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1. INTRODUCTION

Advances in science and technology have made our modern society very complex
and hence uncertainties are occurring increasingly in decision making process. To
deal with uncertainties in decision making process, L.A. Zadeh[17] introduced the
notion of fuzzy set in 1965. In his pioneering work, he has defined the algebraic oper-
ations on fuzzy set like union, intersection, complement etc. Later on many research
works [5, 6, 16] have been done on this field. In 2001, Ismat Beg [3] constructed the
sum and the scalar multiplication of fuzzy sets to define a fuzzy linear space. Infact,
uncertainties are also being tackled by the theory of probability, fuzzy set, rough set
etc.

All these concepts have some inherent difficulties. To over come a few of such
difficulties, D. Molodtsov [12] introduced the notion of soft set in 1999. Thereafter
so many research works[1, 2, 7, 8, 9, 11, 13, 14, 15] have been done with this concept
in different disciplines of mathematics.

In this paper, the sum and scalar multiplication of soft sets over a linear space
are being defined. Then we have established some propositions concerning the above
said notions.
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2. PRELIMINARIES

Throughout the work, U refers to an initial universe, F is the set of parameters,
P(U) is the power set of U and A C E.

Definition 2.1 ([10]). Let f be a mapping of X into Y and p be a fuzzy subset of
X. The image f(u) of u is the fuzzy subset of Y defined by, for y € Y

sup u(x) if fTH(y) # 9,
fw)(y) = § =</~
0 otherwise.
Definition 2.2 ([3]). Let X be a vector space over K where K denotes either
a real or complex numbers. Let pi, g, -+, iy, be the fuzzy subsets of X, then
U1 X o X -+ X gy, is a fuzzy subset p of X™ defined by

(@1, @2, @) = min{p (v1), p2(x2), -+ pin(Tn)}-
If f: X" — X is defined by f(x1,29, - ,2,) = 1 + 22 + -+ - + 2, then the fuzzy
set f(u) in X is called the sum of fuzzy sets u1, pa, -+, 4n and it is denoted by

M1+ po e .

For a fuzzy subset p of X and a scalar t € K, we denote tu the image of p under
the map g : X — X, g(z) = tx.

Definition 2.3 ([4]). A soft set F4 on the universe U is defined by the set of ordered
pairs Fy = {(e,Fa(e)) : e € E,Fa(e) € P(U)}, where Fy : E — P(U) such that
F4(e) = ¢ if e is not an element of A.

The set of all soft sets over (U, E) is denoted by S(U).

Definition 2.4 ([1]). Let F4 € S(U). If Fa(e) = ¢, for all e € E, then Fj, is called
a empty soft set, denoted by ®. F4(e) = ¢ means that there is no element in U
related to the parameter e € E.

Definition 2.5 ([1]). Let Fa,Gp € S(U). We say that F4 is a soft subsets of Gp
and we write F4 C Gp if and only if
(i) ACB,
(ii) Fa(e) CGple) for all e € E.
Definition 2.6 ([1]). Let Fa4,Gpg € S(U). Then F4 and Gp are said to be soft
equal, denoted by Fu = Gp, if Fa(e) = Gp(e) for all e € E.
Definition 2.7 ([1]). Let Fa,Gp € S(U). Then the soft union of F4 and Gp is
also a soft set F4 UGp = Haup € S(U), defined by
Huup(e) = (FaUGg)(e) = Fa(e) UGg(e) for all e € E.
Definition 2.8 ([1]). Let Fa,Gp € S(U). Then the soft intersection of F4 and Gp
is also a soft set F4a M Gp = Hanp € S(U), defined by
Hanp(e) = (FaNGp)(e) = Fa(e)NGple) for all e € E.
Definition 2.9. Let Fy4 be a soft set over (U, F) and f : E — E. Then f(Fa), a
soft set over (U, E), is defined by

16} otherwise.
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f(FA)(e) = {Ue,Efl(e)FA(e/) if f_l(e) £+,
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3. VECTOR SUM AND SCALAR MULTIPLICATION OF SOFT SETS

In this section, we denote 0 and 1 as the zero element and unity of the field
respectively. Also the zero vector of the linear space is denoted by 0 which can
easily separated from the zero element of the field.

Definition 3.1. If F4 and Gp are two soft sets over (U, E), then their product
F4 x Gp is a soft set over (U, E x E) and it is defined by

(Fa x Gg)(e1,e2) = Fa(er) NGp(es), for all (e1,e2) € E x E.

Example 3.2. Let U = {a,b,c,d, e}, E = {e1,ea,€3,e4,65}, A = {e1,e2} and
B = {ea,e3,e4}. Also let Fy and Gp be two soft sets over (U, E) defined by
Fa(er) ={a,b,c}, Fa(ea) ={d, e}

and Gp(es) = {b,d,e}, Gg(es) = {a, b}, Gg(es) = {c,d,e}. Then

(FA X GB)(el,eg) = {b},

(FA X GB)(€1,€3) = {a,b},

(Fa x Go)eren) = {c},

(Fa x Gp)(ea,e2) ={d, e},

(FA X GB)(62,63) =,

(Fy x Gp)(ea,eq) = {d,e} and

(Fa x Gp)(ere;) = @ if (es,e;) € (E x E) — (A x B).

Definition 3.3. Let U be a universal set and E be a usual vector space over R or
C and Fa,,Fa,, -, Fa, be soft sets over (U, E) and f : E™ — E be the function
defined by f(ej, e, - ,e,) =e1 +ea+---+e,. Then the vector sum Fa, + Fa, +
-+ Fy, is defined by
Fay +Fa, + -+ Fa, = f(Fa, x Fay X -+ X Fa,).
That is, for each e € F,
(FA1 + Fy, +"'+FAn)(€)

:f(FAl XFA2 Xoees XFAH)(B)

= U(elxe27”' )e'rL)Ef_l(E)(FAl X FAz X X FAn)(el7 €2, " 76n)

= U(€1,€27“' 7€n)Ef_1(e){FA1 (61) N FAz (62) n---N FAn (en)}

Example 3.4. Let universal set U = R?, the parameter set E= the real vector
space R and f : R? — R be the function defined by f(e1,e2) = e; + ea.

Also let A = {1,2,3}, B = {3,4} and F4,Gp be two soft sets over (U, E) defined
by

Fale) {(z,y) eR?: 22+ 3y =¢} ifee A,
e) =
A & otherwise

and
z,y) ER?: dx+Ty=e if e € B,
Gle) = {(z,y) y=e} :

16} otherwise.
Nowl+3=41+4=52+3=52+4=63+3=6and3+4="7.
Then the vector sum of F4 and Gpg is F4 + G g, where

(Fa+GB)(4) = Uieyen)er-1ay{Faler) NGplez)}
=F4(1)NGp3)={(-1,1)},
353
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(Fa+GB)(5) = Uey en)es-1(5)1Faler) NGple2)}
={Fa(1)NGp(4)} U{Fa(2)NGB(3)}

5 5
=3(-22), (2 1
1(32): (G))
(Fa+GB)(6) = Ue, er)er-16)1Faler) NGplea)}
={Fa(2)NGp(4)} U{Fa(3)NGB(3)}
= {(170)7 (67 _3)}a
(Fa+GB)(T) = Ue, en)er-1(niFaler) NGplea)}

—ra@)nGal) = { (5.-2) }
e (Fa+Gp)le)=w,if e R—{4,5,6,7}.

Definition 3.5. If U is a universal set, F is a usual vector space over R or C,
t is a scalar and g : E — E is a mapping defined by g(e) = te, then the scalar
multiplication tF4 of a soft set F4 is defined by tF4 = g(Fa). That is, for e € E,

tFa(e) = g(Fa)(€) = Uy ggi(oy Fale).

Proposition 3.6. Let U be a universal set, E be a usual vector space over R or C,
t be a scalar and Fy be a soft set over (U, E). Then

Fa(t7te) if t#0,
tFale)=4q @ if t=0 and e#0,
UeeceFale) if t=0 and e=0.

Proof. Case(i): Suppose t # 0 and let e € E. Then
tFa(e) = g(Fa)(e) = Uy g1 Fale)) = Uy_y 1 Fale)) = Fa(te).

Case(ii): Suppose ¢t = 0.
Subcase(a). If e(# 0) € E, then tFa(e) = Uy -
e =g(e') =0. But e # 0. Thus there exists no such ¢ .]
Subcase(b). If e = 0, then tF4(e) = U /eg,l(e)FA(e/).

e

Let ¢ € E. Then 0¢' = 0, that is, g(¢') = 0 or ¢ € g'(0) = g~'(e). Thus,
g7 '(e) = E. So tFa(e) = U, pFa(e). O

1(6)FA(€/) =g. [ast =0,

Example 3.7. Let the Universal set U = the set of all integers, The parameter set
E = the set of all real numbers, A =the set of all positive real numbers. Also let F4
be a soft set defined by

FA(E) - {{Q[eL [e] ’ 17 [e] " 2’ . } ll;fhiréise

and ¢t € R. Then, by the proposition 3.6, we now find tF4.
If t # 0, then

{[t7Ye], [t ] + 1, [t te] +2,---}  iftTle€ A,
1] ift~le ¢ A.
354

tFA(G) = FA(tile) e {
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If t =0 and e # 0, then tFs(e) = @.
Ift =0and e = 0, then tFs(e) = UecpFa(e) = Ueca Fa(e) =the set of all natural
numbers including zero.

Proposition 3.8. Suppose Fy and E5 are linear spaces over the same field R or C
and f : Ey — Es is linear mapping. Then for any soft sets Fa and Gg over (U, Ey)
and for the scalar t,

(1) f(Fa+Gg) = f(Fa) + f(GB),

(2) f(tFa) =tf(Fa).
Proof. (1) Let the range of f be M and w € Es. Put P = f(F4 + Gp)(w) and

Q= (f(Fa)+ f(Gp))(w).
Case(i): If w € E5\ M, then f~'(w) = @. Thus P = @. Further, if w = w; + ws,
then at least one of w; and ws is not in M as f is linear. Thus, either

f(Fa)(w1) = Ueep-1(uy) Fale) =2
or

f(GB)(w2) = Ueep-1(uwy)GB(E) = D.
So

Q= (f(Fa) + f(GB))(w) = Uw=w,+uw, (f (Fa)(w1) N f(Gp)(w2)) = 2.
Hence, in this case, P = Q.

Case(ii): If w € M and p € P, then p € Uecp-10)(Fa + Gp)(e), that is, p €
(Fs + Gp)(e) for some e € f~1(w). That is, p € Ue—e, e, (Fa(e1) N Gp(es)). Thus
there exist e1,es € E with e = e; 4 e3 such that p € Fa(e1) N Gp(es).

On one hand,

Q= (f(Fa) + [(GB))(w) = Upmw, +w, (f(Fa)(w1) N f(Gp)(w2)).
Since w = f(e) = f(e1 +e2) = f(e1) + f(e2),
F(Fa)(f(e1)) N f(GB)(f(e2)) € Q-
Then,

{Urer-1(senFalr)} N {Urep-1(f(ex))GB(12)} € Q.

Thus Fa(e1) NGp(ez) C Q, that is, p € Q. So, P C Q.
For the reverse, we take ¢ € Q. Then ¢ € Uy, +uw, (f(Fa)(w1) N f(Gp)(w2)).
Thus, there exist wy, wy € M with w = wq + wy such that

q € f(Fa)(w1) N f(GB)(wa2)= {Ue;e 1w Falen)} N {Ue,ep-1(ws) GB(e2)}-
So, there exist e; € f~!(w1) and ez € f~!(ws) such that ¢ € Fa(e1)NGp(e2), where

w=w; +wy = f(e1) + f(e2) = f(e1 + e2).

Now P = f(Fa + Gg)(w) = Uecs-1(w)(Fa + Gp)(e). Since w = f(e1 + ea),
(FA + GB)(Gl + 62) C P, that is, U(el-‘reg):e’l-‘re;{FA(e;) n GB(GQ)} C P, that is,
Fa(e1) NGp(ez) € P. Then g € P. Thus @ C P. So P = ). This completes the
proof of (1).

(2) Let the range of f be M and w € F3. Put P = tf(F4)(w) and Q = f(tFa)(w).
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Case(i): If w € By \ M, then f~1(w) = @. Thus for t # 0,
P =tf(Fa)(w) = f(Fa)(t™ w)
= Ueef-1(t-1w)Fa(€) = Ureep-1(w) Fale)
=@.as f(w) = 2]
Also P =@, when t = 0. So, if w € Es \ M, then P = &.
Now
Q= f(tFa)(w) = Uee -1 (w)tFale)

=o. as [ Hw) = 2]
Hence P = @, for w € Ey \ M.
Case(ii): If w € M and ¢ # 0, then

P = f(FA)(tilw) = Ueeffl(tflw)FA(e)
= Usf(e)=wla(€) = Use)=wFa(e)

and

Q = f(tFA) (W) = Uy ¢ p1 (utFale)

’

== Uf(e/):wFA(t716 )

= Uf(te):wFA(e).[ taking t=le = €]
Thus P =@, for w € M and t # 0.

Case(iii): If w(# 0) € M and ¢t = 0, then

P = 0f(Fa)(w) = 2
and
Q = f(0Fa)(w) = Ug(e)=w0Fa(e)
= @[ since f(e) =w #0, e # 0]
Thus P = @Q, for w(# 0) € M and ¢ = 0.
Case(iv): If w(=0) € M and t = 0, then
P =0f(Fa)(0) = Ue,ep, f(Fa)(e2)

= UeyeE, Uelef_l(eg) FA(el) = U61€E1FA(61)
and

Q = f(0FA)(0) = Uees-1(0)0F a(e)
=0F4(0)] as if e(# 0) € f71(0), then 0F4(e) = 2]
=Uc,er, Faler).
Thus P = @ for w(=0) € M and ¢t = 0. This completes the proof of part (2). O
Proposition 3.9. If S is an ordinary subset of a linear space E over R or C, Fyu
is a soft set over (U, E) and x € E, then
(1) (x4 Fa)(e) = Fa(e — x) for all e € E where x + F4 means 1, + Fa and

1o(e) = U ife=x
o= 1%} if e £ x.
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(2) x+ Fa =T,(Fa) for the translation mapping T, : E — E defined by T, (e) =
x+e foralle € E.
(3) S+ Fp = Uses(a+ Fa).

Proof. (1) (2 + F4)(€) = Urer res (1o(e1) N Fa(ea)}
={1,(x) N Fale — )} Uey 2o {D N Fale—e1)}
=Fyle—z)UD
= FA(e — Ji)
(2) Te(Fa)(e) = Uy epi (o Fale)) = Fale — x).
Thus, by (1), we get @ + Fa = T,.(Fa).
(3) (S + Fa)(e) = Ue=e, e, {1s(e1) N Fa(e2)}
= Uaes{ls(a) N Fa(e — a)} Usep\s {1s(a) N Fa(e — a)}
= UaeSFA(@ — a) Ug
= UgesFa(e —a)
= Uaes(a—I—FA)(e). O

Proposition 3.10. If Fa, Fa,, Fa,, -+, Fa, are soft sets over (U, E), where E is
a linear space. Then for the scalars ty,ts,- - ,ty,, the following are equivalent:

(1) tiFa, +t2Fa, + -+ +t,Fa, C Fa.

(2) For all ey, e, -+ ,en € E, Fa(tier +toea + -+ +tpen) 2 NP Fa,(e;)

Proof. (1) = (2): Without lost of generality, we may assume that the first m (0 <
m < n) scalars t1,ta,- - ,t,, are non-zero and the remaining scalars are zero. Then
FA(tlel +toea+ -+ tmem +0€pmy1 + -+ Oen)
2 (tlFAl +t2FA2 +'~'+thAm +OFAm+1 —l—-”—l—OFAn)
(t1eq +taeg + -+ tmem + 0eper + -+ - + Oey)
= Utierttaeat +tmem+0em 1+ +0en=r1+ratedrm+otry {t1Fa, (1)
NtoFa,(r2) NNty Fa,, (1) NOF4,  (rmy1) NN O0F4, (rn)}
Dt1F4, (tlel) NtaFy, (tgez) N---NtnFa,, (tmem) N OFAm+1 (0) N---N0Fy, (O)
Dt1F4, (tlel) NtaFy, (tgeg) N---NtpFa,, (tmem) N FAmJrl (em_H)
N---NFa,(en) [as 0F4,(0) = UeepFa,(e) fori=m+1,m+2,--- ,nj
=Fa,(e1)NFa,(e2) N---NFy, (€m)NFa,, (eme1) NN Fa, (en).

(2) = (1): Let Fa(tieqr +taea+ -+ +tnen) 2 Fa,(e1) N Fay(e2) NN Fa, (en)
for all eq,es, - ,e, € E. Rearranging the order, let t; Z0 for 1 <i <k and ¢t; =0
for k < i < n. Then, from the hypothesis, we get

Fa(tier + toea + - + trer)

2 Fy, (61) N FA2(62) n---nN FAk(ek) n FAk+1 ('rk-i-l) n---N FAT:,('I7L)’
for all xg41, k42, ,2n € E.

Thus,
Fa(tie1 +toes + -+ - + trer)

D) FAl(el) ﬁFAz(eg) n--- mFAk(ek) N 0FAk+1(O) n---N OFAn(O),
for all e1,eq9, -+ ;e € F.

On one hand,

(tlFAl +toFa, + -+ tnFAn)(e)

= Ue=citestten {0154, (€1) Nt Fa,(€2) N Nt Fa, (en)}

= Uezeyteat-ten 1114, (€1) Nt2Fa,(e2) N Nt Fa, (ex)
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ﬂOFAk+1(ek+1) AN OFAn(en)}

= Uezeyteotter 1t1Fa (1) NtaFa,(e2) N - Nt Fa, (er)

ﬂOFAkH(O) ﬂ...mOFAn(O)}
= Uemerrentrter{Fas (b Te1) 0 Fag (b e2) N+ 1 Pa (8 ex)

OOFAHI(O) N---N0Fy, (0)}
c U€:€1+62+~~~+6kFA(tlt;1€1 + tgtgleg + .4+ tktlzlek)
= Uezeyteotte, Faler +ea+ -+ +ex)
= FA(e). 0

Proposition 3.11. If Fy and Gg are two soft sets over (U, E), where E is a linear
space, then

(1) 1FA+ 0GB C Fyu.

(2) 1F4 +0Gp = Fa iff UeceFa(e) C UeceGrle).

Proof. (1) Let e1,e9 € E. Then Fa(le; + 0ez) = Fa(e1) 2 Fa(er1) N Gp(es).
Thus, by previous proposition, we have 1F4 + 0Gp C Fjy.
(2) Let UeepFa(e) C UecpGp(e) and e € E. Then

(1FA + OGB)(G) = Ue=¢;+es {1FA(€1) n OGB(GQ)}
= 1FA(€) n OGB(O) = FA(e) N {UxEEGB(x)}
= Fa(e).[ as by the hypothesis we have Fa(e) C U,cgGp(x)]

Thus 1F4 +0Gg = Fy4.
Conversely, suppose that 1F4 + 0Gp = F4 and © € UeepFa(e).
Then x € Fa(e) = (1F4 + 0Gp)(e) for some e € E.
Thus © € Ue—e,+e,{1Fa(e1) N0Gp(e2)}.
Sox € lFA(e) n OGB(O), ie., x € OGB(O) = UegEGB(e).
Hence UeepFa(e) C UeepGp(e). O

4. CONCLUSIONS

Ismat Beg [3] has defined the vector sum and the scalar multiplication of fuzzy
sets in 2001. In this paper, the vector sum and scalar multiplication are being defined
on soft sets over a linear space. Then we have established some propositions which
will be needed in future for construction of a soft balanced set, absorbing set, convex
set etc.
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