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ABSTRACT. In this paper, we define “soft int I' -near-ring”. The struc-
ture of soft int ['-near-ring is based on the inclusion relation and intersec-
tion of sets and since this new concept brings the soft set theory, set theory
and I'-near-ring theory together, it is very functional by means of improving
the soft set theory with respect to I'-near-ring structure. From this view,
it functions as a bridge among soft set theory, set theory and I'-near-ring
theory. Based on the soft int I'-near-ring definition, we introduce the con-
cepts of soft int subl-near-ring and soft int I'-ideal. Moreover, investigate
these notions with respect to soft image, soft pre-image and a-inclusion
of soft sets. Finally, we give some applications of soft int I'-near-ring to
I'-near-ring theory.
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1. INTRODUCTION

The notion of near ring was first introduced by Dickson and Leonard in 1905
[11]. They showed that there do exist "fields with one distributive law” (near fields).
It was Zassenhaus who was able to determine all finite near rings. Now a days, near
fields are mighty tools in characterizing doubly transitive groups, incidence groups
and Frobenius groups. We note that the ideals of near rings play a central role in
the structure theory, however, they do not in general coincide with the usual ring
ideals of a ring. In 1984, Satyanarayana introduced I'-nearring in his doctoral thesis
and obtained some basic results [29]. For further see [7, (].

To solve complicated problems in economics, engineering, environmental science
and social science. Methods in classical mathematics are not always successful be-
cause of various types of uncertainties presented in these problems. While probability
theory, fuzzy set theory [34], rough set theory [26, 27], and other mathematical tools
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are well known and often useful approaches to describing uncertainty, each of these
theories has its inherent difficulties as pointed out in [24, 25]. In 1999, Molodtsov
[24] introduced the concept of soft sets, which can be seen as a new mathematical
tool for dealing with uncertainties. This so-called soft set theory is free from the
difficulties affecting existing methods. Presently, works on soft set theory are pro-
gressing rapidly. Maji et al. [21] defined several operations on soft sets and made a
theoretical study on the theory of soft sets. Since its inception, it has received much
attention in the mean of algebraic structures such as groups [3], semirings [12], rings
[1], BCK/BCl-algebras [17, 18, 19], normalistic soft groups [30], BL-algebras [35],
BCH-algebras [20] and nearrings [31]. Atagiin and Sezgin [4] defined the concepts
of soft subrings and ideals of a ring, soft subfields of a field and soft submodules of
a module and studied their related properties with respect to soft set operations.
Also union soft substructures of nearrings and nearring modules are studied in [32].
M. Aslam et al. defined soft LA-semigroups and Soft ideals over LA-semigroups |].
Cagman et al. defined two new types of group actions on a soft set, called group
ST-action and group SU-action [8], which are based on the inclusion relation and
the intersection of sets and union of sets, respectively.

Ali et al. [2] introduced several operations of soft sets. Sezgin and Atagiin [33]
studied on soft set operations as well. Soft set relations and functions [5] and soft
mappings [23] were proposed and many related concepts were discussed too. More-
over, the theory of soft sets has gone through remarkably rapid strides with a wide-
ranging applications especially in soft decision making as in the following studies:
[9, 10, 22] and some other fields such as [13, 14, 15, 16].

Cagman and Enginoglu [10] redefined the operations of soft sets to develop the
soft set theory. By using their definitions, in this paper, we define “soft int I'-
nearring”. The structure of soft int I'-nearring is based on the inclusion relation
and intersection of sets and since this new concept brings the soft set theory, set
theory and I'-nearring theory together, it is very functional by means of improving
the soft set theory with respect to I'-nearring structure. From this view, it functions
as a bridge among soft set theory, set theory and I'-nearring theory. Based on the
soft int ['-nearring definition, we introduce the concepts of soft int subI'-nearring and
soft int I'-ideal. Moreover, we investigate these notions with respect to soft image,
soft pre-image and a-inclusion of soft sets. Finally, we give some applications of soft
int I'-nearring to I'-nearring theory.

2. PRELIMINARIES

We first recall some basic concepts for the sake of completeness from [28]. A
nearring N is an algebraic system (N, 4+, -) consisting of a non-empty set N together
with two binary operations addition ”+” and multiplication ”-” such that (1) (N, +)
is a group and (2) (N, -) is a semigroup and (3) (z+y)-z = z-z+y-z forall x,y,z € N.
We will use word ”"nearring” to mean "right distributive nearring”.

A T-nearring [29] is a triple (N, +,T"), where

(i) (N, +) is a group,

(ii) T is a non-empty set of binary operators on N such that for each a € T,
(N, +,«) is a nearring,

(iii) za(yaz) = (zay)Bz for all x,y,z € N and o, 5 € T.
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A subset S of a I'-nearring N is called subI'-nearring N, if for all z,y € S and
ael=x+yeSand zay € S or equivalently S+ 5 C S and STS C S.

A subset A of a I'-nearring N is called a left (resp. right) I'-ideal of N, if

(i) (A, +) is a normal subgroup of (N, +),

(ii) za(y + z)— zaz € A (resp. zay € A) forallz € A, o« €T and y,z € N.

We will use word ”"I'-nearring” to mean "right distributive I'-nearring”.

We now review some soft set concepts. From now on, X refers to an initial
universe, F is a set of parameters, P(X) is the power set of X and A, B,C C E. A
soft set A4 over X is a set defined by

Aa: E — P(X) such that Mg () =@ if z ¢ A.

Here )\ 4 is also called an approximate function. A soft set over X can be represented
by the set of ordered pairs

Aa={(x, a(x)):x € E, a(x) € P(X)}.

It is clear to see that a soft set is a parametrized family of subsets of the set X.
Note that the set of all soft sets over X will be denoted by S(X).

Definition 2.1 ([25]). Let A4 and Ap be two soft sets over a common universe X.
Then, we say that A4 is a soft subset of Ag, if

(i) A C B and

(ii) Aa (e) C Ap(e) for all e € A.

We write Ay C Ag. A soft set Ap is said to be a soft super set of A4, if A4 is a
soft subset of Ag. We denote it by Ag D Aa.

Definition 2.2 ([25]). Let Ag,Ap € S(X). Then, union of A4 and Ag, denoted by
AaUMpg, is defined as AaUAp = Asgp, where A ygp () = A4 (z) U Ap (z) for all
z e E.

Definition 2.3 ([25]). Let Aa,Ap € S(X). Then, intersection of A4 and Ap, denoted
by AaNAg, is defined as AaNAp = Aamp, where Ay (z) = Aa (z) N Ap (z) for all
z e E.

Definition 2.4. [25]] Let Ag,Ap € S(X). Then, A-product of A4 and Ap, denoted
by Aa A A, is defined as Ag A Ap = Aanp, where Aaap (2,y) = Aa (z) N Ap (y) for
all (z,y) € Ex E.

Definition 2.5 ([25]). A soft set Ag over X is said to be a NULL soft set denoted
by @ if for all e € A, Aa(e) = D(empty set).

Definition 2.6 ([25]). A soft set A4 over X is said to be an absolute soft set denoted
by A4 if for all e € A, Aa(e) = X.

Definition 2.7 ([8]). Let Ag,Ap € S(X). and f be a function from A to B. Then,
(i) The soft image of A4 under f , denoted by f(Aa), is a soft set over X by

[ upa@yeN, fly) =z}, [Ty #£2
(f(Xa)) () = { 7] otherwise,
for all y € B.
(ii) The soft pre-image (or soft inverse image) of Ag under f, denoted by f~! (\p),
is a soft set over X by (f~*(Ag)) = Ap (f (a)) for all z € A.
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3. SOFT INT I'-NEAR RING

In this section, we first define soft intersection I' -near ring which is abbreviated
as soft int I'-near ring. We then define soft int subl'-nearring, soft int-I'-ideal of a
I'-nearring with some examples and study their fundamental properties with respect
to soft set operations.

In what follows, N will denote right distributive I'-nearring, unless otherwise
specified.

Definition 3.1. Let N be a I'-near ring and Ay be a soft set over X. Then, Ay is
said to be soft int I'-near ring over X if it satisfies the following conditions hold:
(i) Anv (@ +y) 2 An () N AN (y)
(ii) )\N (—.’L‘) = )\N (x) 5
(iil) Ay (zay) 2 An () N AN (y), for all z,y € M and o € T'.

Example 3.2. Let N = {0,a,b,c} and ' = {«,3} be non-empty sets. The binary
operations defined as;

+‘Oabc a‘Oabc ﬂ‘Oabc
010 a b ¢ 00 0 0 O 0|0 0 0 O
ala 0 ¢ b al0 a 0 b al0 a 0 O
b|b ¢ 0 a b0 0 0 O b0 0 b O
clec b a O c|0 b 0 b c|0 0 0 b

Clearly (N,+,T") is a I'-nearring. Assume that N is the set of parameters and
X = { [x ﬂ |x,y € Z4 ¢, 2 x 2 matrices with Z4 terms, is the universal set. We

construcl‘i a soft set Ay over X by
wo = (V] [Re] [en ] [ss )
wi = {5 [68] 80 ]}
wo = A ]-[es ] [53))
we = 4 el LR

Then, one can easily show that the soft set Ay is a soft int ['-nearring over X.

Example 3.3. In Example 3.2, assume that N = {0,a,b,c} is again the set of
parameters and X = S3, symmetric group, is the universal set. we defined a soft set
>\N by

An (0) {(12),(13)},

Ay (a) = {(12),(13),(123)},
Av () = {(12),(23) (123)},
Av () = {(12),(13) (123)}
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Then Ay is a not a soft int I'-nearring, because

An (a.a) = Ax (0) ={(12), (13)} 2 {(12),(13), (123)} .

Example 3.4. Let N = {0,a,b,c} and ' = {«,3} be non-empty sets. The binary
operations defined as;

+‘0ab c al0 a b c 810 a b c
0[]0 a b c 00 0 0 O 0j]0 0 0 O
ala 0 ¢ b al0 a b c ala a a a
b|lb ¢ 0 a b0 0 0 O b0 0 0 b
clc b a 0 cl0 a b c cla a a c

Then, (N,+,T) is a I-nearring. Assume that N is the set of parameters and

X =Dy ={{z, y)1a® =y* = (@y)* = e;ay = yo} = {e,2,y, 2y}
dihedral group, is the universal set. We define a soft set Ay over X by
Ay (0) = Dy, Ay (a) = {e,z, 2y}, An (b)) = An (¢) = {e,z}.
By routine calculation, Ay is a soft int I'-near ring over X.

Remark 3.5. If Ay is a soft int I'-near ring over X, then Ay (0) 2 Ay (z), for all
z € N.

Theorem 3.6. Let N be a I'-near ring and Ay a soft set over X. Then, Ay is
a soft int T'-near ring if and only if An (x —y) 2 An () N An (y) and Ay (zay) 2
AN ()N AN (y), for allz,y € N and oo € T.

Proof. Assume that Ay is a soft int I-near ring over X. Then, by Definition of a
soft int I'-near ring, we have
Av (@ —y) 2 An(@)NAv(—y) = Ay () N AN (y)
Av(z—y) 2 An(z)NAyx(y) and
AN (zay) D Anv(z)NAn(y),forall z,y € M and o € T

Conversely, assume that Ay (z —y) 2 An () N An (y) and Ay (zay) 2 Ax () N
AN (y), for all z,y € M and « € T". If we choose = 0, then

AN (0=y) =An (=y) 2 An (0) N AN (y) = AN (y) -
Now, Ay (y) = An (= (=) 2 An (=y). Thus, An (y) = An (—y) for all y € M.
Also, by assumption, we have
Av(@+y) = Av(@z—(-y) 2 Anv (@) NAn (—y) = An (@) N AN (y)
Av(z+y) 2 Av(z+y).

Thus, Ay is a soft int I'-near ring over X. O

Remark 3.7. Let Ay be a soft int I'-near ring over X.
(1) If Ay (x —y) =0 for any z,y € N, then Ay () = An (y).
(2) If Ax (x —y) = An (0) for any =,y € N, then Ay () = Ay (v).
435
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It is known that if (N,+,T") is a I-nearring, then (IV,+) is a group but not
necessarily abelian. That is, for any z,y € N, = + y needs not be equal to y + x.
However, we have the following:

Theorem 3.8. Let Ay be a soft int I'-nearring over X and x € N. Then
AN (@) = An (0) & An (z +y) = An (y + 2)
forally e N.

Proof. Straightforward. 0

Theorem 3.9. Let N be a T'-near-field and Ay a soft set over X. If Ay (0) D
AN (In) = An (z) for all 0 # x € N, then Ay is a soft int I'-nearring over X .

Proof. Suppose that Ay (0) D Ay (1n) = An (2) for all 0 # z € N, In order to
prove that Ay is soft int I'-nearring over X, it is enough to prove that

AN (z—y) 2 An (@) N AN (y) and Ax (zay) D An (z) N An (v).

Let x,y € N and o € I'. Then, we have the following cases:

Case (i): Suppose that 2 # 0 and y =0 or x = 0 and y # 0. Since N is a I'-near-
field, it follows that xay = 0 and Ay (zay) = Ax (0). Since Ay (0) 2 Ay (), for all
x € N, Ax (zay) = Ay (0) D Ay (2) and Ay (zay) = Ay (0) 2 An (y). These imply
that Ax (zay) 2 An () N AN (y).

Case (ii): Suppose that « # 0 and y # 0. It follows that zay # 0. Then,

An (xay) = Ay (In) = An (2) and Ay (zay) = An (1n) = An (y).

These imply that Ay (zay) 2 Ay () N Ax (y).

Case (iii): Suppose that © = 0 and y = 0. Then clearly Ay (zay) D Ay (z) N
AN (y). Thus, Ay (zay) 2 An () N Ay (y), for all z,y € M and « €T

Now, let z,y € N . Then,zx —y=0or z —y # 0.

If z —y =0, then either x =y =0 or x # 0, y # 0 and x = y. But, since
AN (z —y) = An (0) 2 Ay (), for all z € M, it follows that

AN (z—y) =An (0) 2 Ay (2) N AN (y) -

Ifz—y#0, then eitherx #0y#0and z #yorx #0and y =0 or z = 0 and
y # 0. Assume that x # 0 y # 0 and  # y. Then

AN (:cfy) :AN(]-N) =N (ﬂf) O AN (ﬂf)ﬁ)\N (y)

Now, let © # 0 and y = 0. Then, Ay (z —y) 2 Anx (z) N Ay (v) . Finally, let z =0
and y # 0. Then, Ay (x —y) D An ()N An (y) . Thus, Ay (z —y) 2 An (2)NAN (),
for all x,y € N. So, Ay is a soft int I'-nearring over X. O

Theorem 3.10. If Ay and Ay; are soft int T'-nearrings over X, then Ay Ay is
also soft int I'-nearring over X.
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Proof. By Definition , let Ay Ay = Anan, where Ayan (2, y) = An () NAwp (y)
for all (z,y) € N x M. Since N and M are I'-nearrings, so is N x M. Now, let
(x1,91), (x2,92) € N x M. Then

Ananm ((z1,92) = (22,42)) = Anvam (21— 22,91 — Y2)
AN (@1 —22) N Ay (Y1 — y2)
(An (z1) VAN (22)) N Aar (y1) 0 A (y2)
(An (z1) N Am (91)) N (A (22) N Awr (92))

= Anvam (T, y1) NV Avan (2, 2)

Anans (21, 92) — (22,92)) 2 Ananm(@1,y1) N Anan (T2, y2).

Now, let (z1,91), (x2,y2) € N x M and (ayq,a3) € I’y x I's. Then

V)

U

Anam (21, 92) (a1,02) (22,92)) = Anam(Zio122, y100y2)

)\N (3310[1.732) n >\M (ylozzyg)

D (AN (m1) N AN (z2)) N A (Y1) N A (y2)
= (A (@1) N A (y1)) N (An (@2) N A (y2))
= Anvam (@1, y1) N Anan (22, 92)
Ananm ((z1,92) = (22,42)) 2 Anam(@1,91) N ANan (T2, y2)-
Thus Ay AAps is a soft int [-nearring over X. O

Definition 3.11. Let Ay and ups be soft int I'-nearrings over X; and X5, respectively.
Then, the direct product of soft int I'-nearrings Ay and pp; over X7 and X, respec-
tively, is denoted by Anx X par = hnx s and defined as:

hnsoar (2,y) = An(x) X par(y) for all (z,y) € N x M.

Theorem 3.12. If Ay and pups are soft int T'-nearrings over X; and Xo, then
hnsxy = AN XAy s also soft int T'-nearring over X1 X Xs.

Proof. Let (z1,y1), (22,y2) € N x M. Then

hnxa ((z1,92) — (x2,92)) = hnxm(z1 — 22,91 — Y2)
= An(z1—22) X pg (Y1 — y2)

2 (An (21) N AN (22)) ¥ par (Y1) N s (y2)
= (A (1) x par (1)) N (An (22) X Npar (y2))
RN (21, 1) Vhinso (T2, y2)
hnsoar ((1,92) — (22,92)) 2 hnxa (@1, y1) N hvsar (@2, y2).

Now, let (z1,11), (z2,y2) € N x M and (ag,a3) € 'y x I's. Then,

hnxa (1, 92) (a1,02) (2,92)) = hnxm(zra1z2, Yra2ys2)
AN (T1a1m2) O par (Y1oeys2)

2 (An (z1) N AN (z2)) X (1 (y1) N s (y2)
= (An (z1) x par (91)) N (AN (22) X par (y2))
= hyxm(z1,y1) N hnsoar (22, y2)

hnxn ((21,92) = (22,92)) 2 hnxm(®1,91) N hnsor (T2, y2).
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Thus, Ay X A is a soft int I'-nearring over X; x Xs. O

Theorem 3.13. If Ay and py are soft int T-nearrings over X, then A\yy Npas is
also soft int I'-nearring over X.

Proof. Now, let x,y € N. Then,
ANOA (2 —y) = An(z—y) 0 pum (z—y)
(An (@) N AN () N (s (2) N s (y)
(A (@) N par (@) 0 (AN () N s ()
= AnDAu(z) N ANDA(y)
AN (2 — ) ANOAM (21, 51) N ANOA (22, Y2).
Now, let z, y € N and a € I". Then,

V)

V)

AN (may) = An (zay) N par (zay)

(An (2) N AN () N (par (2) O pear ()
= (Av @) Npar () N (AN () N e (y))
= AnDAu(z) N ANDA N (Y)

ANOAy (may) 2 AnOAa (21, y1) N ANOAN (22, 2).

Thus, Ay is a soft int T-nearring over X. O

U

U

Definition 3.14. Let S be a sub I'-nearring of I'-nearring N, Ay a soft int I'-
nearring over X and let Ag be a soft subset of Ay over X. Then, \g is called soft

int sub I'-nearring of Ay over X, if Ag is itself a soft int I'nearring over X and
denoted by Ag<;An .

Example 3.15. In Example 3.2, assume that N = {0, a, b, ¢} is again the set of pa-
rameters and X = D3 = {<x7 y)rad =92 = (my)2 =e,xy = yxz} = {e7x,x27y,yx,yx2},
dihedral group, the universal set. We define a soft set Ay over X by

Av (0) = Ds,

Ay (a) = {e,x,xQ,y,yx},
Ay (b)) = {e,x7x2,y},
Ay (¢) = {e,x,xQ,y}.

Then, Ay is a soft int I'-nearring over X. Now, let S = {0, a} be a subI’-nearring of
N, the set of parameters and we defined a soft subset A\g of Ay over X by

)\N (O) = {e,$7$2,y}a
Ay (a) = {e,x,xz}.
It is clear that Ay is a soft int subI'-nearring of soft int I'-nearring Ay over X.

Theorem 3.16.~If AN is a soft int I'-nearring over X, /\MiiAN and )\KiiAN over
X, then )\Mﬁ)\KSi)\N over X.

Proof. Straightforward. O
438
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Definition 3.17. Let NV be a I'-nearring and Ay a soft int I'-nearring over X. Then,
Ay is said to be a soft int-TI'-ideal of N over X, if the following conditions hold:

(i) )\N(x+y—x) D) )\N(x)ﬂ)\N(y),

(i) Aw (zay) 2 Ax (2).

(ili) An (za(y + 2) — zay) 2 An (2),

for all z,y,z € N and a € T'. If Ay is a soft int I'-nearring over X and the
conditions (i) and (ii) hold, then Ay is called a soft int right T'-ideal of N over X
and if conditions (i) and (iii) hold, then Ay is called a soft int left I'-ideal of N over
X.

Example 3.18. Let N = {0,a,b,c} and " = {a,} be non-empty sets. The binary
operations defined as;

+ ‘ 0 a b ¢ «@ ‘ 0 a b c B ‘ 0 a b c
0[]0 a b c 0/0 0 0 O 0/0 0 0 O
ala 0 c b al0 a a a al0 a 0 a
blb ¢ 0 a b0 a b c b0 b 0 ¢
clec b a 0 c|0 0 ¢ b c|0 0 0 b
Clearly, (N,+,T) is a I'-nearring. Assume that N is the set of parameters and

X = D3 = {(m, y)rad =9y = (ch)2 =e,zy = me} = {e,x,xQ,y,yx,yx2}, dihe-
dral group, the universal set. We define a soft set Ay over X by

AN (0) = An(b) = Ds,

Av () = Ay (a)={ex,}.
Then, clearly Ay is a soft int left I'-ideal and right I'-ideal of N over X. Therefore,
AN 1s a soft int I'-ideal of N overs X.

Theorem 3.19. Let N be a I'-near-field and Ay a soft int T'-ideal of N overs X.
Then, An (0) D An (In) = An (x) for all0 # 2z € N.

Proof. Suppose that Ay is a soft int I'-ideal of N overs X, then Ay is a soft int
I-nearring of N over X. Since Ay (0) 2 Ay (z), in particular Ay (0) 2 Ay (1n).
Now, let 0 # 2 € N. Then

AN (I) = AN (1N J}) O AN (11\/) = AN (‘T'I71) DY (I)
Thus Ay (x) = An (1) for all 0 # 2 € N. O

For a nearring N, the zero-symmetric part of N denoted by N is defined by
No = {n € N | n0 = 0}. It is known that if N is a zero-symmetric nearring and
I <y N, then NI C N . Here, we have an analog for this case:

Theorem 3.20. Let N = Ny and Ay be a soft of N over X. Then
AN (za(y + 2) — zay) D Ay (2) implies that An(x2) 2 An(2) for all z,y,z € N.

Proof. Let N be a zero-symmetric nearring, let Ay be a soft soft over X and let
AN (za(y+2) —zay) 2 Ay (2). Let y = 0 in Ay (za(y+2) —zay) 2 An(2).
Then Ay (za (04 2) — xza0) D Ay (2). Thus Ay (z2) 2 An(2). O

Theorem 3.21. If Ay and pp; are soft int I'-ideals over X, then A Aups is also
soft int I'-ideal over X.
439
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Proof. Let An and ppy are soft int I'-ideals over X. Then, by Theorem 3.10, Ay Apps
soft int T-nearrings over X. Let (z1,¥1), (z2,y2), (z3,93) € N x M and (y1,72) €
Fl X FQ. Then
(AN A par) ((z1,91) + (22, 92) — (21,91))

= (AN Apn) (21 +22 — 21,91 + Y2 — Y1)
(w1 + 22 —21) N s (Y1 + Y2 — 1)
(z2) N pnr (y2)
(AN A par) (w2, y2),

AN
AN

o

(AN A par) (21, y1) (72, y2))
(AN A piar) (m122, Y192) = AN (T122) N par (Y192)

D AN (1) M (Y1)
= (AN Apnr) (21, 91)
and
(AN A par) (21, 91) (71, 72) (22, y2) + (23, 93)) — (21, 1) (71, 72) (22, ¥2))
= (An Apnr) (w11 (w2 + 23) — 217122, Y172 (Y2 + ¥3) — Y172Y2)
= AN (171 (72 + 23) — 217122) O par (Y172 (Y2 + ¥3) — Y172y2)
2 An(z3) Npar (y3) = (AN A par) (23, y3)
Thus Ay A pas is a soft int I'-ideal of N x M over X. O

Theorem 3.22. If Ay and up; are soft int I'-ideals over X1 and Xo, then hyxa =
AN XApr is also soft int I'-nearring over X1 X Xs.

Proof. In Theorem 3.12, it is proved that if Ay and pps are soft int I'-nearrings over
X1 and Xy, then also hyxyr = An xAy. Let (z1,y1), (z2,92), (T3,y3) € N x M
and (v1,72) € 'y x T'y. Then
(An x par) (1, 91) + (w2,92) — (21, 91))

= ()\N X ,LLM) (331 + T2 —x1,Y1 + Y2 — yl)

=Av (21 + 22 —21) X par (Y1 +y2 — 41)

2 AN (@2) X par (y2)

= (AN X pnr) (2, 92),

(AN X ) (21, 91) (22, 92))
= (AN X py) (2172, y1y2) = AN (2172) X pinr (Y1y2)
O AN (1) X pear (y1)
= (A~ X par) (T1,91)

and
(A x par) ((z1,y1) (71572) (2, y2) + (23, 93)) — (21, 91) (71,72) (22, 92))
= (An X piar) (11 (22 + 23) — 217102, Y172 (Y2 + Y3) — Y172Y2)
= v (17 (22 + 23) — 217122) X par (Y172 (Y2 + y3) — y17292)
2 An (x3) x pm (y3) = (AN X par) (3, Y3)
tHUS, Ay X pps is a soft int I'-ideal of N x M over X; x Xo. O

Theorem 3.23. If Ay and px are soft int I'-nearrings over X, then Ay Nun is
also soft int I'-nearring over X.
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4. SOFT UNION-INTERSECTION PRODUCT AND SOFT CHARACTERISTIC FUNCTION

Definition 4.1. Let Ay and puxn be two soft sets over X. Then, Ay ® un, AN *T N
are soft sets over X define as:

U P~ ) nun(2)},if x =y + 2z, for some y,z € N,
(An ® pn) (x) = ¢ ==v=

o otherwise

and

U {Mv @) nen(2)},if z=yaz, fory,z€ Nand a €T,
(A 0 pn) (z) = § #=voz

1% otherwise
and
U {Av (w) Nun ()}, if 2 = ya (2 +n) — yaz,
(Av@upn)(z) = r=ya(z4n)—yaz
1% otherwise,

for all z,y,2z,n € Nandael.

Definition 4.2. Let A be a subset of I'-nearring N. We denote by S4 the soft
characteristic function of A and define as:

S, X ifxe A,
A7 o if x ¢ A.

Its clearly that soft characteristic function is a soft set over X, that is,
Sa: N — P(X).

Proposition 4.3. Let A and B be non-empty subsets of a I'-nearring N. Then, we
have
(1) If AC B, then S4 C Sp,
(2) IfSAﬁSB = Sanp and SAOSB = S4uB,
(3) [fSA *1r Sgp = Sarp and Sx ® Sp = SA@B.

Proof. (1) and (2) are straightforward.
(3) Let € N. Then, we have two cases: either z = yaz or x # yaz.
Case (i): If € AT'B, then x = yaz for y € A, z € B and o € T. Thus, we have

(Sa#rSp)(x) = U {Say)NSp(x)} 2 XNX =X
(Sa*rSp)(z) = X Because (Sa*rSp)(z) C X.

and Sarp () = X, because x € AT'B. This implies S4 *r Sp = Sarp. If © ¢ AT'B,
then z # yaz for y ¢ A, z ¢ B. If © = nat for some n,t € N, then we have

SaxrSp)(x) = |J {Sam)nSs(t)} =2
r=nat
(Sa#rSp)(x) = @=(Sa*rSpg)(z) Because (Sa*r Sp) (z) C X.
Case (ii): Ifr # yaz, then clearly (Sa *r Sp) () = @ = (Sa #r Sp) ().
This complete the proof. O
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5. APPLICATIONS OF SOFT INT I'-NEARRING AND SOFT INT-I'-IDEALS

In this section, we give the applications of soft image, soft pre-image and upper-
inclusion of sets to nearring theory with respect to soft int nearrings and soft int-
ideals of a nearring.

Theorem 5.1. If Ay is a soft int-I'-ideal of T'-nearring N over X, then Ny =
{z € N : An(x) = An(0)} is a T-ideal of N over X.

Proof. 1t is obvious that 0 € Ny C N. We need to prove that
(i) z —y € Ny,
(ii) n 4+ 2 —n € Ny,
(iii) zan € Ny
and
(iv) na (i + ) — nai € Ny,
for all x,y € Ny, n,i € N and a € T'.
If z,y € Ny, then Ay (z) = An(y) = An(0). Thus, by Remark 3.5, it follows that
In(0) 2 AN (2 —y),
fn(0) 2 AN (n+ 2 —n),
fn(0) D An (zan)
and
fn(0) D An (na (i + z) — nad)
for all x,y € Ny, n,i € N and o € T'.
Since Ay is a soft int-I"-ideal of I'-nearring N over X,
)\N(CE— y) 2 An (2) N An (y) = An(0),
N(n+z—n) DAy (z)=An(0),
~ (xan) 2 Ay () = An(0) and
)\N (na (i + ) — nai) 2 Ax () = An(0).
These imply that
An (z —y) = An(0),
AN (n+ 2 —n) = An(0),
AN (zan) = Ay (0)
and
AN (na (i 4 x) — nai) = An(0),
for all z,y € Ny, n,i € N and o € I'. Thus, N, is a I'-ideal of N over X. O

Theorem 5.2. Let Ay be a soft set over X and [ be a subset of X such that
o #£ B C An(0). If An is a soft int-T'-ideal of T'-nearring N over X, then /\%B =
{z € N: Ay(x) 2 B} is a '-ideal of N over X.

Proof. Since An(0) 2 3,0 € )\JQ\,ﬁ and @ # /\]2\,5 C N. Take z,y € )\]2\,5, n,1 € N and
« € T, which implies that Ay (z) 2 8 and Ay (y) 2 8. Now, we need to prove that
i) z—yery’
(i) n+z—nerd
(i) zan € )\]2\/8
and
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(iv) na (z +1z) —nai € )\%ﬁ,
for all = yE/\N ,n,i€ Nand a €l
Since Ay is a soft int-I-ideal of I'-nearring N over X, it follows that
An (z —y) 2 Ax (2) N An (1) BN B = B,
Av(n+2—n) 2 An(z) 2B,
AN (zan) D Ay () 2 6
and
AN (na (i 4+ x) —nai) 2 Ay (z) 2 6.
Thus, this completes the proof. O

Theorem 5.3. Let Ay and Ay be soft sets over X and f be a I'-nearring isomor-
phism from T'-nearring N to I'-nearring M .

(1) If An is a soft int-T'-ideal of T'-nearring N over X, then f(An) is a soft
int-I'-ideal of T'-nearring M over X

(2) If M\ is a soft int-T'-ideal of T-nearring M over X, then f=1(\p) is a soft
int-I"-ideal of I'-nearring N over X.

Proof. (1) Let x1,29 € M. Since f is surjective, there exist y1,y2 € N such that
fQn) =1, f(y2) =22 and f(y3) =

Then
f(AN) (331 - $2)
= U{MA @ :yeN, fly) =x1— a2}
= U{ANv(y):yeN, y=f"" (21— z2)}
= U{Av(W):yeN, y=f"1(f(y1 —42) =y — 42}
= U{Av(—w):u €N, fy) =x, i =1,2}
O U{AN(w)NAN(y2):yi €N, f(yi) =y, i=1,2}
= U{Anv () iy €N, fy1) =21} N{AN (¥2) 192 €N, f(y2) = 22}

= fQw) (@) N f(AN) (z2).

Thus f (An) (21 = 22) 2 f (An) (21) N f (AN) (22) -
Similarly, we can prove that f (Anx) (z10qx2) 2 f (An) (z1) N f (An) (z2).
Now, we prove that

J(AN) (1 + 22 — 21)

= U{Av():yeN, fly) =21 +a2 — 71}

= U{Av(y):yeN,y= _1($1+x2—x1)}

= U{An(y): yeN7y— "ty —m) =ty — )
= U{ANvr—w2) iy €N, fyi) =24, i =1,2}

2 U{AN (¥2) 192 €N, f(y2) = 22}

= () (22)
= [Ow)(x2).

So f(AN) (1 + 22 —x1) D f(AN) (22).
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Now, let z1,20 € M, y1,y2 € N, a« € I" and a7 € T';. Then

Now, let x1,

1

Hence f (An

[ (An) (zr0022)
U{Av () iy €N, f(y) = 210022}

= UM :yeN,y=f""(z1ozy)}

= UMW) :yeN,y=f""(f (niay)) = yiay:}
= U{Aay):yi €N, f(yi) =2, i =1,2}

2 U{AN(y2) :y2 €N, f(y2) = x2, }

= ) (@) N f () (22).

To,x3 € M, y1,y2,y3 € N, a« € I' and a1 € I'y. Then

J(An) (z100 (22 + 23) — z100122)

U{Av () iy € N, f(y) = 7101 (72 + 73) — 210172}

U{AN () iy € N,y = f1 (@101 (22 + 23) — 210122) }

u{ A )y € Ny =71 (e (2 + v3) — maps)) }
=y1a (y2 +y3) — y1oye

U{n (y1a(y2 +ys3) —yiaye) : v €N, f(y) =, 1=1,2,3}

U{A~ (y3) s y3 € N, f(y3) = z3}

f ) (23).

) is a a soft int-T'-ideal of I'-nearring M over X.

(2) Let 1, 20,23 € M and oy € T and $; € T';. Then

(f”

Similarly,
Also,

(f~

(f~

' (M) (zr0022)

A (f (mranze)) = A (f (21) B f (22))
v (f (1) N A (f ( )
(£~ ) () N (F71 (M) (2)

(f71 ) (21— 22) 2 (F71 (Aar)) (1) 0 (71 (Aar)) (2)-

o

A\./

Y (M) (21 + @2 — 21) M (f (x1 + 20 — 11))

a (f (z1) +f($2) f(z1))
m (f (22)) = (F71 (M) (22)
7

An)) (@2) -

v vl

(

Y(An)) (1 4 22 — 1)

Now, let z1,20 € M and a; € " and 8; € I'y. Then

(f”

(f”

' () (rca22)

' () (@rca22)

= A (f(zroaz2)) = A (f (21) B f (22))
O A (f(z1) = (F7 (Aw)) (1)
)

(f_1 (Anr)) (1) -
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Finally, let 1, z9,23 € M and o1 € I' and 1 € I';. Then

(f7 ) (z1aq (22 + 23) — 2100 22)

(Anr) (f (w100 (22 + 23) — T100122))

(Aar) (f (1) Buf (w2) + f (23) — [ (21) Brf (22))

A (f (23) = (F7 () (3) -

Thus f~! (Ay) is a soft int-T'-ideal of [-nearring N over X. O

V)

6. CONCLUSION

Fuzzy set theory, rough set theory and soft set theory are all mathematical tools
for dealing with uncertainties. This paper is devoted to discussion of combination
of soft set theory, set theory and I'-nearring. By using soft sets and intersection
operation of sets, we have defined a new concept, called soft int I'-nearring. This
new notion brings the soft set theory, set theory and I'-nearring theory together and
therefore is very functional for obtaining results by means of I'-nearring structure.
Based on the definition, we have introduced the concepts of soft int subI'-nearrings
and soft int-I'-ideals of a I'-nearring with illustrative examples. We have then in-
vestigated these notions with respect to soft image, soft pre-image and a-inclusion
of soft sets. Finally, we give some applications of soft int I'-nearrings to ['-nearring
theory.

In further research, we focus on the following topics,

(1) We will define soft int-bi-T-ideals and soft int-quasi-I'-ideals of a I'-nearring
and its applications.

(2) We will characterize I'-nearrings by the properties of soft int I'-ideals

(3)We will define fuzzy soft int I'-nearring, fuzzy soft int-I'-ideals of a I'-nearring,

(4) We extend this study, one can further study the other algebraic structures
such as different algebras by means of soft intersections.
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