)
t t
S V(ylay2a ey Yn—1,Tk — L7 5) o V(ylay27' s Yn—1, TN — L7 5)
<ror
< €.
Thus
5/\({kEN:/‘L(ylayQ,"'aynfhmk_xN7t) >1—c¢
and v(y1,Y2, -, Yn—1,Tk — TN, t) < €})
=1.
So
Wk eN: ulyr,y2, .- Yn—1, 2 —N,1) <1 —€
or U(Y1,Y2, -, Yn—1, Tk — TN, 1) > €})
=0.
Hence = = {x} is lacunary statistically Cauchy. O

Using similar technique in the proof of Theorem 3.6 we can state the following:

Theorem 4.3. Let (X, u,v,*,0) be an IFnNLS and © = {x} be a sequence in X.
Then the following conditions are equivalent:

(i) x is A-statistically Cauchy with respect to the intuitionistic fuzzy n-norm
(1, v)".

(ii) There exists an increasing index sequence K = {k,} of the natural numbers
such that 0 (K) = 1 and the subsequence {xy,, }nen is a Cauchy sequence with respect
to the intuitionistic fuzzy n-norm (w,v)".
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5. CONCLUSIONS

In this paper, we introduced a new definition of convergence of sequence in an
IFnNLS and based on this new definition we studied a generalized convergence in
the same space. As every crisp n-norm can induce an intuitionistic fuzzy n-norm,
the results obtained in this paper are more general than the corresponding results
for n-normed spaces.
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