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1. INTRODUCTION

Near—rings are generalization of rings. The fundamental concept of fuzzy set
was introduced by Zadeh[13]. After a decade the same author[l4] initiated the
study of interval valued(i-v) fuzzy subsets where the values of membership functions
are the intervals instead of numbers. The study of fuzzy subgroups was initiated by
Rosenfeld[7]. Biswas[2] introduced the idea of anti fuzzy subgroups. Abou-Zaid[l]
discussed the concept of fuzzy subnear-rings and ideals. Saeid et al.[9] introduced
the notion of besideness(<) and non-quasi-coincidence(y) with fuzzy subsets and
anti fuzzy points. Davvaz[3, 4] discussed the idea of i-v fuzzy sets applied to fuzzy
ideals of near-rings and generalized fuzzy H,-submodules and investigated some of
their properties. Kim et al.[5] introduced the notion of anti fuzzy ideals of near-rings.
Kyung Ho Kim et al.[(] initiated the concept of anti fuzzy R-subgroups of near-rings.
Shabir et al.[8] introduced different types of anti fuzzy ideals in ternary semigroups.
Recently, Tariq Anwar et al.[10] have introduced the notion of generalized anti fuzzy
ideals of near-rings. Thillaigovindan et al.[12] have initiated the study of i-v anti
fuzzy ideals of near-rings and gave some characterizations. In this paper, we in-
troduce the concept of i-v (<, <)-fuzzy ideals (subnear-rings) and (<, < V~)-fuzzy
ideals (subnear-rings). We have also obtained some characterizations of these ideals.
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2. PRELIMINARIES

Throughout this paper R stands for left near-ring unless otherwise specified. In
this section we recall some basic definitions and results.

A near-ring is an algebraic system (R, +,-) consisting of a non empty set R to-
gether with two binary operations + and - such that (R, +) is a group, not necessar-
ily abelian and (R, -) is a semigroup connected by the distributive law: x - (y + 2) =
x-y+ x -z valid for all z,y,z € R. We will use the word ‘near-ring’ to mean ‘left
near-ring . We denote xy instead of x - y.

An ideal I of a near-ring R is a subset of R such that

(i) (I,+) is a normal subgroup of (R, +),

(ii) RI C I,

(iii) (x + a)y —zy € I, for any a € I and z,y € R.

Note that I is called a left ideal of R if I satisfies (i) and (ii) and a right ideal of R
if T satisfies (i) and (iii).

Definition 2.1 ([4, 11]). By an interval number @, we mean an interval [a~, a™]
such that 0 < ¢~ < at < 1 where ¢~ and at are the lower and upper limits of
a respectively. The set of all closed subintervals of [0,1] is denoted by D[0, 1]. We
also identify the interval [a, a] by the number @ € D[0, 1]. For any interval numbers
a; = [aj, J] b; = [b;,b7] € D[0,1],j € J, we define

FRRE
max{a;,b;} = [max{a;,b; }, max{aJr j}],
min{a;,b;} = [min{a;, b; }, mln{a+ b+ ]
infa; = ﬂa;, maj ,supa; = Ua;, Ua;r
jel  jelI jer  jeI
and put
(i)a b<=a <b and a® <bT,

Bf a” =b" and at = bT,
b= a<banda#b,
= [ka™,ka™], whenever 0 < k < 1.

Definition 2.2. For any two interval numbers, @ = [a~,a*] and b = [b~, b*] addi-
tion, subtraction, multiplication and division are defined as

- [a™ +b",a" +b"] if[a” +b",at +07] <1
* | [max{a—,b"},max{at, b} if [a= +b",aT +bt] > 1T,

T Fe [a= —bT,at —b7] if [a= —bt,at —b7] >[0,0]
N [min{a~, b~ },min{a™,b*}] if [a= —bT,a™ —b7] < [0,0],

@-b=[min{a” b ,at - b"}, max{a” -b",a" - b1},

: a” at at = 7
fmin(4=, £5), max(4=, 45)] ifa < b#[0,0]
a/b= L L ifa>b
/ max(F,b+) 1’1’111’1(27 7b+) B
Not defined ifa=5b=10,0].
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Definition 2.3 ([11]). Let X be a non-empty set. A mapping i : X — D[0,1] is
called an i-v fuzzy subset of X. For all z € X, f(z) = [p~(z),ut ()], where p~
and pT are fuzzy subsets of X such that u~(z) < p*(x). Thus z(z) is an interval(a
closed subinterval of [0, 1]) and not a number from the interval [0,1] as in the case
of a fuzzy set.
Let 71,7 be i-v fuzzy subsets of X. Then
() 71 <7 @) <o),
(i) 71 = 7 = (z) = B(z).
(i) (7 U)(x) = max{7a),o(2)}.
() (71 7)(z) = min{7(), 7(z)).
() () = 1~ i) = [1 = g (), 1~ = (2],
Definition 2.4 ([11]). Let & be an i-v fuzzy subset of X and [t1,t2] € DJ[0,1]. Then
U(f: [t1,t2]) = {x € X| fu(z) > [t1,t2]} is called the upper level set of 1z
and
L(ji: [t1,t2]) = {z € X| 11i(z) < [t1,t2]} is called the lower level set of i.

Definition 2.5 ([12]). An i-v fuzzy subset fi of a near-ring R is called an i-v anti
fuzzy subnear-ring of R, if

(i) (z — y) < max{n(z), n(y)},

(ii) @(zy) < max{@(x),n(y)} for all z,y € R.

Definition 2.6 ([12]). An i-v fuzzy subset i of a near-ring R is called an i-v anti
fuzzy ideal of R, if 7t is an i-v anti fuzzy subnear-ring of R and

(iii) 72(y + 2 — y) < 7(w),

(iv) R(zy) < aly),

(v) (x4 2)y — zy) < @(z) for all z,y,z € R.

Note that 7 is an i-v anti fuzzy left ideal of R, if it satisfies (i),(ii),(iii) and (iv),
and 7 is an i-v anti fuzzy right ideal of R, if it satisfies (i),(ii),(iii) and (v).

3. (<,< Vv) Fuzzy IDEALS

In this section, we introduce the concept of i-v (<, < V) fuzzy ideals of near-ring
and study some of their theoretical properties.

Definition 3.1. An i-v fuzzy subset 1z of R of the form

1 if y#«x
is called an i-v anti fuzzy point with support x and value § and is denoted by z3.
An i-v fuzzy subset 7i of X is said to be non unit if there exists € X such that
w(z) < 1.

(y)_{seD[o,1}7A1 if y=a

Definition 3.2. An i-v anti fuzzy point x5 is said to be beside to (resp. be non-quasi
coincident with) a fuzzy subset i, denoted by x5 < & (resp. xsyq), if i(z) < 3 (resp.
() +5 < 1). We say that < (resp.y) is a beside to (resp. non-quasi coincident
with) relation between i-v anti fuzzy points and i-v fuzzy subsets. If zz < [ or
x5YR, we say that 3 < VI and z5<fi (resp. 57 @, T5< VY[) means xs < i (resp.
x5YR, x5 < V) does not hold.
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Definition 3.3. An i-v fuzzy subset fi of R is called an i-v (<, <)-fuzzy subnear-ring
of R, if for all z,y € R and 5,1 € D[0,1] # 1,

(1) 25 <Byr <B= (T = Ymaxgs,p < M

(ii) 25 < T yz < B = (TY) max(zny < B

Definition 3.4. An i-v fuzzy subset 71 of R is called an i-v (<, <)-fuzzy left (right)
ideal of R, if for all z,y € R and 35,1 € D[0,1] # 1,

(1) Ts < [, Y < [ = (1,' - y)max{?,f} < s

(izs<myeR=(y+z—ys<Tn,

(ii) ys <,z € R= (zy)s < I, (resp. az < O, z,y € R = ((x + a)y — zy)s < [n).

An i-v fuzzy subset which is (<, <) fuzzy left and right ideal of R is called i-v
(<, <) fuzzy ideal of R.

Example 3.5. Let R = {0, a,b,c} be a set with two binary operations '+’ and '/
defined as follows:

+|0la|b]|c - |0la|b]c
0|0|la|b]|c 0/0|0]0]O
ala|l0|lc|b al0|0]0]0
b|b|lc|0]a b|{0[0]0|0
clc|bla|O0 c|0l0]ala

Then (R,+,-) is a left near-ring. Let @ : R — DJ0, 1] be an i-v fuzzy subset of R
defined by 1(0) = [0.1,0.2],7z(a) = [0.4,0.5] and f(b) = [0.7,0.8] = %i(c). Then & is
an i-v (<, <)-fuzzy ideal of R.

The following theorem gives the connection between i-v (<, <)-fuzzy ideal and
i-v anti fuzzy ideal.

Theorem 3.6. An i-v fuzzy subset It of R is an i-v (<, <)-fuzzy ideal of R if and
only if it is an i-v anti fuzzy ideal of R.

Proof. Assume that [z is an i-v anti fuzzy ideal of R. Let z,y € R and ¢,7 € DJ[0, 1]
with #,7 # 1 be such that z7,y7 < . Then 7i(z) < t and 1(y) < 7. Since 7 is
an i-v anti fuzzy ideal of R, we have fi(z — y) < max{n(z),n(y)} < max{{,7}. It
follows that ( — ¥)yaxizry < B Now let 2,y € R and ¢ € D[0,1] with ¢ # T.
Then z7 < @ and thus @(z) < t. Since & is an i-v anti fuzzy ideal of R, we have
ay+az—y) <pz) <t So (y+x—y); < Let z,y € R and t € D0, 1] with
t # 1 such that y; < . Then f(y) < t. Thus u(zy) < 7u(y) < i, because 1 is
an i-v anti fuzzy ideal of R.So (zy); < T. Again let x,y,2 € R and t € D[0,1]
with ¢ # 1 such that 2z < 7. Then 7i(z) < . Since @ is an i-v anti fuzzy ideal of
R, u((z + 2)y — zy) < @(z) < t. Thus ((z + 2)y — zy); < @. Hence @ is an i-v
(<, <)-fuzzy ideal of R.

Conversely, assume that 7 is an i-v (<, <)-fuzzy ideal of R. On the contrary,
assume that there exist x,y € R such that m(x — y) > max{zu(z),n(y)}. Choose ¢
such that m(z — y) > t > max{n(z),w(y)}. Then zz,yz < @ and (z — y)7< . This
is a contradiction to our assumption that 7 is an i-v (<, <)-fuzzy ideal of R. Thus
iz —y) < max{f(x),w(y)}. Suppose that fi(y + « — y) > f(x), for some z,y € R.
Choose t such that fi(y +z —y) > ¢ > f(x). Then 2z < it and (y+ = — y)7< f&, which
is a contradiction and hence fi(y + x — y) < (). Let us assume that (xy) > 1(y),
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for some z,y € R. Then there exist ¢ such that f(zy) > ¢ > f(y). This implies that
y; < I but (xy);<@. This again contradicts our hypothesis. Thus f(zy) < 7(y).
Again assume that there exist z,y, 2z € R such that u((z + 2)y — zy) > n(z). Let ¢
be such that z((z + 2)y — zy) > t > f(z). Then z; < @ but ((z + 2)y — zy);< &,
which is a contradiction and so fi((x + z)y — xy) < 7i(z). Hence 7 is an i-v anti fuzzy
ideal of R. 0

Definition 3.7. An i-v fuzzy subset fi of R is called an i-v (<, < V~y)-fuzzy subnear-
ring of R, if for all z,y € R and 5,t € D[0,1] # 1,

(1) Ts < Ly < p = (x - y)max{g,f} < V@,

(11) Tg < Y < [ = (Iy)max{g,f} < VYL

Definition 3.8. An i-v fuzzy subset & of R is called an i-v (<, < V~)-fuzzy left
(right) ideal of R, if for all z,y € R and 5,t € D0, 1] # 1,

(1) s < [y < b = (LC - y)max{?,f} < Vi,

(i) zs <y € R = (y+z—y)s < VL,

(i) ys <@,z € R = (wy)s < VYL,

(resp. a5 < O, x,y € R = ((z+a)y — zy)s < VYQI).

An i-v fuzzy subset which is an i-v (<, < V) fuzzy left and right ideal of R is called
an i-v (<, < V) fuzzy ideal of R.

Example 3.9. Consider the Example 3.5, it can be verified that 7 is an i-v (<, <
Vy)-fuzzy ideal of R.

Theorem 3.10. Let @ be an i-v (<, < Vv)-fuzzy ideal (subnear-ring) of R. Then
the set Ry = {z € R|u(x) < 1} # @ is an ideal (subnear-ring) of R.
Proof. Let z,y € Ry. Then fi(z) < 1 and f(y) < 1. Assume that x —y ¢ R;. Then

(r —y) = 1. Thus zg,) < I and ypu) < 7 but (2 — ¥)max{z(2)a0y)} < VIH, a
contradiction. So z —y € R;.

Let z € Ry and y € R. Then f(z) < 1. Suppose that y +z —y ¢ Ry. Then
Ay +z —y) = 1. Thus z5,) < T but (y + = — ¥)u@)< V7H, a contradiction. So
y+2x—ye€R;.

Let y € Ry and # € R. Then fi(y) < 1. Suppose that zy ¢ R;. Then u(zy) = 1.
Thus yg(,) < but (2y)g,)< VI, is a contradiction. So xy € Ry and Ry is a left
ideal of R.

Let a € Ry and 2,y € R. Then 7i(a) < 1. Suppose that ((z+a)y—=zy) ¢ R1. Then
a((x+a)y —xy) = 1. Thus ag) < 7 but ((z+a)y — xy)m«)< VI, a contradiction.
So a((z + a)y — xy) < 1. Hence ((z + a)y — zy) € Ry and R, is a right ideal. O

Theorem 3.11. Let I be an ideal of R and 1x be an i-v fuzzy subset of R such that

_ <05 forallzecl
i(r) = = ,
1 otherwise.

Then Tt is an i-v (<, < V7)-fuzzy ideal of R.

Proof. Let z,y € R and 5,1 € D[0,1] # 1 be such that zz,y; < . Then (z) <5
and 7i(y) <t. Thus x,y € [ and so x —y € I, i.e., fi(x —y) < 0.5. If max{s,¢} > 0.5,
then (x —y) < 0.5 < max{s,¢}. Hence (x —y)rmx{S 7y < B If max{3,7} < 0.5,
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then fi(z — y) + max{5,f} < 0.5+ 0.5 = 1. Hence (2 — ¥)ax(s7 VA Therefore
(T = Ymaxgz,n < VI

Let z,y € R and 5 € D[0,1] # 1 be such that x5 < f. Then 7(z) < 5. Thus
x €l andy € Rand so y+a —y € I, since I is an ideal of R. Consequently
aly+x—y) <0.5.1f5>0.5 then u(y+ 2 —y) <05 <sand so (y +z — y)s < .
If s < 0.5, then i(y + z —y) +5 < 0.5+ 0.5 = 1 and so (y + = — y)syu. Hence
(y +r—y)s < VL. B

Let z,y € R and 5 € DJ[0,1] # 1 be such that yz < 7. Then Ti(y) < 3. Clearly
y €l and z € R and so xy € I, since I is an ideal of R. Consequently 7z(zy) < 0.5.
If 5 > 0.5, then f(zy) < 0.5 < 35 and so (zy)s < fi. If 5 < 0.5 then f(xy) + 35 <
0.5+ 0.5 =1 and so (zy)syz. Hence (zy)s < V. Therefore 1 is an i-v (<, < V7y)-
fuzzy left ideal of R.

Now let a,z,y € R and s € D[0,1] # 1 be such that az < 7. Then fi(a) < 5
This means that a € I and z,y € R and so ((z + a)y — zy) € I. Consequently
i((z + a)y —zy) < 0.5. If s > 0.5, then u((z + a)y — xzy) < 0.5 < 5 and so
(z+a)y —2y)s < @ If 5 < 0.5, then p((z + a)y —zy) +5 < 05405 =1
and so ((z 4+ a)y — xy)zy@. Hence ((x + a)y — zy)s < VA@. Therefore [ is an i-v
(<, < Vv)-fuzzy ideal of R. O

Lemma 3.12. Let [z be an i-v fuzzy subset of R. Then the following are equivalent:
(1) Ts, Y < P = (.T - y)max{?,f} < V.
(2) p(z —y) < max{u(z),x(y), 0.5} for all z,y € R and 5,t € D[0,1] # 1.

Proof. (1) = (2): Suppose there exist =,y € R such that

iz —y) > max{z(z), iy )’W}

If max{z(z), w(y)} > 0.5, then u(z —y) > max{zu(z),u(y)}. Choose 5 € D[0,1] #
1 such that m(x —y) > 5 > max{u(z),z(y)}. Then z5, ys < @ but (z — y)s< VL,
which is a contradiction.

If max{z(z),7i(y)} < 0.5, then f(x — y) > 0.5. Thus 255 < & and Y55 < & but
(x — y)gs< V7L, which is a contradiction. So, f(z — y) < max{z(z), i(y), 07}

(2) = (1): Let x5, yzr < @. Then u(z) <5 and u(y) < t.

If max{3,¢} > 0.5, then fi(z — y) < max{5,}, that is, (z — Y)yax(szp < F-

If max{s,t} < 0.5, then u(z—y) < 0.5, which implies that, 7(z —y) +max{s,t} <
0.5+ 0.5 =1. Thus, (¥ = ¥Y)imax(z,7} VH- 50 (T = Y)max(zzy < VI O

Lemma 3.13. Let @ be an i-v fuzzy subset of R. Then the following conditions are
equivalent:

(1) 25, y7 < = (@Y maxfzzy < VIVI-

(2) m(zy) < max{u(z),u(y),0.5} for all z,y € R and 5,t € D[0,1] # 1.

Proof. (1) = (2): Suppose that 7i(zy) > max{z(z),7(y),0.5} for some =,y € R.
If max{z(x),m(y)} > 0.5, then u(zy) > max{u(z),n(y)}. Choose 5 € D|[0,1] #
1 such that m(zy) > 5 > max{f(x),m(y)}. This implies that zs, ys < 7 but
(zy)s< V@, which is a contradiction to our assumption.
If max{7(z), (y)} < 0.5, then fi(xzy) > 0.5. Thus 255, Y55 < F but (zy)gs< VYL,
a contradiction. So, fi(zy) < max{z(z),n(y),0.5}.
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(2) = (1): Let 2,y € R and 3,¢ € D[0,1] with 5, # 1 be such that zz,y; < 7.
Then u(x) <3 and u(y) < t. By (2),

ilzy) < max{(z), iy), 05} < max{s,7,05}.

If max{5,#} > 0.5, then fi(z — y) < max{5,#}. Thus ( — ) paxiszy < -

If max{5,#} < 0.5, then fi(z —y) < 0.5. Thus, ( — ¥)pa(s73 VH-
SO? (Lﬂ - y)max{E,Z} < Vo U
Lemma 3.14. Let @ be an i-v fuzzy subset of R. Then the following conditions are
equivalent: for all z,y € R and's € D[0,1] # 1,

(1) (a) z € R and ys < = (zy)s < VL,

(2) B(zy) < max{z(y),0.5}.
Proof. (1) = (2): Let x,y € R and suppose that f(xy) > max{z(y),0.5}.

If m(y) > 0.5, then a(zy) > *( ) Choose 5 € D[0,1] # 1 such that f(zy) >3 >
7i(y). Then ys < @ but (zy)s< VAR, which is a contradiction to our assumption.

If i(y) < 0.5, then f(zy) > 0.5 5 ThlS implies that yg= < [ but (2y)55< VL, a

contradiction. Thus 7i(zy) < max{7(y),0.5}.
(2) = (1): Let z,y € Rand 5 € D[O 1] # 1 be such that ys < 7z. Then f(y) <.

By (2),

Ai(zy) < max{7i(y),0.5} < max{s,0.5}.
If 5 > 0.5, then (zy) <3, that is, (zy)s < .
If 5 < 0.5, then u(zy) < T 5 implies fi(zy) +35 < 0.5+ 0.5 = 1. Thus (zy)zy@. So,
(xy)s < VA@. Hence (1) holds. O

Lemma 3.15. An i-v fuzzy subset @ of R the following conditions are equivalent:
for allz,y € R and s € D[0,1] # 1,

(yeRandazs<p = (y+2a—y)s < VY@,

(2) fily + = — y) < max{7(z),05}.

Proof. (1) = (2): Let x,y € R. Assume that u(y + = — y) > max{z(x),0.5}.

If w(x) > 0.5, then f(y +  — y) > 7(z). Choose 5 € D[0,1] # 1 such that
iy +x—y) >35> a(x). Then zz < @ but (y + = — y)s< V7L, a contradiction.

If p(xz) < 0.5, then f(y + « —y) > 0.5 > @(x). This implies x5z < @ but
(y+z —y)gs< VL, a contradiction.

In both cases, it is clear that, i(y + = — y) < max{z(z),0.5}.

(2) = (1): Let x5 < @ and y € R such that fi(x) < 5. By our assumption,
7(y + 2z —y) < max{u(zr),0.5} < max{s,0.5}.

If 5> 0.5, then fi(y +x —y) < 3. Thus (y + = — y)s < [

If 5 < 0.5, then fi(y +x — y) < 0.5. Thus fi(y + = —y) +35 < 0.5 + 0.5 = 1, that
is, (y+x — y)s7@- So (y+z — y)s < VYQ. O

Lemma 3.16. If 11 is an i-v fuzzy subset of R, then the following conditions are
equivalent: for all x,y,a € R and s € D[0,1] # 1

(D) z,yeRandas < = ((x+ a)y — zy)s < VYL,

(2) l(w + a)y — zy) < max{7(a), 05},

Proof. (1) = (2): Let z,y,a € R and suppose that fi((x+a)y—=zy) > max{z(a),0.5}.
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If 7z(a) > 0.5, then fi((z 4+ a)y — zy) > fi(a). Choose 5 € D[0,1] # 1 such that
A((z +a)y — ay) >3 > @i(a).
This implies that az < & but ((z 4+ a)y — zy)s< V7R, which is a contradiction.
If 77(a) < 0.5, then u((z 4+ a)y — xy) > 0.5. This implies that ag= < 1z but ((x +
a)y—xy)gs< VYHE, which is a contradiction. Thus fi((z+a)y—zy) < max{fi(a) 07}

(2) = (1): Let z,y,a € R and s € D[0,1] # 1 such that az < . Then fi(a) <
On one hand,

7((z + a)y — zy) < max{z(a),0.5} < max{s,0.5}.

If 5 > 0.5, then f((z + a)y — xy) <5 and so ((x + a)y — zy)s < 1.
If 5 < 0.5, then ((z+a)y —zy) < 0.5. Thus u((z+a)y —zy)+35< 0.5+0.5=1.
So ((z + a)y — zy)syE. Hence ((z + a)y — zy)s < VL. O

Theorem 3.17. Let i be an i-v fuzzy subset of R. Then [ is an i-v (<, < Vv)-fuzzy
subnear-ring if and only if o
(2)a(zy) < max{f(z),i(y), 0.5}, for all z,y € R.

Proof. Straightforward from Lemma 3.12 and Lemma 3.13. 0

Theorem 3.18. Let it be an i-v fuzzy subset of R. Then T is an i-v (<, < Vv)-fuzzy
ideal if and only if for all x,y € R,

(1) 7i(z — y) < max{f(z),A(y),0.5},
(2) B(y + = — y) < max{z(z), 0.5},

(3) fi(zy) < max{7(y),0.5}, o
(4) 5((x + a)y — zy) < max{f(a),0.5}.

Proof. The proof follows from Lemmas 3.12, 3.14, 3.15 and 3.16. O

Theorem 3.19. An i-v fuzzy subset i of R is an i-v (<, < V7)-fuzzy ideal (subnear-
ring) of R if and only if the level subset L(fi : t) is an ideal of R, for all 0.5 <t < 1.

Proof. Let Ji be an i-v (<, < V7)-fuzzy ideal of Rand 0.5 <t < 1. Let z,y € L(fi : 1).
Then fi(z) < ¢ and fi(y) < ¢. By Theorem 3.18,

Az —y) < max{7i(z), i(y),0.5} < max{t,0.5} =1,
that is © —y € L(7 : 1).
Letz € L(f : ) and y € R. Then fi(z) < . Thus, fa(y+z—vy) < max{f(z),0.5} <
max{t,0.5} =%. So, (y+x —y) € L(7i : ). Let # € R and y € L(fi : t) such that
7i(y) < t. Since @ is an i-v (<, < Vv)-fuzzy ideal of R, we have

(zy) < max{fi(y),0.5} < max{t,0.5} =¢.

Thus, zy € L(ji : t).

Similarly, ((z + a)y — zy) € f(ﬁ 7).

Conversely, assume that L(j : ) is an ideal of R for all 0.5 < # < 1. If there exist
x,y € R such that f(z — y) > max{u( ), i(y),0.5}. Choose ¢ such that

Az —y) >t > max{z(z),A(y), 0.5}.
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Then z,y € L(i : ). Since L(i : %) is an ideal of R, x —y € L(i : t). Thus
7i(x —y) < t, a contradiction to our assumption. So fi(x —y) < max{z(z),u(y), 0.5},
for all z,y € R.

Assume that 7i(y + x — y) > max{z(z),0.5}, for some z,y € R. Choose ¢ such
that

Ay + 2 —y) >t > max{7(x),0.5}.
Then z € L(fi: t) but y + 2 —y ¢ L(i : ), a contradiction to our assumption that
L(jz : 7) is an ideal of R. Thus fi(y + = — y) < max{fi(z),0.5}.
Assume that 7z(zy) > max{7i(y),0.5}. Choose ¢ such that

A(zy) >t > max{7(y),0.5}.

Then y € L(z : t) but zy ¢ L(f : ), a contradiction to our assumption. Thus
i(zy) < max{7(y), 0.5}. -

Similarly, we prove that G((x + a)y — zy) < max{fi(a),0.5}. Thus @ is an i-v
(<, < Vv)-fuzzy ideal of R. O

Definition 3.20. Let I be a non empty subset of a near-ring R. The i-v anti
characteristic function f; : R — DJ[0,1] is defined such that,

fi(z) =

- 0 forallzel
1 otherwise.

Theorem 3.21. A non empty subset I of R is an ideal of R if and only if f; is an
i-v (<, < Vv)- fuzzy ideal of R.

Proof. Assume that I is an ideal of R. Suppose that

?I(:L' - y) > maX{?I(x)vfl(y)a [057 05]}

Then f;(x —y) =1 and f;(x) = f;(y) = 0. This implies x,y € [ but v+ —y ¢ I,
which is a contradiction. Thus f;(x —y) < max{f(z), f;(y),0.5}.

Suppose that f;(y + = —y) > max{f;(2),0.5}. Then f;(y += —y) = 1 and
f;(z) = 0. This implies # € I but y +x —y ¢ I, which is a contradiction to our
assumption. Thus f;(y + = —y) < max{f;(z),0.5}.

Suppose that f;(ry) > max{f;(y),0.5} for all x,y € R, that is, f;(zy) = T and
fi(y) = 0. Then this implies y € I but xy ¢ I, which is a contradiction. Thus
fr(zy) < max{f;(y),0.5}. o B B

Suppose that f;((z + a)y — zy) > max{f;(a),0.5}. Then f;((z +a)y —xy) =1
and f;(a) = 0. This implies @ € I but (x + a)y — zy ¢ I, which is a contradiction.
Thus f,((z + a)y — zy) < max{F,(a), 0.5}.

Conversely, let f; be an i-v (<, < V~)-fuzzy ideal of R. For any x,y € I, we have

?I(:E - y) S max{?(m)’?(y)vﬁ}
= max{0,0,0.5}
0541,

Then f;(z —y)=0. Thusz —y € I.
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Let y € Rand = € I. Then

Thus f;(y + 2 —y) = 0. This shows that y + x — y € I and therefore (I, +) is a
normal subgroup of (R, +).
Now let z € R and y € I. Then

fr(zy) < max{f(y),0.5}
= max{0,0.5}
_ 0521,

Thus zy € 1.
Finally, let z,y € R and a € I. Then

f1((x+a)y — zy) < max{f(a),0.5}
= max{0,0.5}
=05#1.

Thus (z + a)y — a2y € I. So I is an ideal of R. O

Theorem 3.22. Fvery i-v (<, <)-fuzzy ideal of R is an i-v (<, < V7)-fuzzy ideal( subnear-
ring) of R.

Proof. The proof is straightforward. O

The converse of Theorem 3.22 is not true in general as shown in the following
example.

Example 3.23. Let R = {0, a,b,c} be a set with two binary operation '+’ and '/
defined as follows:

+10]|a|b|c - 10]lalb]|c
0|0flal|lb]|c 0|{0|a|0]a
a |al0]cl|b a|l0|lal0]|a
b |blc|0]|a b{0|lal|0|a
clc|lblalO c|0|lal|lb|ec

Then clearly (R, +, -) is a left near-ring. Let i : R — DJ0, 1] be an i-v fuzzy subset
of R and defined by 1(0) = [0.2,0.3],7(a) = [0.6,0.7] = f(c) and f(b) = [0,0.1].
Then 7 is an i-v (<, < Vv)-fuzzy ideal of R, but not i-v (<, <)-fuzzy ideal of R,
since bjo.11,0.12) <7 = (b—b)[0.11,0.12) = Oj0.11,0.12) <H-

In next Theorem, we give a condition for an i-v (<, < Vv)-fuzzy ideal of R to be

an i-v (<, <)-fuzzy ideal of R.

Theorem 3.24. Let 1 be an i-v (<, < Vv)-fuzzy ideal of R such that fi(z) > 0.5 for
all x € R. Then 71 is an i-v (<, <)-fuzzy ideal of R.
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Proof. Let 1z be an i-v (<, < V) fuzzy ideal of R such that jz(x) > 0.5, for all z € R.
Let z,y € R and 5,1 € D[0,1] # 1 be such that xs,y; < 7i. Then z(z) < 5 and
(y) <t. Thus

Az —y) < max{7i(z),fi(y), 0.5} = max{7i(z), i(y)} < max{s,}.

This implies that (z — y)pax(z < I
Let z,y € R and s € D[0,1] # 1 be such that zz < fi. Then fi(z) <'35. Since @ is
an i-v (<, < Vg)-fuzzy ideal of R, we have

Ay + o — y) < max{7(z),05} <5.
Thus (y+ = — y)s < L.

Now let z,y € R and 5 € D[0,1] # 1 such that yz < 7i. Then fi(y) < 5. By
assumption, f(zy) < max{z(y),0.5} <5 implies (zy)s < Ji.

Let x,y,a € R and 5 € D[0,1] # 1 such that as < 7. Then fi(a) < 5. Thus
((x 4+ a)y — zy) < max{f(a),0.5} <5. This implies that ((z + a)y — 2y)s < f. So
7 is an i-v (<, <)-fuzzy ideal of R. O

Theorem 3.25. The union of any family of i-v (<, < Vv)-fuzzy ideals of R is an
i-v (<, < Vv)-fuzzy ideal of R.
Proof. Let {Ji;}jeq be any family of i-v (<, < Vv)-fuzzy ideals of R and i = |J 7;-
jeQ
Let z,y,a € R. Then,
iz —y) = (|J 7))@ —y)
jeQ
= U@ —v)
JEQ

JjEQ
= max{(|J 7,)(=), (| 7;)(»),05}.
JEQ JEQ

;hus Az —y) < max{zi(z), 7i(y), 0.5}

ay+z—y) =Jm)y+z-y

JEQ

=@ y+z-y)
JEQ

< | max{7 (), 05)
JEQ

~ max{(|J 7,)(@).05)

JEQ
= max{7(z), 0.5}
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Next,
fi(zy) = (| 7;)(xy)
JEQ

- U@ tw)

JjEQ

Further,
A((z + a)y — zy) = (| J 7)) (= + a)y — zy)
JEQ
= U@ (@ +a)y —=y)
JEQ
< | {max{; (0). 05}
JEQ
= max{(| 7,)(), 05}
JEQ
= max{fi(a),0.5}.
Som= U @y is an i-v (<, < Vy)-fuzzy ideal of R. O
jEQ

For any i-v fuzzy subset i of R and ¢ € D[0,1] # 1. Consider the sets

Q(fi: 1) = {z € Rlapy}
and -
[Als = {x € Rlag < vym}. Clearly, [aly = L(1: 1) U Q(7, 1)
We call [fi]; as a (< Vvy)— level set and Q(f : t) a ~y-level set of T.

Lemma 3.26. Every i-v fuzzy subset [i of R satisfies the following t € D]0,0.5], #
0.5 implies [pl; = Q1 : t).

Proof. Clearly, Q(f : t) C [fi];, from the definition of Q(f : ). Let x € [f]; and
0 <t <0.5. Then z7 < 1z or xpyfi. If x7yf, then there is nothing to prove. If z7 < 1,
then fi(x) <1, that is, i(z) + 1 <t+t<05+05=1. Thus z € Q(z : ). O

Lemma 3.27. Every i-v fuzzy subset @i of R satisfies the following t € D[0.5,1] # 1
implies [fi); = L(jz : ).

Proof. Clearly, L(fz : t) C [fi]7, from the definition of L(z : #). Let x € [u]; and
t € D[0.5,1] with t # 1 be such that x; < @ or xzy. If 27 < 71, there is nothing to
prove. If 27y, then fi(z) + ¢ < 1, implies that, fi(z) <. Thus z € L(f : 7). O

Theorem 3.28. Let i be an i-v fuzzy subset of R. Then, i is an i-v (<, < V7)-fuzzy
ideal (subnear-ring) of R if and only if [z # @ is an ideal (subnear-ring) of R.
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Proof. Let T be an i-v (<, < V~)-fuzzy ideal of R and t € D|0, 1]
z,y € [plz. Then u(z) <tor u(z)+t <1 and u(y) <t or uly )+
prove the condition (i) of Definition 3.4. Consider four cases:

(i) i(x) <t and E(y) <1,

(ii) m(z) <t and m(y) + ¢ <1,

(iii) m(z) +t < 1 and 7(y) < f
(iv) u(z) +t < 1 and 7u(y )+f<T.
Case (i): Suppose fi(z) <t and 7i(y)

# 1. L
We ﬁrst

with ¢
< 1.

t. Then
iz —y) < max{7i(z), i(y), 0.5} < max{z,0.5}.
If ¢ < 0.5, then f(xz — y) < 0.5, that is, m(x — y) + ¢ < 0.5+ 0.5 = 1. This implies

that (x —y)pym. If £ > 0.5, then f(x —y) <, that is, (x —y); < fi. Thus 2 —y € [fl;.
Case (ii): Suppose fi(z) <t and fi(y) + ¢ < 1. Then,

Az —y) < max{7i(z), A(y), 0.5} < max{f,1—1,0.5}.
If ¢ < 0.5, then fi(z —y) < 1—%. This implies that 7z(z —y)+t < 1. Thus, (z —y)7/7.
If £ > 0.5, then m(x — y) <1{, that is, (z — y); < .
Similarly, we prove case (iii).
Case (iv): Suppose 7i(z) + ¢ < 1 and fi(y) + ¢ < 1. Then

IN

Az —y) < max{7i(z), i(y), 0.5} < max{T —7,0.5}.

If t < 0.5, then fi(x — y) < 1—1¢. This implies (z —y)zym. If £ > 0.5, then f(x —y) <
0.5 < t. This implies (z — y); < f. Thus z — y € [@l;.

Let = € [g]; and y € R. Then f(x) <t or fu(x) + ¢ < 1.

We now prove condition (ii) of Definition 3.4. There are two cases:

Case (i): Let m(x) < t. Then

i(y + 2 —y) < max{zu(z),0.5} < max{t,0.5}.

If £ < 0.5, then i(y+x —y) < 0.5, that is, u(y +z—y) +t < 0.5+0.5 = 1. If £ > 0.5,
then Ti(y +  —y) < t. Thus (y + = — y); < VAT.
Case (ii): Let mz(x) +¢ < 1. Then

Ay + = — y) < max{fi(x),0.5} < max{l %,

.5

If £ < 0.5, then a(y + v —y) <1—1, that is, p(y + = —y) + ¢ < 1. If £ > 0.5, then
ay+z—y)<05<t Thus (y+z—y); < Soy+x—y € [

Let x € R and y € [ulz. Then 7i(y) < t or u(y) +t < 1. Next we prove the
condition for left ideal. There are two cases:

Case (i): Suppose fi(y) < f. Then fi(zy) < max{fi(y),0.5} < max{#,0.5}. If
t < 0.5, then n(zy) < 0.5. This implies (zy) +¢ < 0.5+ 0.5 = 1. Thus (ay)pym. If
t > 0.5, then fi(xy) <1, that is, (xy); < fi. So (2y); < VL.

Case (ii): Suppose 7i(y) + ¢ < 1. Then

-

1(zy) < max{f(y),0.5} <max{I —¢0.5}.

If t < 0.5, then f(xy) < 1 — 1. This implies f(zy) +¢ < 1. If £ > 0.5, then
fi(zy) < 0.5 <t. Thus (zy); < V. So zy € [z

Similarly, (z+a)y — 2y € [@]; for all z,y € R and az € [fi];. Hence, [fi]7 is an ideal
of R.

-
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Conversely, assume that [fz]; is an ideal of R, for all 0 < ¢ < 1. If possible, let

ﬁ(.’li - y) > max{ﬁ(x), ﬁ(y)7 ﬁ}
Choose t such that
Az —y) >t > max{7(z), i(y),0.5}.
Then, 0.5 < < 1 and 2,y € L(z : t) C [z, but (z —y) ¢ L( : ), which is a
contradiction. Thus, f(z —y) < max{z(z), u(y),0.5}.
Suppose that 7i(y + x — y) > max{z(x),0.5}. Choose t such that

Ay + 2 —y) >t > max{7(z),0.5}.
Then 0.5 <t <1,z € L(z:t) but (y +x —y) ¢ L(7 : ), a contradiction. Thus

Ay + 2 —y) < max{z(v),0.5}. o
In a similar way, we can prove that f(zy) < max{z(y),0.5} and a((z+a)y—zy) <
max{7i(a),0.5}, for all z,y,a € R. So [ is an i-v (<, < Vv)- fuzzy ideal of R. O
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