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ABSTRACT. Soft theory, formulated by Molodtsov, is considered as one
of the best effective tool to deal with uncertainties. So far, it has been ap-
plied to different mathematical concepts such as set operations, algebraic
structure (e.g., group and ring theory) and topological spaces. Recently,
Deli has introduced convex and concave soft sets which are essential con-
cepts for optimization and related topics. In this paper, we investigate
further convex soft sets and study some of its properties. The convex hull
and the cone of a soft set are also introduced with their characterizations.
Finally, affine soft sets and affine hull of a soft sets are studied with some
of their properties.
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1. INTRODUCTION

Classical mathematics methods have proved to be successful in solving prob-
lems of exact nature. However, they are many situations in which the problems are
complicated enough and do not have exact solutions. For instance, the uncertainty
of data rise when trying to solve complicated problems in engineering, economic,
physics, computer sciences and many other fields can not be handled using tradi-
tional mathematical methods. Many well-known theories have been introduced as an
alternative mathematical tools to deal with uncertainties such as probability theory,
fuzzy set theory [30], intuitionistic fuzzy sets theory [4, 5], vague sets theory [10],
interval mathematics theory [5, 17], and rough sets theory [29]. However, former
theories may not be suitable to apply to all problems due to possibly, the inade-
quacy of the parametrization tool of the theory [27]. Alternatively, Molodtsov in
1999 formulated the so-called soft theory (see [27]) to deal with uncertainties and
to overcome the difficulties associated with the former theories. It is worth noting
that fuzzy sets and rough sets can be considered as special types of soft sets.
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Soft theory has been widely studied and involved in different mathematical direc-
tions. Maji et al. [20] presented some operations on soft sets, followed by Ali et al.
[3] and Sezgin and Atagiin [32]. Babitha and Sunil [6] introduced relations on soft
set and studied soft functions. The application of soft theory in algebraic structures
was first introduced by Aktag and Cagman [2] in which they defined soft groups
and derived some of its basic properties. The research in this direction continued
and extended to include soft semigroups, soft rings, soft semirings, soft ideal etc (cf.
[1, 10, 15, 20, 21, 33, 37]). Soft topological space was introduced in different ways
[9, 18, 34]. Since then many researchers have further studied soft topological spaces
and constructed its important notions (see e.g. [19, 28, 38]). Applications of soft sets
in decision making problems have presented by Maji et al [25] and Cagman et al.
[7, 8]. Chen [11] presented a new definition of soft set parametrization reduction and
Pei and Miao [30] showed that soft sets are a class of special information systems.

In the field of convex analysis, convex and concave soft sets are recently introduced
by Deli [12] as a soft version of Zadeh’s definition of fuzzy set [36]. Deli in [12]
defined convex and concave soft sets and studied some of their properties. Note that
convex sets and its related notions are extended to fuzzy sets by Zadeh [36] and
by Lowen [24]. Studying different properties of convex fuzzy sets are continued by
many researchers, see for example [13, 14, 22, 23, 35] and reference therein.

In this paper, we continue the study of convex soft sets and we introduce affine
soft sets. The organization of the paper is as follows. In section 2, we review the
necessary definitions and preliminary notions of soft sets used throughout the paper.
In section 3, we introduce some properties of convex soft sets, define convex hull of
a soft set and study its characterizations, and define a convex cone of a soft set with
some of its properties. Finally, section 4 devoted to the study of an affine soft set, an
affine hull of a soft set and studying their properties. Note that the results shown in
this paper are satisfied for ordinary convex and affine sets and for convex and affine
fuzzy sets (see [24, 31]).

2. PRELIMINARIES

In this section, we gather some definitions and notions related to soft set theory
needed in this paper. Throughout this paper, X = R denotes the universe set, P(X)
is the power set of X, and F = R™ the n-dimensional parameter space.

Definition 2.1 ([27]). A soft set over the universe set X is defined as a pair (F, E)
such that F is a set of parameters and F' : E — P(X) is a mapping. Mathematically,
the soft set (F, F) is a parameterized family of subsets of the set X which can be
written as a set of ordered pairs

(F,E)={(e,F(e)):e € E and F(e) C X}.
Following [7], the set of all soft sets over X will be denoted by S(X).

Definition 2.2 ([26]). A soft set (F, E) € S(X) is said to be null soft set if F(e) = ¢
for all e € E. The null soft set is denoted by ®.

Some operations on soft sets are given below.
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Definition 2.3 ([7, 20]). Let (F,E) and (G, E) are two soft sets in S(X). Then
(F, E) is a soft subset of (G, E), denoted by (F, E)C(G, E), if and only if F'(e) C G(e)
for all e € E.

Definition 2.4 ([28]). Let {(F;,E) :i € I} C S(X). Then
(i) The union of {(F;, E) : i € I} is defined by OieI(Fi’E) = (OieIFi’E) such

that .
(U FiE) = UF , VeeE.
el
(i) The intersection of {(F, E) : i € I} is defined by (N,c;(Fi, E) = (M, Fis E)
such that

(ﬁielFi7E) = mFi(€)7 Ve € E.
i€l

Definition 2.5 ([7]). Let (F,E) € S(X) and A € P(X). Then, A-inclusion of the
soft set (F, E), denoted by F4, is defined as

A={ecE:F(e) DA}

3. CONVEX SOFT SETS

Convexity in soft theory is very recently discussed by Deli in [12]. Deli was the
first to define convex and concave soft sets and study some of their basic properties.
In this section, we give more properties related to convex soft set. We shall also
introduce the concept of the convex hull of a soft set and a cone of a soft set. First,
let us recall the definition of a convex soft set.

Definition 3.1 ([12]). The soft set (F, F) € S(X) is called convex if and only if
(3.1) F()\el + (1 - )\)62) D) F(el) N F(eg) s
for all eg,e5 € E and X € [0,1].

Proposition 3.2 ([12]). (F,E) € S(X) is a convex soft set if and only if F4 is a
conver set for A € P(X).

Proof. See the proof of Theorem 3.5 in [12]. O

In a convex soft set, the inclusion (3.1) holds for any convex combinations of finite
elements in the parameter set E as we show next.

Proposition 3.3. A soft set (F, F) C S(X) is a convex soft set if and only if for
all eq,...,e, € E and Ay, ..., A, € [0,1] such that 7" | A\; = 1 we have

(32) fjx )2 ﬂ

Proof. Assume that the inclusion (3.2) holds, for all ey, ...,e, € E and Aq,..., A\, €
[0,1] such that " ; A\; = 1. In particular, for any two elements ej,e; € E and
A € [0,1], it yields
F()\el + (1 — )\)62) D F(@l) N F(EQ).
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From Definition 3.1, (F, F) is a convex soft set over X. To show the reverse direction
and to make the proof easier, let us define, for any n € N, the set of all finite subsets
of E which form convex combinations of . Namely, let

(33) Cle,n) ={{er,nen} CE:IN €0,1] with > Ai=1,e=> e},
i=1 =1
Using the induction, we show the inclusion in (3.2) Vn € N;n > 1. Let n = 2.
Then F{e1,ea} € Ce,2) and A € [0, 1] such that e = Aeg + (1 — A)ez. Since (F, E)
is a convex soft set, F'(e) 2D F(e;) N F(eq) for all e = Aeg + (1 — A)ea. Assume now
(3.2) holds for n = k. i.e.,
k
(34) F(e) 2 () Flei),
i=1
for {e1,...,ex} € C(e, k) such that e = Zle Aie; and Zle A; = 1. We must prove
(3.2) is true for n = k+ 1. Given {eq,...,ex41} € Cle,k+1) and Ay, ..., \gy1 € [0, 1]
such that Zfill A; = 1. Assume that at least one \; € [0,1], say A; # 1. Let z be a
convex combination of k elements of E. Thus

!/ !/
z2=MXyex+ ..+ A 1€kt

where \; = 1i‘3\1 >0fori=2,...,k+1. So

)\2+...+)\k+1 1_)\1
)\/ )\I == = = 1
2 + + k+1 1— )\1 1— )\1
Hence {es, ...,ex11} € C(z, k). From (3.4), F(z) D ﬂf:; F(e;). Now,eq,z € E and
(F,E) is a convex soft set. Then from induction

F()\lel + (1 - )\1)2’) :_> F(el) N F(Z) ,

Ai
) F(el)ﬂF(Z 1_/\161),
i=2
k+1
i=1
Therefore we obtain (3.2) as required. O

Proposition 3.4 ([12]). The intersection of an arbitrary collection of convex soft
sets {(Fy, E) i€ I} CS(X) is a convex soft set.

We use the above fact to define the smallest convex soft set in S(X) containing a
fixed soft set.

Definition 3.5. The convex hull of a soft set (F, E), denoted by conv(F, E), is the
smallest convex soft set over X containing (F, E'). In other word,

conv(F,E) = ﬂ {(G,E) : (G, FE) € S(X) are convex soft sets}.

(G,E)S(F,E)

Another characterization of the convex hull of a soft set is given next.
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Proposition 3.6. The convex hull of a soft set (F, E) € S(X) is given by
(3.5) convF(e U U ﬂ{F(e’) ¢’ € B},
neN BeC(e,n)

where C'(e,n) is defined as in (3.3).

Proof. From the definition of the convex hull of (F, E), for each e € E
convF(e ﬂ G(e); F(e) C G(e) € S(X) is a convex soft set.

Define the soft set

(3.6) Fey=J) U ({F():¢ eB}.

neEN BeC(e,n)

We need to show that convF(e) = F(e). Let us start with the inclusion “2”. Since
every (G, E) is a convex soft set, using Proposition 3.3,

2 ) U [)G(): ¢ eB}2F(e).
neN BeC(e,n)

Taking the intersection, to the most left side of the above expression, over all convex
soft sets G(e) containing F'(e) yields

| Gle)2 F(e),

G(e)2F (e)
which implies convF(e) 2 F(e). To obtain the inclusion “C”, it is enough to prove
that (F, E) is a convex soft set (ie., ﬁ()\e—l—(l—)\)e') D F(e)NF(e') Ve,e' € E,\ €
[0,1]). Indeed, since conv(F,E) is a smallest convex soft set containing (F, E),
conv(F,E) C (F,E). Let e = 3.1, cze; and € = Y% Biel where {eq,...,e,} €
Cle,r), {€},....el} € C(e',s), iy i = > i_, Bi = 1, respectively. Therefore,

Fe+ (1 - )\ZaZeZ (1N Zﬂie;) ,

where A>"0_ o +(1—=X) Y7, Bi = Land {eq, ...,er, €, ...,el} € C(Ae+(1-N)e/,r+
s). Notice that, since E = R™ then Ae + (1 — M)/ € E =R" Ve, e’ € E. Applying
the definition of the soft set in (3.6) to e, e’ and to z := Ae + (1 — \)e’, we get

r+s

U U N{FG):zeAuB)

r+seN AUBEC(Z r+s) =1
>oJ U ﬂ{Fel acAy U U ﬂ{F )¢} € B},
reN AeC(e,r) =1 seEN BeC(e’,s) i=1

- F(z=Xe+(1-\¢é) 2 F(e)nF(e).

as required. O

Next we define a convex cone soft set and deduce some of its properties.
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Definition 3.7. A soft set (F,E) € S(X) is said to be cone if for all e € E and
A > 0 we have

F(Xe) D F(e).

If (F, E) is convex then it is called convex cone soft set.

Proposition 3.8. (F,E) € S(X) is a cone soft set if and only if F4 is a cone set
for A € P(X).

Proof. The proof proceeds as that of Theorem 3.5 in [12]. O

Proposition 3.9. A soft set (F, E) € S(X) is a convex cone if and only if for each
e,/ € Eand A >0

(i) F(xe) 2 F(e),
(ii) Fle+¢') D F(e) N F(e).

Proof. Assume that (F, F) is a convex cone soft set over X. This yields (i). Take

now arbitrary e,e’ € E and choose \ = % Since (F, F) is a convex cone soft set
over X
1 L, ’
and
11, 11,
. Ze+ =€) DF(ze+ =¢).
(3.8) F(2(26+26))_F(26+26)

From (3.7) and (3.8) we obtain (ii). Indeed,
1 1 1 1
Fle+¢€') = F(2(§e+ 56/)) ) F(§e+ 56/) D F(e)nN F(e).

To show the other direction (i.e., (F, E) is a convex cone soft set). From part (i),
(F,E) is a cone. Using (i) and (ii) with A € [0,1], we conclude that (F,E) is a
convex soft set. i.e.,

FOe + (1—\)e') 2 F(he) N F((1 - N)e') D F(e) N F(e).

A direct consequence from the preceding proposition is given next

Corollary 3.10. (F,E) € S(X) is a convex cone if and only if for all ey, ...,e, € E
and \; >0

n

i=1

Proposition 3.11. The intersection of an arbitrary collection of convex cone soft
sets {(F}, F) : 4 € I} C S(X) is a convex cone soft set.

Proof. The proof is analogous to that of Proposition 3.4. O

Inspired by the preceding proposition, one can define the smallest convex cone of
an arbitrary soft set.
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Definition 3.12. The convex cone of a soft set (F, E) € S(X), denoted by cone(F, E),
is the smallest convex cone soft set containing (F, E). i.e

cone(F, E) = ﬂ(G’E)i(F’E){(G, E): (G,E) € 5(X) is a convex cone soft set}.

A relation between the convex hull and the convex cone of two soft sets over X
is given next.

Proposition 3.13. Let (F, E) nd (F E) are two soft sets over X such that
U (F,BE),

B>0
then cone(F, E) = conv(F, E).

Proof. To show cone(F, E) = conv(F, E), it is enough to prove that conv(F, E) is
a smallest cone soft set contains (F, E). We proceed first to prove conv(F, E) is a
cone soft set over X contains (F E). From (3.5),

convF (e U U ﬂ{F(e’) ¢’ € B}.
neN BeC(e,n)
Note that Ve € E,n € N and 8 > 0, {elL..,en} € C(e,n) if and only if {Be, ..., Be, }
€ C(Be,n) and from the definition of (F, E), we have
(3.9) F(e)=F(3¢) Ve € E.
This yields, convF(Be) = convF(e) Ve € E. Thus, conv(F, E) is a convex cone
soft set over X. Since conv(F, E)2(F, E)2(F, E), then conv(F, E) is a convex cone
soft set contains (F, E). It only remains to prove conv(F, E) is the smallest convex
cone soft set contains (F, E). Let (G, E)2(F, E) be a convex cone soft set over X

we must show (G, E)2conv(F, E). Since (G, E) is a cone soft set, then from (3.9)
G(e) = G(Be) Ve € E,V¥3 > 0. Thus, from the definition of (F, E),

G(e) = G(Be) 2 | F(Be) = Fle).
B>0
Since (G, E) is a convex soft set,
(G, E) = conv(G, E)2(F, E) dconv(F, E)
i.e., conv(G, E)Dconv(F, E) as required. O

4. AFFINE SOFT SET

Affine set and its related notions have been already defined and studied in each
of ordinary sets and fuzzy sets [24, 31]. In a similar manner, we define affine soft set
and study some of its properties.

Definition 4.1. A soft set (F, E) is said to be affine over X if for all e;,e; € E and
A € R we have
F()\@l + (1 — )\)62) D F(el) n F(eg).

Proposition 4.2. (F,E) € S(X) is an affine soft set if and only if F4 is an affine
set for A € P(X).
523



S. N. Majeed /Ann. Fuzzy Math. Inform. 12 (2016), No. 4, 517-526

Proof. Assume that (F,E) is an affine soft set over X. Let ej,eo € F4. Then
F(e1) 2 A and F(e3) 2 A. Since (F, F) is an affine soft set, for each A € R,

FOer+(1—Nes) 2 F(e) N F(ez) D AN A= A

Thus Aej + (1 — N)ez € F4 which yields that F4 is an affine set.

Conversely, assume now F4 is an affine set for all A\ € R. Let A € P(X) such
that A = F(e;) N F(ez). From last assertion we obtain F(e;) 2 A and F(ez) D A,
e1,es € FA. Thus Aey + (1 — N)ey € F4. So, from the definition of A-inclusion,

F(Xer + (1 —XNez) 2 A= F(e1) N Fleq).
This indicates (F, E) is an affine soft set on X. O
Proposition 4.3. An arbitrary intersection of affine soft sets is an affine soft set.

Proof. The proof is similar to the one of Theorem 3.2 in [12] for the case of convex
soft set. O

In analogy with the definition of the convex hull of a convex soft set, we introduce
the affine hull of a soft set.

Definition 4.4. The affine hull of a soft set (F, E), denoted by ;ﬁ"(F, E) is the
intersection of all affine soft sets containing (F, E) (or smallest affine soft set over
X that contains (F, E)), i.e.,

aff(F, B) =)

Proposition 4.5. (F, E) € S(X) is an affine soft set if and only if for all ey, ..., e, €
E and Aq,..., A\, € R such that Y " | \; =1 we have

Proof. The proof is similar to the proof of Proposition 3.3. g

(G,E)E(F,E){(G’E) : (G, E) € S(X) is affine soft set}.

We show next an alternative way to characterize an affine soft set through a soft
subspace. First let us define a soft subspace.

Definition 4.6. A soft set (F, E) € S(X) is a subspace if
(i) F(Ae) 2 F(e) Vee€ FE and A € R,
(ii) F(e1 +e2) 2 F(e1) N F(e2) Vep, ez € E.
Proposition 4.7. Let (F, E) € S(X). Then the followings are equivalent :

(1) (F,E) is a soft subspace.
(2) F(aey + Pez) O F(er) N F(ez) Vei,ea € Eand o, € R.
(3) for each ey, ...,e, € E and Ag,.., A\, €R

3

— =

(4) (F,E) is an affine soft set such that F'
524

0) = Ueer Fle)-



S. N. Majeed /Ann. Fuzzy Math. Inform. 12 (2016), No. 4, 517-526

Proof. The proof of [(1) => (2) = (3) => (4)] can be easily verified. So, we only
show [(4) = (1)]. Let e1,ez € E = R™ such that e; = 0 and A € R. Since (F, E)
is an affine soft set, F'(Ae; + (1 — A)ea) = F(Xey) 2 F(er) N F(0) = F(eq). i.e.,

(4.10) F(Xey) D F(ey).
From the assumption and the fact that 1(e; +e2) € E,

F(%(el +e2)) = F(%el +(1- %)62) D F(ey) N Fley),

From (4.10) and the last inclusion, we get
1 1
(4.11) F(e1 +e) = F(2(§(el +e€2)) 2 F(i(el +e2)) D F(er) N F(ea).

From (4.10) and (4.11), it follows (F, E) is a soft subspace. O
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